June 1997

Renormalization of the Electroweak Standard Model to All Orders^∗

Elisabeth Kraus^†

Physikalisches Institut, Universität Bonn Nußallee 12, D-53115 Bonn, Germany

Abstract

We give the renormalization of the standard model of electroweak interactions to all orders of perturbation theory by using the method of algebraic renormalization, which is based on general properties of renormalized perturbation theory and not on a specific regularization scheme. The Green functions of the standard model are uniquely constructed to all orders, if one defines the model by the Slavnov-Taylor identity, Ward-identities of rigid symmetry and a specific form of the abelian local gauge Ward-identity, which continues the Gell-Mann Nishijima relation to higher orders. Special attention is directed to the mass diagonalization of massless and massive neutral vectors and ghosts. For obtaining off-shell infrared finite expressions it is required to take into account higher order corrections into the functional symmetry operators. It is shown, that the normalization conditions of the on-shell schemes are in agreement with the most general symmetry transformations allowed by the algebraic constraints.

�to be published in Ann. Phys. (NY) 1997 ySupported by Deutsche Forschungsgemeinschaft

Contents

1 Introduction 3

2 The tree approximation of the standard model 8 2.1 The gauge invariant part of the action . . . . . . . . . . . . . . . . . . . . 8 2.2 The gauge fixing and rigid transformations . . . . . . . . . . . . . . . . . . 14 2.3 BRS-invariance and Faddeev-Popov ghosts . . . . . . . . . . . . . . . . . . 17 2.4 The tree approximation: the Slavnov-Taylor identity . . . . . . . . . . . . 20

3 The construction of higher orders: The algebraic method 28

4 The algebraic characterization of the symmetry transformations 32 4.1 The general ansatz and discrete symmetries . . . . . . . . . . . . . . . . . 32 4.2 The vector-ghost sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 4.3 The scalar sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 4.4 The fermion sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 4.5 The algebraic characterization of an abelian local Ward operator . . . . . . 43

5 The general local solution of the Slavnov-Taylor identity and rigid symmetries 46 5.1 The normalization conditions . . . . . . . . . . . . . . . . . . . . . . . . . 46 5.2 The symmetry transformations and the general action . . . . . . . . . . . . 50 5.3 The vector-scalar and fermion part of the action . . . . . . . . . . . . . . . 53 5.4 The gauge fixing and ghost sector . . . . . . . . . . . . . . . . . . . . . . . 62 5.4.1 The classical approximation . . . . . . . . . . . . . . . . . . . . . . 64 5.4.2 The solution of the ghost equations in higher orders . . . . . . . . . 70 5.5 Summary of the classical approximation . . . . . . . . . . . . . . . . . . . 72

6 The Callan-Symanzik equation 76 6.1 The soft breaking of dilatations . . . . . . . . . . . . . . . . . . . . . . . . 78 6.2 The dilatational anomalies – hard breakings . . . . . . . . . . . . . . . . . 80

7 Higher orders 88 7.1 The quantum numbers of higher orders breakings . . . . . . . . . . . . . . 88 7.2 The cohomolgy and the Adler-Bardeen anomaly . . . . . . . . . . . . . . . 91 7.3 The establishment of symmetries . . . . . . . . . . . . . . . . . . . . . . . 92 7.4 Induction to all orders . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

8 Conclusions and outlook 100

A The quantum numbers of fields 103

1. Introduction

The standard model of electroweak interaction has been tested in the last few years with precision experiments of remarkable accuracy [1]. Theoretical predictions are based on the consistent perturbative formulation of the standard model of electroweak interaction as a renormalizable and unitary quantum field theory, which allows the derivation of unambiguous results for physical scattering processes order by order in perturbation theory. In order to match the level of accuracy given by experiments, it is also necessary to take into account also higher order quantum corrections to the different processes considered. Conversely, present experiments enable the standard model to be tested beyond tree approximation. Higher order corrections to the electroweak processes have been computed and evaluated quite systematically by several groups. (For a review see [2] and references listed below.) The agreement between experimental results and theoretical predictions is quite impressive and by now there is no evidence — either from theoretical arguments or from experiments — for physics beyond the standard model.

The evaluation of higher order corrections in the standard model is quite an involved task. First, one has to remove the divergencies which appear in the naive perturbative expansion of Green functions in the course of renormalization and one has to establish the defining symmetries of the theory. At the same time, the independent parameters of the standard model have to be specified and fixed by normalization conditions in such a way that the remaining undetermined constants, such as masses and the coupling strength, can be taken as input parameters from experiment. Finally, there remains the explicit evaluation of higher order loop diagrams. Nearly all calculations have been carried out in the framework of dimensional regularization. There the one-loop order has been studied quite systematically (see [2]) and the computations have reached a high field-theoretic standard. However, there is no abstract approach which analyses the renormalization of the electroweak standard model to higher orders. With the present article we fill this gap, with special attention being paid to the symmetries, normalization conditions and infrared-finiteness of off-shell Green functions. In particular, the analysis does not refer to invariance properties of a scheme, but is based on properties of finite renormalized perturbation theory. (For a review of algebraic renormalization see [3].) The purpose of a systematic analysis is twofold. First, it is evident that such an analysis will support explicit calculations by allowing symmetries to be established and possible breakings of the symmetries to be characterised quite systematically. In particular, if one wants to take into account higher order corrections in theoretical predictions, either by summing up one loop induced higher order corrections or by explicit evaluation of some higher order diagrams, it has to be ensured that the defining symmetries are not violated at any stage of the calculations and that Green functions exist to higher orders, once they are specified in 1-loop order. Higher order existence of Green functions can be destroyed in the standard model due to off-shell infrared-divergencies, whenever a photon mass counterterm is enforced by symmetries and by lower order normalization conditions. In fact it appears that infrared finiteness and the establishment of symmetries cannot be considered as separate from each other. Apart from these practical reasons the analysis is also important in its own right. Since the standard model has been so successful by now, we are convinced that electroweak interaction can only be embedded into a more complete theory of fundamental interactions, once one understands their structure in its quantized version as prescribed by the standard model.

From the algebraic point of view, the abstract approach to the quantized version of the standard model is similar to the construction of the classical Lagrangian [4, 5, 6]. If one takes the charged currents of weak interactions as given in the lepton sector, it is seen that the algebra is closed, when one includes the weak and electromagnetic currents into the group structure. Coupling these currents to the gauge bosons of weak interactions and to the photon, and requiring local SU(2) × U(1) gauge invariance, the algebra, and at the same time the classical action, is uniquely determined and the transformation of all further fields is restricted [4]. Introducing a complex scalar doublet with one physical Higgs field, one generates all masses by the mechanism of spontaneous symmetry breaking and the final standard model Lagrangian is invariant under spontaneously broken SU(2)× U(1) symmetry, which is a natural algebraic generalization of unbroken symmetry. The implementation of symmetries is also the main ingredient of abstract renormalization.

At an early stage it was observed in the framework of dimensional regularization that gauge theories are renormalizable [7], in the sense that divergencies can be absorbed into a redefinition of coupling constants, mass parameters and fields. If one uses the renormalizable ‘t Hooft gauges, the divergence structure of a spontaneously broken theory is seen to be no worse than that of unbroken theories [8, 9].

The main advances in the systematic definition of renormalizable gauge theories occurred, when it was observed that gauge theories, including the gauge fixing and Faddeev- Popov part [10], are invariant under nonlinear symmetry transformations, the Becchi- Rouet-Stora (BRS) transformations [11, 12]. It is then possible to derive and postulate the Slavnov-Taylor identities, which are the functional version of BRS-symmetry, as expressing the defining symmetries of gauge theories in the quantized version. In particular, the program of algebraic renormalization has been applied to the abelian Higgs-Kibble model [13] and spontaneously broken gauge theories with semisimple gauge groups [14]. With the help of the action principle in its quantized version [15, 16], and algebraic consistency it was shown that the Green functions are completely characterized by normalization conditions on the mass and coupling constants and the Slavnov-Taylor identity. If the Adler-Bardeen anomalies [17, 18, 19] are absent, the Slavnov-Taylor identity can be established to all orders for off-shell Green functions. Then one is finally able to prove unitarity of the physical S-matrix, i.e. compensation of unphysical fields in physical scattering processes and gauge parameter independence of the physical S-matrix [13, 14, 20]. Algebraic renormalization yields finite Green functions by requiring invariance under symmetry transformations instead of defining them by an invariant scheme. In gauge theories without parity violation a specification by an invariant scheme is quite satisfactory. However, if anomalies are not forbidden for reasons of symmetry, then the algebraic renormalization becomes important, if one wants to formulate the theory consistently to all orders of perturbation theory.

In the early papers only gauge theories with a semisimple gauge structure were considered. Later on the renormalization procedure was extended to non-semisimple groups with several abelian factors [21]. But the analysis, as it is carried out there, is not immediately applicable to the standard model, due to the restriction to massive fields and due to the fact that the Green functions are not specified for on-shell fields. However, we shall use some technical components of this paper such as the form of the Slavnov-Taylor identity and the use of the Callan-Symanzik operator for solving the cohomology.

In the remainder of this introduction we shall outline the procedure of renormalizing the standard model, as it is presented in the paper. As the first step we have to specify all the symmetry transformations which characterize the tree approximation and higher order Green functions. It is important to note that the weak hypercharges are determined by requiring electromagnetic current conservation according to the Gell-Mann Nishijima formula. In the procedure of quantization electromagnetic gauge invariance is replaced by BRS-symmetry and the Slavnov-Taylor identity. For deriving the analog of the Gell- Mann Nishijima relation, we have to establish the local U(1) Ward identity in addition to the Slavnov-Taylor identity. For specifying the abelian factor, however, it is necessary to have invariance under rigid SU(2) × U(1) Ward identities. This constraint restricts order by order the independent parameters of the gauge fixing functions, but rigid invariance is immediately established on the matter and Yang-Mills parts of the action. Only if one includes all these symmetry transformations, are the finite Green functions uniquely specified as being those of weak and electromagnetic interactions.

The symmetry invariants are free parameters and have to be fixed by normalization conditions. Here, the abstract analysis benefits from the fact, that different parameterizations have been considered for one-loop calculations and have been discussed quite extensively in the past (for a review see [22]), since their definition also enters the theoretical predictions of higher orders. It has been pointed out that those schemes are adequate, which allow the computation of different processes without switching to different parameter sets [23]. On-shell schemes which specify the mass parameters as physical masses on the 2-point functions [24, 25, 26, 27, 29, 28, 30, 31, 32] are certainly a safe choice, because all S-matrix elements are computed without adjusting further parameters when taking the LSZ-limit. Throughout this paper, we adopt an on-shell definition for the masses and in particular require mass diagonalization for massive/massless particles on-shell. In the abstract approach, such on-shell conditions are crucial, not only for physical particles but also for unphysical fields, when one finally wants to prove unitarity of the physical S-matrix [14, 20]. As far as the residua are concerned, we remain quite general in the construction, and do not specify special conditions. We finally see that some of the normalization conditions of residua can be eliminated by requiring a simple form of rigid Ward identities, but this is not essential at any stage of the procedure. The critical point in the analysis is the observation that on-shell conditions indeed fix more parameters than there are naive invariants. Requiring symmetries in their explicit tree form, one is unable simultaneously to adjust the W -mass and to diagonalize the neutral mass matrix at the mass of the Z-boson and at p^2 = 0. These normalization conditions are also deeply connected with off-shell infrared divergencies to higher orders. It has been pointed out already in [28] that complete on-shell schemes are compatible with the Slavnov-Taylor identity, and there are scattered remarks in the literature that on-shell schemes are in agreement with the symmetries if the transformations are themselves subject to renormalization (see e.g. [33]). But neither the Slavnov-Taylor identity nor rigid or local Ward-identities have been given in an explicit form valid for the Green functions of the standard model. The Slavnov-Taylor identity in its homogeneous form as given in [28] is not quite an adequate choice for the SU(2) × U(1)-symmetry of the standard model, since one has to split off the abelian factor explicitly as done in [21]. In terms of on-shell fields, all symmetry transformations depend on the weak mixing angle in the tree approximation, and it is seen, that due to off-shell infrared divergencies, the symmetry operators have to be modified order by order in perturbation theory. For this reason we start the analysis by characterizing the symmetry transformations by algebra and field content, and find in this way all higher order deformations which are compatible with the symmetries. These general symmetry operators finally allow us to construct unique Green functions in the on-shell schemes, without introducing off-shell infrared divergencies.

For the present paper, we restrict ourselves to a diagonal quark mass matrix, because we are mainly interested in the renormalization of the vector sector. Apart from this we stay quite general and proceed as far as possible along the lines of concrete calculations. In particular, we use the general R_ξ-gauges, although in a modified form with an auxiliary field which couples to the gauge fixing functions. Particular attention is paid to the solution of the classical approximation, which gives the local four-dimensional invariants of symmetry transformations. In the higher order construction of finite Green functions we use the BPHZL scheme [34, 35]. In this scheme, massless particles are treated quite systematically by establishing those normalization conditions in the scheme which are necessary for the computation of finite Green functions to all orders. These normalization conditions are essentially the conditions for mass diagonalization of massless/massive field at p^2 = 0 (i.e. for the Z-boson and photon and the respective Faddeev Popov fields) and are established in the above-cited on-shell schemes by adjustment of counterterms.

The plan of this paper is as follows: In section 2, we give the classical action in renormalizable gauges compatible with rigid symmetry and local U(1)-gauge symmetry. We also present the symmetry transformations of the tree approximation in a functional form. These are the Slavnov-Taylor identity, rigid Ward-identities and the local U(1) Ward identity. In section 3, we outline the method of algebraic renormalization. In section 4 we solve the algebra of symmetry operators and obtain the general consistent symmetry operators of the standard model. Section 5 is devoted to solving the symmetries for the local four-dimensional field polynomials. This analysis allows us to give the free parameters of the model and also to list the invariant counterterms of higher orders. In section 5.4 a complete treatment of the ghost equations is also included. In section 6, we derive the Callan-Symanzik equation of 1-loop order. By means of symmetric differential operators, it is possible to characterize symmetric nonlocal contributions of higher orders and in particular to determine the independent parameters of the theory in a scheme-independent way. In section 7, we proceed to higher orders and prove that Green functions can be constructed in agreement with the infrared normalization conditions to all orders, if one takes into account the modifications of the symmetry operators to higher orders as suggested by the tree approximation.

2. The tree approximation of the standard model

2.1. The gauge invariant part of the action

The standard model of electroweak interactions is a non-abelian gauge theory with the non-semisimple gauge group SU(2) × U(1). The gauge structure is essentially determined in the matter sector: It is seen, that the matter currents of weak interactions, the charged current J^μ_{CC} and the neutral current J^μ_{NC}, together with the electromagnetic current j^μ_{em} form a closed representation with respect to SU(2) × U(1) [4]. In order to embed these currents into a gauge theory, one groups the fermions into left-handed doublets, which transform under the fundamental representation of SU(2) × U(1), and right handed singlets, which only transform with respect to the abelian subgroup. The decomposition of the Dirac spinors into left and right handed fields is defined by the following projections:

f^L =^1_2 (1 − γ_5)f f^R =^1_2 (1 + γ_5)f f^L = f̄^1_2 (1 + γ_5) f^R = f̄^1_2 (1 − γ_5) (2.1)

The fermions appear in families: Each family consists of a neutrino ν_i, a charged lepton e_i with electric charge Q_e = −1, and the up and down-type quarks u_i and d_i with charge Q_u =^2_3 and Q_d = −^1_3 . For simplicity we suppress the colour index of the quarks throughout the paper. The lepton doublets F^L_{li} and quark doublets F^L_{qi} , i = 1, 2, 3, are given by

F^L_{li} = ν^L_i e^L_i = ν^L_e e^L ν^L_μ μ^L ν^L_τ τ^L (2.2)

F^L_{qi} = u^L_i d^L_i = u^L d^L c^L s^L t^L b^L (2.3)

The singlets only comprise the charged fermions:

f^R_i = e^R_i , u^R_i , d^R_i (2.4)

The SU(2) and U(1) gauge transformations (α = +, −, 3): ϵ_α(x)δ_αF^L_{δi} = iϵ_α(x) τ^T_α 2 F^L_{δi} ϵ_α(x)δ_αf^R_i = 0

ϵ_4(x)δ_4F^L_{δi} = −iϵ_4(x) Y^δ_W 2 F^L_{δi} ϵ_4(x)δ_4f^R_i = −iQ_f f^R_i (2.5) give rise to the matter currents of electroweak interactions

J^μ_+ = − 1 2 ∑ δ_i F^L_{δi} γ^μτ_−F^L_{δi} J^μ_− = − 1 2 ∑ δ_i F^L_{δi} γ^μτ_+F^L_{δi} J^μ_3 = − 1 2 ∑ i F^L_{δi} γ^μτ_3F^L_{δi} J^μ_4 = 1 2 ∑ δ_i Y^δ_W F^L_{δi} γ^μF^L_{δi} + ∑ f_i Q_f f^R_i γ^μf^R_i (2.6)

with δ = l, q. If one identifies out of the neutral currents the electromagnetic current j^μ_{em} = ∑ i,f Q_ff̄_iγ^μf_i = J^μ_4 − J^μ_3 (2.7)

the weak hypercharge and the electric charge are related according to the Gell-Mann Nishijima formula: 1 2 (τ_3 + Y_W ) = Q (2.8)

which means explicitly Y^l_W = −1 and Y^q_W = 1 3 (2.9)

In (2.5) and (2.6) τ_α, α = +, −3, denote the generators of the charged fundamental representation of SU(2). They are defined by

τ_+ = 0 √ 2 0 0 τ_− = 0 0 √ 2 0 τ_3 = 1 0 0 −1

(2.10)

and satisfy the following commutation relations:

[τ_α, τ_β] = 2iϵ_{αβγ}τ^T_γ (2.11)

The structure constants ϵ_{αβγ} are imaginary and completely antisymmetric in all three indices:

ϵ_{+−3} = −i (2.12)

According to the Noether construction of gauge theories the matter action consists of the kinetic terms and the currents coupled to a SU(2)-triplet of vector fields W^μ_α , α = +, −, 3, and an abelian vector field W^μ_4 Γ_{matter} = N_F∑ i=1 ∫ ( iF^L_{li} ∂/F^L_{li} + iF^L_{qi} ∂/F^L_{qi} + if^R_i ∂/f^R_i (2.13)

− g_2(W^μ_+J_{μ−} + W^μ_−J_{μ+} + W^μ_3 J_{μ3}) − g_1W^μ_4 J_{μ4} )

≡ N_F∑ i=1 ∫ ( F^L_{li} iD/F^L_{li} + F^L_{qi} iD/F^L_{qi} + f^R_i iD/f^R_i )

The covariant derivatives are therefore given by: D^μF^L_{δi} = ∂^μF^L_{δi} − ig_2 τ_α 2 F^L_{δi} W^μ_α + ig_1 Y^δ_W 2 F^L_{δi} W^μ_4 δ = l, q (2.14) D^μf^R_i = ∂^μf^R_i + ig_1Q_f f^R_i W^μ_4

The gauge transformations of the vectors are uniquely determined from gauge invariance of the matter action:

ϵ_α(x)δ_αW^μ_β = (Ĩ_{αβ}^1_{g2} ∂^μ + W^μ_γ Ĩ_{γγ}′ ϵ_γ′_{βα})ϵ_α(x) ϵ_α(x)δ_αW^μ_4 = 0 ϵ_4(x)δ_4W^μ_α = 0 ϵ_4(x)δ_4W^μ_4 =^1_{g1} ∂^μϵ_4(x)

(2.15)

The matrix Ĩ_{αβ} is the charge conjugation matrix:

Ĩ =

0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 1

Ĩ_{+−} = Ĩ_{−+} = Ĩ_{33} = Ĩ_{44} = 1 Ĩ_{αβ} = 0, else (2.16)

From (2.15) the Yang-Mills part which involves the kinetic terms of the vectors is determined

Γ_{Y M} = − 1 4 ∫ ( G^{μν}_α Ĩ_{αα}′G_{μνα}′ + F^{μν}F_{μν} ) (2.17)

with

G^{μν}_α = ∂^μW^ν_α − ∂^νW^μ_α + g_2Ĩ_{αα}′ϵ_α′_{βγ}W^μ_β W^ν_γ (2.18) F^{μν} = ∂^μW^ν_4 − ∂^νW^μ_4 (2.19)

The bosons of weak interactions as well as the charged fermions are massive. The mass terms break chiral gauge invariance and have to be generated by the spontaneous breaking of the gauge symmetry. In the standard model all the masses are generated by introducing one complex scalar doublet Φ and its complex conjugate Φ̃: Φ ≡ ϕ^+(x) 1√ 2 (H(x) + iχ(x))

Φ̃ ≡ iτ_2Φ^∗ = 1√ 2 (H(x) − iχ(x)) −ϕ^−(x) (2.20)

ϕ^± are charged, H and χ neutral scalar fields. The doublet transforms under the fundamental representation and includes in its transformation a constant shift v into the direction of the neutral component of the scalar doublet:

ϵ_α(x)δ_αΦ = iϵ_α(x) τ^T_α 2 (Φ + v)

ϵ_4(x)δ_4Φ = −iϵ_4(x) Y^s_W 2 (Φ + v) (2.21) with v = 0 1√ 2 v (2.22)

The weak hypercharge is determined from (2.8)

Y^s_W = 1 (2.23)

As a response to the transformation (2.21), the gauge invariant parts of the action Γ_{scalar} and Γ_{Y uk}, depend on the shift: Γ_{scalar} = ∫ ( (D^μΦ)^†D_μΦ − 1 2 m^2_H v^2

(Φ^†Φ + v^†Φ + Φ^†v)^2 ) (2.24)

Γ_{Y uk} = − N_F∑ i ∫ √ 2 v (m_{ei} F^L_{li} (Φ + v)e^R_i

+ m_{ui} F^L_{qi} (Φ + v)u^R_i + m_{di} F^L_{qi} (Φ̃ + ṽ)d^R_i + h.c.) (2.25)

The Yukawa interaction contains via the shift all mass terms of the fermions m_{fi} . We have chosen the couplings of the Yukawa interactions in such a form, that the mass terms are parametrized by the mass of the respective fermions. For the purpose of this paper we forbid mixing between different families and especially assume CP-invariance throughout the paper.

The scalar part consists of the kinetic terms of the scalars and the scalar potential, which includes the mass of the Higgs field m^2_H. In order to have a proper particle interpretation, we have arranged the terms such that the contributions linear in H(x) drop out. Via the covariant derivative

D_μΦ = ∂_μΦ − i(g_2 τ_α 2 W_{μα} − g_1 Y^s_W 2 W_{μ4})(Φ + v) (2.26)

the masses of the gauge fields are generated by eating up the massless Goldstone bosons ϕ_+, ϕ_− and χ: 1 2 g^2 v^2 4 (2W^μ_+W_{μ−} + W^μ_3 W_{μ3}) + g_2g_1v^2 4 W^μ_3 W_{μ4} + 1 2 g^2_1 v^2 4 W^μ_4 W_{μ4} (2.27)

Physical fields are constructed by diagonalizing the mass matrix with an orthogonal matrix:

W^μ_α = O_{αa}(θ_W )V^μ_a O_{αa}(θ_W ) =

1 0 0 0 0 1 0 0 0 0 cos θ_W − sin θ_W 0 0 sin θ_W cos θ_W

(2.28)

The fields which are generated by the rotation are the physical on-shell fields V^μ_a = (W^μ_+, W^μ_−, Z^μ, A^μ). Throughout the paper roman indices a, b, c are reserved to on-shell indices a, b, c = +, −, Z, A, whereas Greek indices α, β, γ denote group indices of SU(2) and U(1) α, β, γ = +, −, 3, 4. In the tree approximation one calculates the following relations between the ratio of the gauge parameters and the weak mixing angle θ_W : g_1 g_2

= tan θ_W (2.29)

W^μ_± are the charged bosons of weak interactions with mass M^2_W , Z^μ is the neutral boson with mass M^2_Z, A^μ the massless photon:

M^2_W = g^2 v^2 4 M^2_Z = g^2 v^2 4 cos^2 θ_W

(2.30)

If one eliminates the parameters θ_W and v in favour of the masses M_W and M_Z , one arrives at the on-shell parameter set

M_W , M_Z, m_{fi}, m_H (2.31)

which specifies the particles by their masses and electric charge. The weak mixing angle is then defined by the mass ratio of the W- and Z-mass

cos θ_W ≡ M_W M_Z . (2.32)

If one chooses the on-shell set for parametrizing the free parameters of the standard model, then one remains with one coupling constant, which in the QED-like parametrizations is taken to be the coupling of the electromagnetic current to the photon:

e = g_2 sin θ_W (2.33)

The gauge invariant part of the classical action Γ_{GSW} [4, 5, 6] is given by the sum of the gauge invariant parts (2.13) (2.17) (2.24) and (2.25):

Γ_{GSW} = Γ_{Y M} + Γ_{scalar} + Γ_{matter} + Γ_{Y uk} (2.34)

It is completely specified by the gauge transformations, the masses of the interacting particles, their electric charge and the electromagnetic coupling.

We want to summarize the gauge transformations of the on-shell fields within the QEDlike on-shell parameter set (2.31) and (2.33). In the spirit of the subsequent considerations we express the gauge transformations thereby in a functional operator acting on Γ_{GSW} : ( −w_+ − sin θ_W e ∂^μ δ δW^μ_− ) Γ_{GSW} = 0 (2.35) ( −w_− − sin θ_W e ∂^μ δ δW^μ_+ ) Γ_{GSW} = 0 (2.36) ( −w_3 − sin θ_W e ∂^μ(cos θ_W δ δZ^μ − sin θ_W δ δA^μ ) ) Γ_{GSW} = 0 (2.37) ( w_4 − cos θ_W e ∂^μ(sin θ_W δ δZ^μ + cos θ_W δ δA^μ ) ) Γ_{GSW} = 0 (2.38)

The functional operators of SU(2)-transformations are given by (α = +, −, 3)

w_α = Ĩ_{αα}′ ( V^μ_b O^T_{bβ}(θ_W )ε̂_{βγα}O_{γc}(θ_W )Ĩ_{cc}′ δ δV^μ_c′ +i(Φ + v)^† τ_α′ 2 −→ δ δΦ^† − i ←− δ δΦ τ_α′ 2 (Φ + v) + N_F∑ i=1 ∑ δ=l,q ( iF^L_{δi} τ_α′ 2 −→ δ δF^L_{δi} − i ←− δ δF^L_{δi} τ_α′ 2 F^L_{δi} ) ) (2.39)

The transformation of the on-shell vectors depends on the weak mixing angle:

O^T_{bβ}(θ_W )ε_{βγα}O_{γc}(θ_W ) ≡ ε̂_{bc,α} = ε̂_{Z+,−} = −i cos θ_W ε̂_{A+,−} = i sin θ_W ε̂_{+−,3} = −i (2.40)

The abelian Ward operator is given by

w_4 = i 2 (Φ + v)^† −→ δ δΦ^† − i 2 ←− δ δΦ (Φ + v) + N_F∑ i=1 ( ∑ δ=l,q Y^δ_W ( i 2 F^L_{δi} −→ δ δF^L_{δi} − i 2 ←− δ δF^L_{δi} F^L_{δi} )

− ∑ f^R Q_f ( if^R_i −→ δ δf^R_i − i ←− δ δf^R_i f^R_i ) ) (2.41)

In the notation we understand summation over all fermion singlets and doublets. The Ward operators satisfy the local SU(2) × U(1)-algebra:

[w_α(x), w_β(y)] = δ(x − y)ε_{αβγ}Ĩ_{γγ}′ w_γ′ (x) (2.42) [w_α(x), w_4(y)] = 0

It is obvious that Γ_{GSW} is also invariant with respect to rigid transformations which are obtained by taking the infinitesimal parameters ϵ_α as constants or, equivalently, by integrating the local Ward operators (α = +, −, 3, 4):

W_αΓ_{GSW} = 0 and W_α = ∫ w_α (2.43)

Rigid symmetries can be established for off-shell Green functions to all orders of perturbation theory in a modified form and turn out together with the abelian Ward identity to be important ingredients for defining the standard model in its quantized version.

2.2. The gauge fixing and rigid transformations

The perturbative construction of Green functions and finally the S-matrix starts with the specification of the free fields and their respective propagators. In the standard model the scalars ϕ_± and χ are unphysical fields being absorbed into the longitudinal polarization of the massive vectors W_± and Z. Eliminating them by a gauge transformation, however, leads to propagators with a bad ultraviolet behaviour, and renormalizability by power counting is not evident anymore. For a systematic treatment of higher orders one better uses the renormalizable gauges as the R_ξ-gauges. If one constructs the off-shell Green functions in the renormalizable gauges, one is able to refer to power counting properties of renormalized perturbation theory and, especially, to the quantum action principle. In the end one has then to prove unitarity of the physical S-matrix, i.e. it has to be shown that the unphysical fields, as the scalar component of the vectors and the Goldstone bosons, do not appear in physical scattering processes.

The free field propagators are calculated from the bilinear parts of the gauge invariant action Γ_{GSW} and the gauge fixing part Γ_{g.f.}:

Γ^{(bil)} = Γ^{(bil)}_{GSW} + Γ_{g.f.} (2.44)

The gauge fixing in the R_ξ-gauges is given by: Γ_{g.f.} = ∫ − 1 ξ_W F_+F_− − 1 2ξ_Z F_ZF_Z − 1 2ξ_A F_AF_A (2.45)

with F_± ≡ ∂_μW^μ_± ∓ iM_W ζ_W ϕ_± F_Z ≡ ∂_μZ^μ − M_Z ζ_Zχ (2.46) F_A ≡ ∂_μA^μ The free field propagators are seen to have a good UV-behaviour which guarantees renormalizability by power counting:

G_{φk φl} −→ p^{−2(2−dφk )} if p^2 → ∞ (2.47)

where d_{φα} is the mass dimension of the field φ_k. They also have good infrared behaviour, i.e. they diverge for the massless particles not stronger than p^{−2} as for the photon field. p^{−4} infrared divergent terms are removed by introducing mass terms for the would-be Goldstone fields into the gauge fixing functions.

Adding such a gauge fixing with arbitrary gauge parameters to the action one does not keep any knowledge about the SU(2) × U(1) structure of the standard model in the free field propagators, but treats the bilinear action as if it were composed of several U(1)- factors. But as a consequence of the gauge construction Γ^{(bil)}_{GSW} has definite transformation properties under rigid unbroken SU(2) × U(1): 4-dimensional terms are invariants; the 3- dimensional terms, which are the fermion mass terms and the mixed scalar-vector terms, together with their variations transform as a vector under unbroken SU(2) × U(1). The mass terms of the vectors are composed with their variations and second variations to a second rank tensor. In order not to spoil these transformation properties by the gauge fixing part, one has to choose:

ξ ≡ ξ_W = ξ_Z = ξ_A and ζ ≡ ζ_Z = ζ_W (2.48)

Instead of requiring the complicated transformation behaviour of the mass terms one can introduce an external scalar field Φ̂ and its complex conjugate, which couples to the masses and their variations (see also [36]):

Φ̂ = ( ϕ̂+ 1√ 2 (Ĥ + iχ̂) ) Φ̂^† = ( ϕ̂− 1√ 2 (Ĥ − iχ̂) ) (2.49)

Under rigid transformations it transforms in the same way as the scalar doublet Φ, but includes a different shift parameterized by ζv into the transformation (ϵ_α, ϵ_4 = const.):

ϵ_αδ_αΦ̂ = iϵ_α τ^T_α 2 (Φ̂ + ζv)

ϵ_4δ_4Φ̂ = −iϵ_4 Y^s_W 2 (Φ̂ + ζv) (2.50)

Algebraically this is the same procedure as one carries out if one introduces the scalar doublet and the Higgs mechanism for generating the masses of the fermions and vectors, but the external field is required to be non-propagating and does not have physical meaning. The gauge fixing functions can be enlarged by the external field in such a way that they transform as a vector under the adjoint representation:

F_a → F_a = ∂_μV^μ_a − i e sin θ_W ( (Φ̂ + ζv)^† τ^T_a 2 (Φ + v) − (Φ + v)^† τ^T_a 2 (Φ̂ + ζv) ) (2.51)

The gauge fixing part is then invariant under the rigid transformations, if one includes the transformations of the external fields: Γ_{g.f.} = ∫ − 1 2ξ F_aĨ_{ab}F_b ϵ_αδ_αΓ_{g.f.} = 0 (2.52)

V_a, a = +, −, Z, A are the on-shell fields, and the respective representation matrices τ_a are obtained by acting with the orthogonal matrix O(θ_W ) (2.28) on τ_3 and G1:

τ_a(G) = O^T_{aα}(θ_W )τ_α + O^T_{a4}G1 (2.53)

Explicitly they read:

τ_Z(G) = cos θ_W τ_3 + G sin θ_W 1 τ_A(G) = − sin θ_W τ_3 + G cos θ_W 1 (2.54)

The abelian parameter G is not fixed by rigid invariance. Choosing it G = − sin θ_W cos θ_W

(2.55)

one obtains for vanishing external fields the original gauge fixing with the parameters according to (2.48). The masses of the would-be Goldstones are generated by the shift of the external field. The transformation properties of the trilinear and the mass terms are now governed by the transformation properties of the external field Φ̂.

Modifying the functional operators of rigid transformations (2.43) by the transformations of the external field according to (2.50) W_α → W_α + Ĩ_{αα}′ ∫ ( i(Φ̂ + ζv)^† τ_α′ 2 −→ δ δΦ^† − i ←− δ δΦ̂ τ_α′ 2 (Φ̂ + ζv) ) α = +, −, 3 (2.56)

w_4 → w_4 + i 2 (Φ̂ + ζv)^† −→ δ δΦ̂^† − i 2 ←− δ δΦ̂ (Φ̂ + ζv)

we write the invariance properties of Γ_{GSW} + Γ_{g.f.} in functional form:

W_α(Γ_{GSW} + Γ_{g.f.}) = 0 (2.57)

Furthermore it is seen that the gauge transformation of the abelian subgroup is broken linearly in propagating fields: ( e cos θ_W w_4 − ∂^μ(sin θ_W δ δZ^μ + cos θ_W δ δA^μ ) ) (Γ_{GSW} + Γ_{g.f.}) = − 1 ξ 2(sin θW FZ + cos θW FA) (2.58) For this reason it is possible to extend and interpret (2.58) as a Ward identity for Green functions.

This construction of the gauge fixing sector is essential if one wants to proceed to higher orders perturbation theory. Especially it is seen that we need a local Ward identity of the form (2.58) for the Green functions in order to fix the weak hypercharge and electric charge in a scheme independent way.

Finally we want to mention that choosing the parameter G according to (2.55) is arbitrary and not related to any symmetries. It turns out that this parameter as well as an additional abelian gauge parameter are renormalized in higher orders of perturbation theory.

2.3. BRS-invariance and Faddeev-Popov ghosts

The linear R_ξ-gauges break also in their covariant form gauge invariance and especially bring about that the unphysical fields, the scalar components of the vectors and the would-be Goldstones, interact with the physical fields violating thereby unitarity of the physical S-matrix. For this reason one has to introduce the Faddeev-Popov ghosts c_a, a = +, −, Z, A with ghost charge 1 and the respective antighosts c̄_a, a = +, −, Z, A with ghost charge -1. They are anticommuting scalars with negative norm and compensate the unphysical degrees of freedom introduced by the gauge fixing, if one adds the ghost action in such a way, that the complete action is invariant under BRS-transformations.

There a several approaches to introduce the Faddeev-Popov fields [10] into the perturbative formulation of gauge theories. One way to proceed is to consider BRS-transfor-mations in a first step as an alternative way to characterize the Lie algebra of the gauge group. This approach is close to the algebraic analysis which we carry out in the higher order construction, and therefore we outline the procedure in the following: Starting from the gauge transformations of the fields as summarized in functional form in (2.39) and (2.41) one translates the infinitesimal parameters ϵ_α(x) into anticommuting parameters c_α(x), α = +, −, 3, 4. Considering the gauge transformations on the on-shell fields (2.35) one is lead to carry out the orthogonal transformation O(θ_W ) (2.28) on the ghosts as well

c_α = O_{αa}(θ_W )c_a c_a = (c_+, c_−, c_Z, c_A) (2.59)

In this procedure is quite some arbitrariness, which has to be exploited in higher order perturbation theory for a proper definition of massless ghost propagators (see section 5.4). The BRS-transformations [13] on the vector bosons V^μ_a = (W_+, W_−, Z, A), the scalar doublet Φ and the fermion doublets and singlets read in the physical on-shell parameterization:

sV_{μa} = ∂_μc_a + e sin θ_W Ĩ_{aa′}f_{a′bc}V_{μb}c_c sΦ = i e sin θ_W τ_a(G_s) 2 (Φ + v)c_a

sF^L_{δi} = i e sin θ_W τ_a(G_δ) 2 F^L_{δi} c_a δ = l, q (2.60) sf^R_i = −ieQ_f sin θ_W cos θ_W f^R_i c_Z − ieQ_f f^R_i c_A The matrices τ_a, a = +, −, Z, A are given in (2.54) and satisfy the algebra

[τ_a(G), τ_b(G)] = if_{abc}Ĩ_{cc}′ τ_c′ (G) (2.61) with the structure constants f_{abc} = O^T_{aα}(θ_W )O^T_{bβ}(θ_W )ϵ_{αβγ}O_{γc}(θ_W ) = f_{+−Z} = −i cos θ_W f_{+−A} = i sin θ_W

(2.62)

The abelian parameter G appearing in the BRS-transformations is related to the weak hypercharge according to the Gell-Mann Nishijima relation, explicitly:

G_k = −Y^k_W sin θ_W cos θ_W

Y^k_W =

1 for the scalar (k = s) -1 for the lepton doublets (k = l) 1 3 for the quark doublets (k = q)

(2.63)

The algebra of the functional operators (2.42), which contains the complete information about the group structure, is translated into the BRS-transformation of the ghosts

sc_a = − e 2 sin θ_W Ĩ_{aa′} f_{a′bc}c_bc_c (2.64) The representation equations and also the Jacobi identities are now encoded in the nilpotency of the BRS-transformations:

s^2φ_k = 0 with φ_k = V_{μa}, Φ, F^L_{δi} , f^R_i , c_a (2.65)

From the construction it is obvious that the gauge invariant part of the action (2.34) is BRS-invariant:

sΓ_{GSW} = 0 (2.66)

The gauge fixing (2.52) breaks gauge invariance; having introduced the anticommuting fields c_a this breaking is absorbed into the transformation of the antighosts: ∫ − 1 ξ F_aĨ_{aa}′sF_a′ − sc̄_aĨ_{aa}′ sF_a′^!= 0 (2.67)

Therefrom one obtains: sc̄_a = − 1 ξ F_a (2.68) and s(Γ_{g.f.} + Γ_{ghost}) = 0 with Γ_{ghost} = − ∫ c̄_aĨ_{ab}sF_b (2.69) The ghost action contains kinetic terms for the Faddeev-Popov fields, which allows to introduce them as dynamical fields into the theory.

The BRS-transformation of the anti-ghosts is not nilpotent. To remedy this situation one reformulates the gauge fixing part of the action by introducing the auxiliary fields B_a, a = +, −, Z, A Γ_{g.f.} = ∫ 1 2 ξB_aĨ_{ab}B_b + B_aĨ_{ab}F_b (2.70)

It can be transformed into the usual form of the R_ξ gauges by eliminating the B_a-fields via their equations of motions: δΓ δB_a = Ĩ_{ab}(ξB_b + F_b)^∗= 0 =⇒ B_a^∗= − 1 ξ F_a (2.71)

Therefore the propagators of vectors and scalars are not changed, but in addition one has mixed propagators between B_a-fields and vectors and B_a-fields and scalars. The ghost action is likewise determined from (2.69), but the BRS-transformations turn out to be nilpotent also on the antighosts:

sc̄_a = B_a sB_a = 0 (2.72)

For the algebraic characterization it is useful to have nilpotency of BRS-transformations throughout and we refer to this form of the gauge fixing in the algebraic proof of renormalizability in higher orders. Invariance under rigid transformation is maintained, if one transforms the B_a-fields according to the adjoint representation (ϵ_α, ϵ_4 = const.)

ϵ_αδ_αB_b = B_cĨ_{cc}′ε̂_c′_{b,α}(θ_W )ϵ_α ϵ_4δ_4B_b = 0 (2.73)

The tensor ϵ̂_{bc,α}(θ_W ) is defined in eq. (2.40)

The gauge fixing functions F_a depend on the external scalar doublet Φ̂ and we have to assign to them also definite transformation properties under BRS-transformations. Transforming Φ̂ into an external anticommuting scalar doublet q̂ with ghost charge 1

sΦ̂ = q̂ sq̂ = 0 (2.74)

does this job and allows to distinguish the propagating and external scalar fields algebraically.

Explicitly the ghost action is given by Γ_{ghost} = ∫ ( −c̄_a2Ĩ_{ab}c_b − e sin θ_W c̄_af_{abc}∂(V_bc_c) (2.75) + i e 2 sin θ_W

(q̂^†τ_a(G_s)(Φ + v) − (Φ + v)^†τ_a(G_s)q̂)c̄_a − e 4 sin θ_W ( (Φ̂ + ζv)^†τ_a(G_s)τ_b(G_s)(Φ + v)

+ (Φ + v)^†τ_b(G_s)τ_a(G_s)(Φ̂ + ζv) ) c̄_ac_b )

G_s is related to the weak hypercharge of the scalar doublets according to (2.63). Via the shift of the external and the quantum scalar fields the charged ghosts as well as the neutral Z-ghost become massive, whereas the ghost associated with the photon field remains massless. The bilinear part of the ghost action Γ^{(bil)}_{ghost} = ∫ ( −c̄_a2Ĩ_{ab}c_b − ζM^2_W (c̄_+c_− + c̄_−c_+) − ζM^2_Zc̄_Zc_Z ) (2.76) gives rise to free field propagators for the Faddeev Popov fields.

The ghost action is seen to be invariant under rigid transformations if one assigns the following transformations under SU(2) × U(1) (ϵ_α, ϵ_Y =const.) ϵ_αδ_αc̄_b = c̄_cĨ_{cc}′ε̂_c′_{b,α}(θ_W )ϵ_α ϵ_4δ_4c̄_a = 0 ϵ_αδ_αc_a = c_cĨ_{cc}′ε̂_c′_{b,α}(θ_W )ϵ_α ϵ_4δ_4c_a = 0

(2.77)

In particular Γ^{(bil)}_{ghost} transforms covariantly in the same way as Γ^{(bil)}_{GSW} .

2.4. The tree approximation: the Slavnov-Taylor identity In the last sections we have derived the classical action of the standard model Γ_{cl} = Γ_{GSW} + Γ_{g.f.} + Γ_{ghost} (2.78) in a way that is invariant under BRS-transformations sΓ_{cl} = 0 (2.79) Spontaneously broken rigid SU(2) × U(1)-symmetry has been established by introducing an external scalar doublet Φ̂ into the gauge fixing part of the action.

In order to quantize the model in perturbation theory one has to construct the Green functions of the interacting theory according to the Gell-Mann Low formula. G_{φi1 ...φin} (x_1, ..., x_n) = ⟨T φ_{i1} (x_1)...φ_{in}(x_n)⟩ (2.80) = R ⟨T φ^{(o)}_{i1} (x_1)...φ^{(o)}_{in} (x_n)e^{iΓint(φ(o)}k^{,Φ̂,^}q^)⟩ ⟨T e^{iΓint(φ(o)}k^{,Φ̂,^}q^)⟩ | | | |_{Φ̂=0q=0}

where φ_k denotes the propagating fields of the standard model

φ_k = V^μ_a , B_a, c_a, c̄_a a = +, −, Z, A ϕ_±, H, χ ν^L_i , e_i, u_i, d_i i = 1...N_F (2.81)

Γ_{int} includes all the interactions and the field polynomials depending on the external fields and is obtained by splitting off from the classical action the bilinear part: Γ_{cl} = Γ^{(bil)} + Γ_{int} (2.82) with Γ^{(bil)} = Γ^{(bil)}_{GSW} + Γ_{g.f.}|^_{Φ=0q̂=0} + Γ^{(bil)}_{ghost} (2.83)

The index (o) stands for free fields.

The formal expansion of the exponential yields the Green functions of the interacting theory in expressions of time ordered vacuum expectation values of free fields. These expressions are decomposed into a sum of products of free field propagators and certain vertex factors according to Wick’s theorem. The combinatorics and the vertex factors are summarized graphically in the Feynman rules. The free field propagators are determined from Γ^{(bil)}. The Feynman rules of the standard model are listed in the literature and are given e.g. in [37] according to the conventions we have adopted.

Due to the well-known ultraviolet divergencies the formal expansion of the Gell-Mann Low formula is not meaningful in higher orders of perturbation theory and has to be rendered meaningful in the course of renormalization. (This is the sense of R in eq. (2.80).) In the lowest order, the tree approximation, the Green functions are well-defined and it has to be shown, that the physical S-matrix, which is constructed from these Green functions according to the LSZ reduction formula, is unitary in the lowest order. This means, that one has to verify that unphysical particles do not contribute in physical scattering processes, and that they are canceled among each other. This cancellation mechanism is governed by the Slavnov-Taylor identity, which expresses consequences of the classical BRS-symmetry for the off-shell Green functions. In order to derive the Slavnov-Taylor identity in the tree approximation we introduce the generating functional of Green functions:

Z(j^μ_a , j^B_a ȷ_a, j̄_a, J, J^†, η_i, η̄_i) (2.84) = ⟨ T exp { i ∫ dx ( Ĩ_{ab}(j^μ_a V_{μb} + j^B_a B_b + j̄_ac_b + c̄_aȷ_b) + Φ^†J + J^†Φ + f̄_iη_i + η̄_if_i )}⟩

In (2.84) we understand summation over on-shell field indices a, b = +, −, Z, A and summation over all fermions f_i = ν_i, e_i, u_i, d_i. The source functions are commuting (j^μ_a , j^B_a , J) and anticommuting (ȷ, j̄, η_i) test functions. Electric and ϕπ-charge is assigned in such a way that the generating functional is neutral. The Green functions are obtained by differentiation with respect to the respective source functions.

Although the Green functions are the basic objects of the theory, for the purpose of renormalization one better refers to the building blocks composing them. These are the connected Green functions and the one-particle-irreducible (1PI) Green functions. The generating functional of connected Green functions

Z_c(j_k) ≡ Z_c(j^μ_a , j^B_a , ȷ_a, j̄_a, J, J^†, η_i, η̄_i) (2.85) is defined by Z(j_k) = e^{iZc(jk )} (2.86) and one can show that the differentiation with respect to the sources yields the connected Green functions in the diagrammatic expansion. The generating functional of 1PI Green functions is obtained from Z_c(j_k) by Legendre transformation. For this purpose one introduces the classical fields φ^{cl}_k (x, j_i) = δZ_c(j_i) δj_k(x) φ^{cl}_k (x, 0) = 0 (2.87)

and defines the generating functional of 1PI Green functions Γ(φ^{cl}_k ) according to Z_c(j^μ_a , ȷ_a, j̄_a, J, J^†, η_i, η̄_i) = Γ(V^{cl}_{μa}, B^{cl}_a , c^{cl}_a , c̄^{cl}_a , Φ^{cl}, Φ^{cl†}, f^{cl}_i , f̄^{cl}_i ) (2.88) + ∫ dx ( Ĩ_{ab}(j^μ_a V^{cl}_{μb} + j^B_a B_b + j̄_ac^{cl}_b + c̄^{cl}_a ȷ_b) + Φ^{cl†}J + J^†Φ^{cl} + f̄^{cl}_i η_i + η̄_if^{cl}_i ) Here the sources j_k are understood as solutions of (2.87) j_k = j_k(x, φ^{cl}_k ) j_k(x, 0) = 0 (2.89) The 1PI Green functions are obtained by differentiating the generating functional with respect to the classical fields φ^{cl}_k , and one can show, that they correspond to the 1PI diagrams in the diagrammatic expansion according to the Feynman rules.

The Slavnov-Taylor identity of the tree approximation can be derived most simply on the generating functional of 1PI Green functions, because its lowest order is seen to be the classical action:

Γ(φ^{cl}_k ) = Γ_{cl}(φ^{cl}_k )|^_{Φ=0q=0} + O(h̄) (2.90) Therefore we are able to write down the Ward identity of BRS-transformation as ∑ φ^{cl}_k ∫ dx sφ^{cl}_k (x) δΓ_{cl}(φ^{cl}_i ) δφ^{cl}_k (x) = 0 (2.91)

which is a well defined expression in the tree approximation. The BRS-transformations are non-linear symmetry transformation in propagating fields and it is seen that the nonlinear symmetry transformations become insertions into (connected) Green functions, if one carries out the Legendre transformation. Roughly speaking one has to replace sφ^{cl}_k −→ [sφ_k] · Z_c(j_k) (2.92) where [sφ_k]·Z_c(j_k) is the generating functional of BRS-inserted connected Green functions. The Green functions with insertions are defined according to G_{sφk ;φi1 ...φin} (x; x_1, ..., x_n) = ⟨T : sφ_k(x) : φ_{i1} (x_1)...φ_{in}(x_n)⟩ (2.93) = R ⟨T : sφ^{(o)}_k (x) : φ^{(o)}_{i1} (x_1)...φ^{(o)}_{in} (x_n)e^{iΓint(φ(o)}k^)⟩ ⟨T e^{iΓint(φ(o)}k^)⟩ and are summarized in the functional of BRS-inserted (connected) Green functions according to the above definitions. For setting up the Slavnov-Taylor identity for off-shell Green functions one does not only have to consider the ordinary Green functions but also the ones with BRS-insertions. For defining the BRS-inserted as well as the ordinary Green functions consistently one enlarges the classical action by the external field part and couples the non-linear BRS-transformations to external fields:

Γ_{cl}(φ_k) −→ Γ_{cl}(φ_k, Υ_k) = Γ_{cl}(φ_k) + Γ_{ext.f} (φ_k, Υ_k) (2.94)

Γ_{ext.f.} = ∫ ( ρ^μ_+sW_{μ,−} + ρ^μ_−sW_{μ,+} + ρ^μ_3 (cos θ_W sZ_μ − sin θ_W sA_μ) (2.95)

+ σ_+sc_− + σ_−sc_+ + σ_3(cos θ_W sc_Z − sin θ_W sc_A)

+ Y^†sΦ + (sΦ)^†Y + N_F∑ i=1 (Ψ^R_{δi} sF^L_{δi} + ψ^L_{fi} sf^R_i + h.c.) )

The external fields ρ^μ_α and σ_α, α = +, −, 3, are anticommuting and commuting SU(2)- triplets with ghost charge −1 and −2 respectively. The external field Y is a complex anticommuting scalar doublet with ghost charge −1, ψ^L_{fi} denotes external left-handed spinor singlets with ghost charge −1 ψ^L_{fi} ≡ ψ^L_{ei} , ψ^L_{ui} , ψ^L_{di} (2.96) whereas Ψ^R_{δi} denotes external right-handed spinor doublets

Ψ^R_{δi} ≡ Ψ^R_{li} , Ψ^R_{qi} Ψ^R_{li} = ψ^R_{νi} ψ^R_{ei} Ψ^R_{qi} = ψ^R_{ui} ψ^R_{di} (2.97)

The Green functions with insertions (2.93) are defined via the external field part: G_{sφk;φi1 ...φin} (x; x_1, ..., x_n) = δ δΥ_k(x) ⟨T φ_{i1} (x_1)...φ_{in}(x_n) exp{iΓ_{ext.f} }⟩ | | |_{Υi=0} (2.98)

The generating functional of Green functions

Z(j_k, Υ_k) = ⟨ T exp { i ∫ dx ( j_kφ_k + Γ_{ext.f.}(φ_k, Υ_k) )}⟩

includes ordinary and BRS-inserted Green functions, which are obtained by differentiation with respect to the external fields Υ_k. φ_kj_k symbolically denotes the sum over the quantum fields coupled to their sources as explicitly given in (2.84). Therefrom the connected Green functions are obtained according to (2.86) and the 1PI Green functions by a Legendre transformation of the propagating fields as given in (2.87) and (2.88), where the classical fields depend on the sources and external fields:

Z_c(j_k, Υ_k) = Γ(φ^{cl}_k , Υ_k) + ∫ dx φ^{cl}_k j_k (2.99)

Differentiation with respect to external fields on Γ(φ^{cl}_k , Υ_k) reproduces BRS-insertions into 1PI Green functions. Especially one verifies

δΓ(φ^{cl}_i , Υ_i) δΥ_k(x) = δZ_c(j_i, Υ_i) δΥ_k(x)

(2.100)

With the help of the external field part one is now able to derive the Slavnov-Taylor identity in a way, that the non-linear BRS-transformations are properly defined as insertions into Green functions. Taking the external field as being invariant under classical BRS-transformations sΥ_k = 0 (2.101)

the enlarged classical action (2.94) is BRS-invariant due to the nilpotency of BRS-trans-formations.

sΓ_{cl}(φ_k, Υ_k) = 0 (2.102)

The lowest order of Γ(φ^{cl}_k , Υ_k) is the classical action (cf. (2.90)) and the Ward identity of BRS-transformations (2.91) can be rewritten into the Slavnov-Taylor (ST) identity of 1PI Green functions in the tree approximation:

S(Γ_{cl}) = ∫ ( (sin θ_W ∂_μc_Z + cos θ_W ∂_μc_A) ( sin θ_W δΓ_{cl} δZ_μ + cos θ_W δΓ_{cl} δA_μ ) (2.103) + δΓ_{cl} δρ^μ_3 ( cos θ_W δΓ_{cl} δZ_μ − sin θ_W δΓ_{cl} δA_μ ) + δΓ_{cl} δσ_3 ( cos θ_W δΓ_{cl} δc_Z − sin θ_W δΓ_{cl} δc_A )

+ δΓ_{cl} δρ^μ_+ δΓ_{cl} δW_{μ,−} + δΓ_{cl} δρ^μ_− δ δW_{μ,+} + δΓ_{cl} δσ_+ δΓ_{cl} δc_− + δΓ_{cl} δσ_− δΓ_{cl} δc_+ + δΓ_{cl} δY^† δΓ_{cl} δΦ + δΓ_{cl} δΦ^† δΓ_{cl} δY + N_F∑ i=1 ( δΓ_{cl} δψ^L_{fi} Γ_{cl}δ δf^R_i + δΓ_{cl} δΨ^R_{δi} Γ_{cl}δ δF^L_{δi} + h.c. )

+B_a δΓ_{cl} δc̄_a + q̂ δΓ_{cl} δΦ̂ + δΓ_{cl} δΦ̂^† q̂^† ) = 0 There we have dropped the index classical for the classical fields appearing in the generating functional of 1PI Green functions

Γ(φ_k, Φ̂, q, Υ) = Γ_{cl}(φ_k, Φ̂, q, Υ) + O(h̄) (2.104)

Nonlinear BRS-transformations are now obtained by differentiating with respect to the external fields. We have included the external fields Φ̂ into the definition of the generating functional in order to be able to derive Ward identities of rigid symmetry for the Green functions. They produce by differentiation the mass insertions and their variations under rigid symmetry of Goldstone fields.

The algebraic properties of BRS-transformations are transfered to nilpotency properties of the Slavnov-Taylor operator:

s_Γ S(Γ) = 0 for any functional Γ (2.105) s_Γ s_Γ = 0 if S(Γ) = 0

The operator s_Γ is the linearized version of the ST identity and is defined by

s_Γ = ∫ ( (sin θ_W ∂_μc_Z + cos θ_W ∂_μc_A) ( sin θ_W δ δZ_μ + cos θ_W δ δA_μ ) (2.106) + B_a δ δc̄_a + q̂ δ δΦ̂ + δ δΦ̂^† q̂^† + ∑ φ_k,Υ_k u_k ( δΓ δΥ_k δ δφ_k + δΓ δφ_k δ δΥ_k ))

The sum is over all external and corresponding propagating fields which gave rise to bilinear appearance of Γ in the ST identity, u_k denotes the respective coefficients as cos θ_W , sin θ_W and 1.

By Legendre transformation one is immediately able to give the ST identity for the functional of connected Green functions Z_c ≡ Z_c(j_k, Φ̂, q, Υ_k) in the tree approximation:

S(Z_c) = ∫ ( (sin θ_W ∂_μj^μ_Z + cos θ_W ∂_μj^μ_A) ( sin θ_W δZ_c δȷ_Z + cos θ_W δZ_c δȷ_A ) (2.107) + ( cos θ_W j^μ_Z − sin θ_W j^μ_A ) δZ_c δρ_{μ3} + ( cos θ_W ȷ_Z − sin θ_W ȷ_A ) δZ_c δσ_3 +j_{μ+} δZ_c δρ^μ_+ + j_{μ−} δZ_c δρ^μ_− + ȷ_+ δZ_c δσ_+ + ȷ_− δZ_c δσ_− + J^† δZ_c δY^† + δZ_c δY J + N_F∑ i=1 ( η^L_i δZ_c δψ^L_{fi} + η^R_i δZ_c δψ^R_{δi} + δZ_c δψ^L_{fi} η^L_i + δZ_c δψ^R_{δi} η^R_i )

+j̄_a δZ_c δj^B_a + q̂ δZ_c δΦ̂ + δZ_c δΦ̂^† q̂^† ) = 0 The ST identity of the connected Green functions is linear in contrast to the one of the 1PI Green functions. It is the starting point for proving unitarity of the physical S-matrix [13, 14, 20] . Although the proof of unitarity is beyond the scope of the paper we want to indicate how the cancellation mechanism works: Eliminating the B_a-fields and their sources in (2.107) by δ δj^B_a −→ − 1 ξ Ĩ_{aa′}F_{a′} ( δ δj^μ_b , δ δJ , δ δJ^† , Φ̂ ) (2.108) with F_b ( δ δj^μa , δ δJ , δ δJ^† , Φ̂ ) = Ĩ_{bb}′ ∂_μ δ δj^μ_b′ − i e sin θ_W ( (Φ̂ + ζv)^† τ^T_b 2 ( δ δJ + v) − ( δ δJ^† + v^†) τ^T_b 2 (Φ̂ + ζv) ) (2.109) it is seen that the ST identity indeed relates the Green functions of ghosts to the ones with longitudinal vector propagators and would-be Goldstones at the external legs. (Due to linear contributions the Green functions of external fields include 1-particle reducible ghost propagators.) Applying the S-matrix operator the corresponding unphysical contributions have to be shown to cancel in physical scattering processes.

Renormalization concerns the 1PI Green functions. Having these well-defined the connected Green functions exist and are also well-defined and can be obtained to all orders by the Legendre transformations (2.88). For this reason we are able to restrict all the further considerations to 1PI Green functions.

In the procedure of renormalization the ST identity is the defining symmetry of the theory, because it yields unitarity of the physical S-matrix as indicated above. Due to the abelian subgroup, however, the ST identity is not sufficient to fix uniquely the Green functions of higher orders. In addition we have to take into account the Ward identities of rigid SU(2)×U(1) invariance and especially the local U(1) Ward identity for being able to fix the electric charges of the fermions. In the tree approximation the Ward identities of rigid symmetry are immediately derived according to the construction of the gauge fixing sector (cf. (2.43), (2.57), (2.73) and (2.77)). For consistency we have to assign definite transformation properties under rigid transformation to the external fields Υ_k in such a way, that the external field part Γ_{ext.f.} (2.94) is rigid invariant. It is obvious, that the fields ρ_α and σ_α transform under the adjoint representation, whereas Y and Ψ^R under the fundamental representation of SU(2). We thus arrive at

W_αΓ_{cl}(φ_k, Υ_k, Φ̂, q̂) = 0 and W_4Γ_{cl}(φ_k, Υ_k, Φ̂, q̂) = 0 (2.110)

where Γ_{cl} is understood to be the lowest order of the generating functional of 1PI Green functions.

Γ_{cl} = Γ_{GSW} + Γ_{g.f.} + Γ_{ghost} + Γ_{ext.f} (2.111)

The Ward operators of rigid SU(2)-transformations include all the propagating and external fields we have introduced: W_α = Ĩ_{αα}′ ∫ ( V^μ_b O^T_{bβ}(θ_W )ε̂_{βγα}O_{γc}(θ_W )Ĩ_{cc}′ δ δV^μ_c′ + {c_a, B_a, c̄_a} (2.112) +ρ^μ_βε_{βγα}′Ĩ_{γγ}′ δ δρ^μ_γ′ + {σ_α}

+i(Φ + v)^† τ_α′ 2 −→ δ δΦ^† − i ←− δ δΦ τ_α′ 2 (Φ + v) + {Y, Φ̂ + ζv, q̂} + N_F∑ i=1 ∑ δ=l,q ( iF^L_{δi} τ_α′ 2 −→ δ δF^L_{δi} − i ←− δ δF^L_{δi} τ_α′ 2 F^L_{δi} + {Ψ^R_{δi} } ) )

The abelian Ward operator comprises the doublets and right-handed fermions together with the external fields coupled to their BRS-variations.

W_4 = ∫ ( i 2 (Φ + v)^† −→ δ δΦ^† − i 2 ←− δ δΦ (Φ + v) + {Y, Φ̂ + ζv, q} (2.113)

+ N_F∑ i=1 ( ∑ δ=l,q Y^δ_W ( i 2 F^L_{δi} −→ δ δF^L_{δi} − i 2 ←− δ δF^L_{δi} F^L_{δi} + {Ψ^R_{δi} } )

− ∑ f Q_f ( if^R_i −→ δ δf^R_i − i ←− δ δf^R_i f^R_i + {ψ^R_{fi} } )) )

The Pauli matrices τ_α are defined in (2.10), the antisymmetric tensor ε_{αβγ} in (2.12). The Ward operators of rigid symmetry satisfy the SU(2) × U(1) algebra:

[W_α, W_β] = ε_{αβγ}Ĩ_{γγ}′ W_γ′ (2.114) [W_α, W_4] = 0

In connection with the abelian Ward identity of rigid symmetry there exists also a local version (cf. (2.58)), which reads in B_a-gauges:

w_4Γ_{cl} − 1 e cos θ_W ( sin θ_W ∂ δΓ_{cl} δZ + cos θ_W ∂ δΓ_{cl} δA ) = 1 e cos θ_W (sin θ_W 2B_Z + cos θ_W 2B_A) (2.115) The local operator w_4 is defined by dropping the integration from the rigid operator:

W_4 = ∫ w_4 (2.116)

The ST identity (2.103), the Ward identities of rigid symmetry (2.110) and the local abelian Ward identity (2.115) are the algebraic symmetries of the standard model in the tree approximation. It has to be shown, that these symmetries can be continued to higher orders and that they together with appropriate normalization conditions uniquely define the Green functions of the standard model to all orders.

3. The construction of higher orders: The algebraic method

In the procedure of renormalization one has to make meaningful the undefined expressions, which are obtained in the formal expansion of the Gell-Mann Low formula according to Wick’s theorem (cf. (2.80) and (2.93)). As we have already mentioned renormalization concerns the 1PI Green functions summarized in the generating functional (2.99)

Γ(ϕ_k, Υ, Φ̂, q̂) = Γ(V_a, Φ, f_i, c_a, c̄_a, ρ_α, Y, ψ_i, σ_α, Φ̂, q̂) (3.1)

It depends on the external fields and the “classical” fields defined by the Legendre transformation (2.87). For simplification we have dropped the index ‘classical’. The 1PI Green functions are divergent according to their degree of divergencies:

d_Γ = 4 − ∑ ext.legs d_E − ∑ vertices (d_i − 4) (3.2)

Here d_E is the ultraviolet (UV) dimension of the fields appearing at the external (amputated) legs: They include propagating as well as external fields. d_i denotes the UVdimension of the vertices. The UV-dimensions of the fields are listed in the appendix. There are different schemes, which remove the divergencies consistently. For practical calculations it is convenient to use dimensional regularization in connection with a prescription for subtracting the D-dimensional poles in the limit to 4 dimensions [38]. For abstract renormalization one better refers to the momentum subtraction scheme in the version of BPHZL [34, 35, 39].

For higher orders the Gell-Mann Low formula has to be modified taking in the interaction part not only the vertices of the tree approximation but also the counterterms of higher orders. In the QED-like on-shell schemes the counterterms are power series in the electromagnetic coupling e. All terms are collected in a Γ_{eff} :

Γ_{eff} = Γ_{cl} + O(h̄) = Γ^{(bil)} + Γ^{(int)}_{eff} (3.3)

The bilinear parts are defined in (2.83). At first Γ_{eff} contains all field polynomials in external and quantum fields which are compatible with the power counting analysis of renormalizable quantum field theory, i.e. they have UV-dimension less than of equal to 4. The explicit form of Γ_{eff} depends on the renormalization scheme one has used to remove the divergencies. Therefore rather than relying on properties of an explicit Γ_{eff} and a subtraction scheme, one deals in the construction of 1PI Green functions with finite renormalized Green functions and their properties with respect to the symmetries of the standard model. (For an introduction to algebraic renormalization see [3]

In the last sections we have given the tree approximation and the symmetries of the tree approximation, the Slavnov-Taylor identity (2.103), the Ward identities of rigid symmetry (2.110) and the local U(1)-Ward identity (2.115). Having readily defined the lowest order, the Green functions of the 1-loop approximation are calculated with a specific renormalization scheme leading to a finite result Γ_{ren}. Different schemes differently dispose of the local contributions of the next order, whereas the non-local contributions are uniquely defined. Therefore after subtraction the Green functions are well-defined up to local contributions. In order to determine these local contributions one has to adjust those which break the symmetry, in a way that the symmetries of the lowest order are restored in the 1-loop order. The remaining (symmetric) ones have to be fixed by normalization conditions. Then one is able to proceed to higher orders by induction repeating the above steps from order n to order n + 1.

The symmetries of the lowest order can be also violated by anomalies. Anomalies arise from non-local contributions and cannot be removed by adjusting local contributions. They have then explicitly to be proven to be absent to all orders of perturbation theory.

In the standard model restoration of symmetries and the setting of proper normalization conditions are deeply connected with each other: It has to be shown that one is able to impose normalization conditions on the 2-point functions in such a way that the 2-point Green functions have one particle properties in the LSZ limit (apart from the problem of unstable particles). Thereby special attention has to be paid to the massless particles: In order not to introduce off-shell infrared divergent diagrams to the next order the 2-point functions of massless particles as well as also the mixed 2-point functions of massive and massless particles have to be required to vanish at p^2 = 0 to all orders of perturbation theory:

Γ_{ZA}(p^2 = 0) = Γ_{AA}(p^2 = 0) = 0 (3.4) Γ_{c̄AcZ} (p^2 = 0) = Γ_{c̄Z cA} (p^2 = 0) = Γ_{c̄AcA} (p^2 = 0) = 0

These normalization conditions have to be proven to be in accordance with the symmetries of the standard model and will be shown to lead to higher order corrections of the weak mixing angle in the ST identity and the Ward identities.

The 1PI Green function of the standard model summarized in the generating functional are defined in order n by Γ^{(≤n)} = Γ^{(≤n)}_{ren} + Γ^{(n)}_{inv} + Γ^{(n)}_{break} (3.5)

and have to be shown to have well defined normalization properties and to satisfy the symmetries ( S(Γ)

)_{(≤}n_) = 0 ( W_αΓ

)_{(≤}n_)

= 0 (3.6) and a local U(1) Ward identity. The ST operator and the Ward operators are thereby established via their algebraic characterization (2.105) and (2.114). In (3.5) Γ^{(n)}_{inv} and Γ^{(n)}_{break} denote purely local field polynomials. They depend on propagating and external fields introduced in the classical approximation and constitute a complete basis of field polynomials with UV-dimension less than or equal 4. In a specific scheme the local contributions are governed by the counterterms appearing in a Γ_{eff} . Discrete symmetries are not affected by renormalization, we are therefore able to restrict the analysis to field polynomials which are neutral with respect to electric and Faddeev-Popov charge and are CP-even, due to the fact, that we did not introduce family mixing in the classical approximation. The quantum numbers of the fields under the discrete symmetries are listed in the appendix.

As indicated by the notation (3.5) local contributions are algebraically divided into two classes: the invariant and non-invariant field polynomials. The invariant field polynomials appearing in Γ_{inv} constitute together with Γ_{cl} the general classical solution Γ^{gen}_{cl} , i.e. the general field polynomials, which are solutions of the Slavnov-Taylor identity and are rigid invariant

Γ^{gen}_{cl} = Γ_{cl} + ∞∑ n=1 Γ^{(n)}_{inv} S(Γ^{gen}_{cl} ) = 0 W_α(Γ^{gen}_{cl} ) = 0

(3.7)

The free parameters of Γ^{gen}_{cl} are determined by the normalization conditions and the local U(1) Ward identity order by order in perturbation theory.

The non-invariant field polynomials Γ_{break} are used to remove the breakings of the symmetries, which have been introduced by an implicit scheme dependent adjustment of finite counterterms in the subtraction procedure. The abstract construction of Γ_{break} is carried out with the algebraic method which is based on the action principle in its quantized version valid for off-shell Green functions [16, 39]. It is most easily formulated on the general functional of the respective Green functions and relates variations with respect to sources or classical fields, respectively, and external fields to insertions with a well-defined UV and IR-degree. Especially the action principle states that the symmetries of the tree approximation are broken at most by a integrated field polynomial in 1-loop order and proceeds to higher orders by induction:

(S(Γ))^{(≤n−1)} = 0 (W_αΓ)^{(≤n−1)} = 0 =⇒ (S(Γ))^{(≤n)} = Δ^{(n)}_{brs} (W_αΓ)^{(≤n)} = Δ^{(n)}_α

(3.8)

The breakings have well-defined properties with respect to the discrete symmetries. For example Δ_{brs} has ϕπ-charge 1, is neutral with respect to electric charge and even under CP, if the classical action is CP-invariant. Furthermore they have a well-defined ultraviolet and infrared degree. Up to this point the analysis has been completely scheme independent just being founded on properties of renormalized perturbation theory, but in classifying the breakings according to their UV- and IR-degree we assume that the renormalized Green functions Γ_{ren} have been constructed within the BPHZL scheme. In the BPHZL scheme the normalization conditions (3.4), which otherwise have to be established by hand, are immediately implemented by the subtraction procedure, guaranteeing, that nowhere infrared divergent contributions are introduced by the subtraction scheme. Infrared divergent contributions are detected by a pure power counting analysis. Especially counterterms of IR dimension less than 4 are forbidden in the BPHZL-scheme because they would destroy the normalization conditions (3.4). Therefore we adopt the UV and IR degrees of fields as given in the appendix. They are uniquely determined by the behaviour of the free-field propagators for p^2 → ∞ and p^2 → 0, respectively. Then by an analysis of the ST identity and the Ward operators it is derived that the breakings of the symmetries have the following UV and IR degrees:

dim^{UV} Δ_{brs} ≤ 4 dim^{IR} Δ_{brs} ≥ 3 dim^{UV} Δ_α ≤ 4 dim^{IR} Δ_α ≥ 2

and it is seen, that all symmetries have to be carefully constructed concerning the infrared.

Apart from the IR and UV degree we do not refer to further properties of the BPHZL scheme as the Γ_{eff} , but classify the breakings by the algebra of symmetry transformations, the nilpotency of BRS-transformations and the algebra of W_α. (For details see section 7.) Especially we have to show that all the breakings of the ST identity are variations of the linear ST operator (2.106) and that they can be absorbed into local contributions of Γ_{break} without spoiling the normalization conditions especially (3.4):

s_{Γcl} Γ_{break} = −Δ_{brs} (3.9)

Via equs. (3.7) and (3.9) the local contributions are uniquely fixed.

The construction as outlined above is not only interesting from an abstract point of view for having properly defined the standard model but it passes through all the steps, which have been carried out in explicit calculations, too. Especially the construction of the symmetries in 1-loop order including the rigid Ward identity is essential if one wants to proceed to higher orders of perturbation theory. Dimensional regularization makes the analysis of Γ_{break} easier, because it is an invariant scheme for parity conserving gauge theories, but also there it is well-known that the normalization conditions and especially the infrared conditions have to be established by an explicit adjustment of naively noninvariant counterterms, which lead to corrections of the weak mixing angle in the ST identity and the Ward identities.

According to the procedure we have outlined in this section we will proceed for constructing the 1PI Green functions of the standard model as follows:

1. We construct the most general ST operator and Ward operators of rigid symmetry, which are in accordance with the algebraic characterization. (Section 4)

2. We impose normalization conditions according to the on-shell schemes which allow to define proper 2-point functions in the LSZ-limit apart from the problem of unstable particles and derive the most general classical solution, which is in accordance with the normalization conditions and the symmetries. (Section 5)

3. We classify the breakings according to the symmetries and show that they can be absorbed into local contributions to the 1PI Green functions. (Section 7)

4. The algebraic characterization of the symmetry transformations

4.1. The general ansatz and discrete symmetries

In section 2.4 we have derived the symmetries of the standard model for the 1PI- Green functions in the tree approximation: the Slavnov-Taylor identity (2.103), the Ward identities of rigid symmetries (2.112) and the local U(1)-Ward identity (2.113). The functional operators depend in lowest order explicitly on the weak mixing angle θ_W , which is in the on-shell schemes defined by the ratio of the W- and Z-mass [26]

cos θ_W ≡ M_W M_Z (4.1)

It is obvious and can be seen also from explicit 1-loop calculations that the lowest order gets higher order corrections. These higher order corrections depend on the normalization conditions, one has chosen for fixing the 2-point Green functions. Since the standard model includes massless particles, especially the photon and the corresponding ϕπ-ghosts, it is even not possible to define the Green functions of higher orders by the symmetries as given in lowest order. For this reason we construct in a first step towards quantization the symmetry operators in a most general form and characterize them by their algebraic properties. We restrict the analysis to the generating functional of 1PI Green functions as defined in (2.99), which depends on the classical fields as well as on the external fields: Γ ≡ Γ(V_a, B_a, Φ, f_i, c_a, c̄_a, ρ_α, Y, ψ_i, σ_α, Φ̂, q̂) (4.2) The vectors, ϕπ-ghost and the B-fields have on-shell field indices a = +, −, Z, A V^μ_a = (W^μ_+, W^μ_−, Z^μ, A^μ) B_a = (B_+, B_−, B_Z, B_A) c_a = (c_+, c_−, c_Z, c_A) c̄_a = (c̄_+, c̄_−, c̄_Z, c̄_A)

(4.3) Since the theory is spontaneously broken, it is more adequate to introduce the scalars as a 4-vector with indices a = +, −, H, χ ϕ_a = (ϕ_+, ϕ_−, H, χ) Y_a = (Y_+, Y_−, Y_H , Y_χ) ϕ̂_a = (ϕ̂_+, ϕ̂_−, Ĥ, χ̂) q_a = (q_+, q_−, q_H, q_χ)

(4.4) The external fields ρ_α and σ_α are three component fields ρ_a = (ρ_+, ρ_−, ρ_3) σ_a = (σ_+, σ_−, σ_3) (4.5) The charged vectors and scalars are complex fields with φ^∗_+ = φ_− , (4.6) whereas the neutral vectors and scalars are real fields φ^∗_a = φ_a a = Z, A, H, χ, 3 . (4.7) We group the fermions into a vector according to f^L_i = (ν^L_i , e^L_i , u^L_i , d^L_i ) f^R_i = (e^R_i , u^R_i , d^R_i ) ψ^R_{fi} = (ψ^R_{νi} , ψ^R_{ei} , ψ^R_{ui} , ψ^R_{di} ) ψ^L_{fi} = (ψ^L_{ei} , ψ^L_{ui} , ψ^L_{di} ) (4.8) i = 1, ..., N_F denotes the family index. The quantum number of fields are summarized in the appendix.

The algebraic properties of the functional operators acting on Γ are the nilpotency of the Slavnov-Taylor operator (2.105) s_Γ S(Γ) = 0 for any functional Γ (4.9) s_Γ s_Γ = 0 if S(Γ) = 0 and the algebra of rigid operators (2.114) [W_α, W_β] = ε̂_{αβγ}Ĩ_{γγ}′ W_γ′ (4.10) with α, β, γ = +, −, 3, 4 and ε̂_{αβγ} denotes the structure constants of SU(2) × U(1), which are taken as completely antisymmetric in all 3 indices ε̂_{αβγ} = ε̂_{+−3} = −i ε̂_{+−4} = 0

(4.11)

In addition to the algebra the Ward operators are specified by their transformation with respect to complex conjugation:

W^†_+ = W_− W^†_− = W_+

W^†_3 = W_3 W^†_4 = W_4

(4.12)

which is assigned in agreement with the tree approximation.

Since the functional Γ will be constructed as a simultaneous solution of rigid transformations and the ST identity the respective functional operators have to satisfy the consistency relation

W_αS(Γ) − s_ΓW_αΓ = 0 for any functional Γ (4.13)

Discrete and global unbroken symmetries, we want to impose on the functional Γ, can be imposed to all orders and are not affected by renormalization. These symmetries are electric and ϕπ-charge neutrality: W_{em} = −i ∫ dx ( W_+ δ δW_+ − W_− δ δW_− + B_+ δ δB_+ − B_− δ δB_− + c_+ δ δc_+ − c_− δ δc_− + c̄_+ δ δc̄_+ − c̄_− δ δc̄_− + ρ_+ δ δρ_+ − ρ_− δ δρ_− + σ_+ δ δσ_+ − σ_− δ δσ_− + ϕ_+ δ δϕ_+ − ϕ_− δ δϕ_− + Y_+ δ δY_+ − Y_− δ δY_− + ϕ̂_+ δ δϕ̂_+ − ϕ̂_− δ δϕ̂_− + q_+ δ δq_+ − q_− δ δq_− − N_F∑ i=1 ( Q_e(ē_i δ δē_i − δ δe_i e_i + ψ̄_{ei} δ δψ̄_{ei} − δ δψ_{ei} ψ_{ei} ) +Q_u(ū_i δ δū_i − δ δu_i u_i + ψ̄_{ui} δ δψ̄_{ui} − δ δψ_{ui} ψ_{ui} ) +Q_d(d̄_i δ δd̄_i − δ δd_i d_i + ψ̄_{di} δ δψ̄_{di} − δ δψ_{di} ψ_{di} ) ))

W_{ϕπ} = ∫ dx ( c_a δ δc_a − c̄_a δ δc̄_a − ρ_α δ δρ_α − 2σ_α δ δσ_α − Y_a δ δY_a + q_a δ δq_a (4.14) − N_F∑ i=1 ( ψ̄_{mi} δ δψ̄_{mi} + δ δψ_{mi} ψ_{mi} ))

Since fermions and quarks cannot be mixed and since we forbid explicitly family mixing we have some further symmetries which correspond to lepton and quark family number conservation: W_{li} = i ∫ dx ( ē_i δ δē_i − δ δe_i e_i + ψ̄_{ei} δ δψ̄_{ei} − δ δψ_{ei} ψ_{ei} (4.15) + ν^L_i δ δν^L_i − δ δν^L_i ν^L_i + ψ^R_{νi} δ δψ^R_{νi} − δ δψ^R_{νi} ψ^R_{νi} )

W_{qi} = i ∫ dx ( d̄_i δ δd̄_i − δ δd_i d_i + ψ̄_{di} δ δψ̄_{di} − δ δψ_{di} ψ_{di} (4.16) + ū_i δ δū_i − δ δu_i u_i + ψ̄_{ui} δ δψ̄_{ui} − δ δψ_{ui} ψ_{ui} )

The functional Γ is to all orders invariant under these global symmetries by construction:

W_{em}Γ = 0 W_{ϕπ}Γ = 0

W_{li} Γ = 0 W_{qi} Γ = 0

(4.17)

In addition we have also colour SU(3)-invariance, which we do not consider explicitly. All the functional operators when applied on Γ are seen to be restricted with respect to these global symmetries, especially

[W_{em}, W_+] = −iW_+ [W_{em}, W_−] = +iW_− [W_{em}, W_3] = 0 [W_{em}, W_4] = 0

(4.18) and [W_{li} , W_α] = 0 [W_{qi} , W_α] = 0 (4.19)

The functional Γ we consider in this paper is also invariant with respect to CP-trans-formations. Therefrom it is derived that the rigid operators as well as the Slavnov- Taylor operator have definite transformation properties with respect to CP. Explicitly it is possible to characterize them by their transformation as given in the tree approximation: W_+^{CP}−→ −W_− W_−^{CP}−→ −W_+ W_3^{CP}−→ −W_3 W_4^{CP}−→ −W_4 (4.20)

whereas the ST operator is CP-even.

We therefore make for the ST operator the ansatz:

S(Γ) = ∫ ( Z_4(sin Θ^g_3∂_μc_Z + cos Θ^g_3∂_μc_A) ( sin Θ^V_4 δΓ δZ_μ + cos Θ^V_4 δΓ δA_μ ) (4.21) + δΓ δρ^μ_3 z^ρ ( cos Θ^V_3 δΓ δZ_μ − sin Θ^V_3 δΓ δA_μ ) + δΓ δσ_3 z^σ ( cos Θ^g_3 δΓ δc_Z − sin Θ^g_3 δΓ δc_A )

+ δΓ δρ^μ_+ δΓ δW_{μ,−} + δΓ δρ^μ_− δΓ δW_{μ,+} + δΓ δσ_+ δΓ δc_− + δΓ δσ_− δΓ δc_+ + δΓ δY_a Ĩ_{aa′} δΓ δϕ_a′ + N_F∑ i=1 ( δΓ δψ^L_{fi} Γδ δf^R_i + δΓ δψ^R_i Γδ δf^L_i + h.c. )

+B_aĝ_{ab} δΓ δc̄_b + q_a δΓ δϕ̂_a ) = 0 It is neutral with respect to electric charge, commutes with the operators W_{li} and W_{qi} and arises ϕπ charge by one unit. Defining its linear version s_Γ as given in (2.106) one immediately checks the nilpotency properties (4.9). The three independent angles Θ^V_3 , Θ^V_4 and Θ^g_3 describe, how vectors and ghosts are rotated with respect to the abelian subgroup. In the writing of (4.21) we have already anticipated that we are able to absorb constants in external fields at will. The coefficients z^ρ as well as z^σ could be reabsorbed into the external fields ρ_3 and σ_3, but we take them as arbitrary for a proper adjustment later on. For similar reasons we also keep Z_4 in the ansatz. The matrix ĝ_{ab} is an arbitrary neutral matrix, it can be introduced into the ST identity without spoiling nilpotency and rigid symmetry (see (4.40)). Its explicit form will be considered, when we give the general classical solution of the gauge-fixing ghost sector.

For the Ward operators of rigid symmetry we take the most general ansatz, which is linear in fields: W_α = Ĩ_{αα}′ ∫ dx ( V^μ_b â^V_{bc,α}′Ĩ_{cc}′ δ δV^μ_c′ + B_bâ^B_{bc,α}′Ĩ_{cc}′ δ δB_c′ + c_bâ^g_{bc,α}′Ĩ_{cc}′ δ δc_c′ + c̄_bâ^ḡ_{bc,α}′Ĩ_{cc}′ δ δc̄_c′ + ϕ_bb^ϕ_{bc,α}′Ĩ_{cc}′ δ δϕ_c′ + Y_bb^Y_{bc,α}′Ĩ_{cc}′ δ δY_c′ + ϕ̂_bb^{ϕ̂}_{bc,α}′Ĩ_{cc}′ δ δϕ̂_c′ + q_bb^q_{bc,α}′Ĩ_{cc}′ δ δq_c′ + v_{cα}′Ĩ_{cc}′ δ δϕ_c′ + v̂_{cα}′Ĩ_{cc}′ δ δϕ̂_c′ + ρ_βa^ρ_{βγ,α}′Ĩ_{γγ}′ δ δρ_γ′ + σ_βa^σ_{βγ,α}′Ĩ_{γγ}′ δ δσ_γ′ + N_F∑ i=1 ( f^L_i h^{fi}_{ff} ′_{,α}′ δ δf^{′L}_i + δ δf^{′L}_i h^{fi†}_f ′_{f,β}f^L_i Ĩ_{βα}′ + ψ^R_{fi} h^{ψi}_{ff} ′_{,α}′ δ δψ^L_f ′_i + δ δψ^R_f ′_i h^{ψi†}_f ′_{f,β}ψ^R_{fi}Ĩ_{βα}′ + f^R_i h̃^{fi}_{ff} ′_{,α}′ δ δf^{′R}_i + δ δf^{′R}_i h̃^{fi†}_{f ′f,β}f^R_i Ĩ_{βα′} + ψ^L_{fi}h̃^{ψi}_{ff} ′_{,α}′ δ δψ^L_f ′_i + δ δψ^L_f ′_i h̃^ψi^†_{f ′f,β}ψ^L_{fi}Ĩ_{βα′} )) (4.22)

The coefficients are restricted by the prescription for complex conjugation (4.12) and by electric charge conservation (4.18).

In the notation these properties are taken into account by having neutral index structure throughout and changing + and − by complex conjugation. Well-defined transformation properties under CP (4.20) yields furthermore that â_{bc,α} and a_{βγ,α} as well as h̃_{ff} ′_{,α} and h_{ff} ′_{,α} are imaginary. Similar restrictions are derived for the coefficients b_{bc,α}. Family mixing as well as lepton quark mixing are forbidden according to (4.19).

In the following we will solve the algebra (4.10) as well as the consistency equation (4.13) in all generality. Since we construct the Green functions in perturbation theory, it would be also sufficient to start from the tree approximation and consider its possible perturbations. Such a treatment, however, would disguise the simple algebraic structure of the final solution.

4.2. The vector-ghost sector

Evaluating the algebra of rigid operators (4.10) for the vectors, ϕπ-ghosts, the B-fields and the external fields σ_α and ρ_α yields the following representation equations for the coefficients: â^φ_α Ĩ â^φ_β − â^φ_β Ĩ â^φ_α = −ε̂_{αβγ}Ĩ_{γγ}′â^φ_γ′ φ ≡ V^μ_a , c_a, c̄_a, B_a a^Υ_α Ĩa^Υ_β − a^Υ_β Ĩa^Υ_α = −ε_{αβγ}Ĩ_{γγ}′ a^Υ_γ′ Υ ≡ ρ_α, σ_α (4.23)

Here we have introduced a matrix notation: (â_α)_{bc} = â_{bc,α} denotes 4 × 4 matrices and (a_α)_{βγ} = a_{βγ,α} 3 × 3 matrices. Due to CP-invariance the non-trivial solutions of (4.23) are uniquely related to the adjoint representation:

â^φ_α ∼ ε̂_α â^Υ_α ∼ ε_α (4.24)

with (ε̂_α)_{βγ} = ε̂_{βγα} defined by the structure constants of SU(2)×U(1) (4.11) and (ε_α)_{βγ} = ε_{βγα} by the structure constants of SU(2). From this special solution one obtains the general solution by the following equivalence transformations: (â_α)_{bc} = ŷ_{bβ} ε̂_{βγα} ŷ^{−1}_{γc} (a_α)_{βγ} = y_{ββ}′ ε_β′_γ′_α (y^{−1})_γ′_γ (4.25)

The matrices y and ŷ have to be chosen in accordance with the discrete symmetries. When we consider the general classical solution of the standard model it is seen that the equivalence transformations are related to field redefinitions. Therefore we parameterize them in the following way:

(ŷ^T )_{αa} ≡ ẑ_{αa} = ẑ_W 0 0 0 ẑ_W 0 0 0 0 ẑ_Z cos θ_Z −ẑ_A sin θ_A 0 0 ẑ_Z sin θ_Z ẑ_A cos θ_A y_{βγ} ≡ z_{βγ} = z_W 0 0 0 z_W 0 0 0 z_3

(4.26) We have suppressed the field indices, but one has to keep in mind, that the algebra allows independent field redefinitions for each field we consider.

In the tree approximation the representation matrices are given by

â^{(0)}_α = O^T (θ_W )ε̂_αO(θ_W ) and a^{(0)}_α = ε_α (4.27)

for all fields in question, i.e. one has in perturbation theory for the propagating fields

ẑ^φ_{αb} = O(θ_W )_{αa}(1 + δẑ^φ)_{ab} with (δẑ^φ)_{ab} = O(h̄) (4.28)

The matrix O(θ_W ) is the orthogonal matrix, which transforms the SU(2) × U(1) gauge fields into on-shell fields (2.28). The matrix ẑ is however not completely specified by the representation matrices, indeed it is seen that equivalence transformations with diagonal matrices ẑ_{inv} leave the adjoint representation invariant:

ε̂_α = ẑ_{inv}ε̂_αẑ^{−1}_{inv} ε_α = z_{inv}ε_αz^{−1}_{inv} (4.29) if

ẑ_{inv} ≡ ẑ_2 0 0 0 ẑ_2 0 0 0 0 ẑ_2 0 0 0 0 ẑ_1 z_{inv} = z_2 0 0 0 z_2 0 0 0 z_2

(4.30)

There are several possibilities to parameterize the remaining parameters. A symmetric parameterization, which is well adapted to treat higher order corrections of the vectors, is given by r_A = z_Z z_W cos θ_Z cos Θ r_Z = z_A z_W sin θ_A sin Θ

(4.31)

cos Θ = 1 √ 1 + tan θ_Z tan θ_A In this parameterization the general solution of (4.23) reads explicitly

â_+ =

0 0 0 0 0 0 −ir^{−1}_Z cos Θ ir^{−1}_A sin Θ 0 ir_Z cos Θ 0 0 0 −ir_A sin Θ 0 0 â_3 = ε̂_3 (4.32) â_− =

0 0 ir^{−1}_Z cos Θ −ir^{−1}_A sin Θ 0 0 0 0 −ir_Z cos Θ 0 0 0 ir_A sin Θ 0 0 0 â_4 = 0 (4.33)

One has to determine three independent parameters for each field in the rigid Ward identity. They are fixed by the normalization conditions imposed on the 2-point Green functions. Vice versa it is seen that for the vectors we could also choose r_A = 1 and r_Z = 1 replacing two normalization conditions by the Ward identities of rigid symmetry. Such a choice corresponds to the minimal on-shell scheme [31].

Finally the consistency equation between the Ward operators of rigid symmetry and the ST operator (4.13) relates the angles appearing in the ST operator to the parameters of rigid Ward operators. In the parameterization (4.31) one gets

tan Θ^V_3 =^{rVA}_{rVZ} tan Θ^V tan Θ^V_4 =^{rVZ}_{rVA} tan Θ^V

z^ρ r^ρ_3 =

√_1

(rVZ )2 cos

2 Θ^V +^1_{(rVA )2} sin^2 Θ^V (4.34)

and similar equations for the parameters of the ghosts and σ-fields

tan Θ^g_3 = r^g_A r^g_Z tan Θ^g z^σ r^σ_3 = 1 (r^g_Z )^2 cos^2 Θ^g + 1 (r^g_A)^2 sin^2 Θ^g (4.35)

It has to be proven, that these relations can be consistently maintained to all orders of perturbation theory. In the tree approximation they are obviously fulfilled. Furthermore it is seen, that the normalization constants z^σ and z^ρ can be fixed by the Ward identity of rigid symmetry. Requiring that the external fields transform to all orders just as in the tree approximation a^ρ_{βγα} = ε_{βγα} a^σ_{βγα} = ε_{βγα} (4.36) the parameters z^σ and z^ρ are uniquely determined.

In order to determine the transformation matrices of the B-fields â^B_α , it has to be observed, that the gauge fixing is linear in propagating fields. Differentiating the functional of 1PI Green functions with respect to B_a therefore yields a local expression to all orders of perturbation theory, which allows to fix the normalization of the B-fields on the longitudinal parts of the vectors: δΓ δB = ξ_{ab}B_b + Ĩ_{ab}∂^μV_{μb} + r_{bc,a}ϕ̂_bϕ_c + w_{ca}ϕ_c + ŵ_{ca}ϕ̂_c (4.37)

Applying the Ward operators of rigid symmetry on this local expression it is seen, that the transformation of the B_a-fields is completely governed by the vectors:

(â^B_α ) = −(â^V_α )^T (4.38) which reads for the parameters introduced above (4.31)

r^B_A = 1 r^V_A r^B_Z = 1 r^V_Z tan Θ^B = tan Θ^V (4.39)

One is able to establish rigid symmetry quite trivially on the B-dependent part of the generating functional. Accordance with rigid symmetry directly restricts the independent parameters appearing in (4.37). The explicit form is given in section 5.4.

Finally the consistency condition (4.13) relates the matrix ĝ_{ab} to the rigid transformations of anti-ghosts: â^ḡ_{bc,α} = −ĝ^T_{bb}′ a^V_b′_c′_{,α}ĝ^{−1T}_c′_c = −(ĝz^V )^T_{bβ}ε_{βγα}(ĝz^V )^{−1T}_{γc} (4.40) From rigid invariance it is therefore allowed to introduce an arbitrary matrix into the BRS-transformation of ghosts. From (4.40) it is obvious that such a general ansatz is related to different field redefinitions of B-fields and anti-ghosts and, finally, vectors and anti-ghosts.

4.3. The scalar sector

The algebra for the coefficients of the scalar fields has the same form as the one for the vectors b^s_α Ĩ b^s_β − b^s_β Ĩ b^s_α = −ε̂_{αβγ}Ĩ_{γγ}′ b^s_γ′ s ≡ ϕ_a, Y_a, ϕ̂_a, q_a (4.41) with (b_α)_{bc} = b_{bc,α}. The solution, however, is distinguished from the one of the vector representation equations due to a different transformation behaviour of scalars with respect to CP: The general solution of the scalar representation equations (4.41) is the fundamental representation with its equivalence class:

b^s_α ∼ t̂_α (4.42)

with

t̂_+ = 1 2 0 0 0 0 0 0 i −1 0 −i 0 0 0 1 0 0 t̂_3 = 1 2 0 −i 0 0 i 0 0 0 0 0 0 1 0 0 −1 0

t̂_− = 1 2 0 0 −i −1 0 0 0 0 i 0 0 0 1 0 0 0

G^st̂_4 = G^s 2 0 −i 0 0 i 0 0 0 0 0 0 −1 0 0 1 0

(4.43)

It involves in the abelian component an undetermined parameter for each field. The 4- dimensional representation we have chosen here is equivalent to the complex 2-dimensional representation, which is usually assigned to the scalars in the tree approximation and which we have introduced in section 2. The general solution is obtained from the special solution (4.43) by an equivalence transformation. Because the Ward operators have to be CP-odd, the transformation matrices have to be real and diagonal. This means, that mixing between Higgs- and the neutral would-be Goldstone is forbidden in a CP-invariant theory:

(b_α)_{bc} = z_{bb}′ (t̂_α)_{bc} z^{−1}_c′_c (4.44)

with

z_{ab} = z_+ 0 0 0 0 z_+ 0 0 0 0 z_H 0 0 0 0 z_χ

(4.45)

We have again suppressed the scalar field indices. The dependence of the representation matrices on these parameters is quite simple, it is seen that the representation matrices only involve the ratios r_+ = z_+ z_H r_χ = z_χ z_H . (4.46)

As in the vector sector, rigid symmetry allows independent field redefinitions for each scalar field. Likewise one can fix the field redefinitions of the charged and CP-odd components by the Ward identity of the tree approximation:

r_+ = 1 + δr_+ r_χ = 1 + δr_χ with δr_a = O(h̄) (4.47)

Finally the consistency condition (4.13) relates the transformation of the external fields Y_a to the transformation of the propagating fields ϕ_a, and the transformation of q_a to the transformation of ϕ̂_a: b^Y_{bc,α} = b^ϕ_{bc,α} b^q_{bc,α} = b^{ϕ̂}_{bc,α} (4.48) which reads for the free parameters involved

r^Y_a = r^ϕ_a G^Y = G^ϕ r^q_a = r^{ϕ̂}_a G^q = G^{ϕ̂}

Because we are free to dispose over the external fields at will, as long as we do not find any restrictions in the procedure of quantization, we restrict the transformation of the fields ϕ̂_a to be the same as the one of the quantum fields. b^ϕ_{bc,α} = b^{ϕ̂}_{bc,α} (4.49)

The representation equations of the shifts (ṽ_{bα} ≡ v_{bα}, v̂_{bα}) ṽ_{bα}Ĩ_{bb}′ b^ϕ_b′_{cβ} − ṽ_{bβ}Ĩ_{bb}′ b^ϕ_b′_{cα} = −ε̂_{αβγ}Ĩ_{γγ}′ṽ_{cγ}′ (4.50) are solved by

v_{+−} = −v_{−+} =^i_2 vr^{−1}_+ v_{χ3} =^1_2 r^{−1}_χ v v_{χ4} = −^1_2 G^ϕr^{−1}_χ v v̂_{+−} = −v̂_{−+} =^i_2 ζvr^{−1}_+ v̂_{χ3} =^1_2 r^{−1}_χ ζv v̂_{χ4} = −^1_2 G^ϕr^{−1}_χ ζv

(4.51)

All the other components vanish according to charge neutrality and CP-invariance. The free parameters are the shift of the quantum field v and the shift of the external field ζv:

v = 2 M_Z e cos θ_W sin θ_W + O(h̄) (4.52)

4.4. The fermion sector

The algebra for representation matrices of fermions has the following form: h^{fi}_α h^{fi}_β − h^{fi}_β h^{fi}_α = −ε̂_{αβγ}Ĩ_{γγ}′ h^{fi}_γ′ h̃^fi_α h̃^fi_β − h̃^fi_β h̃^fi_α = −ε̂_{αβγ}Ĩ_{γγ′} h̃^fi_{γ′} (4.53)

From the consistency equation with the Slavnov-Taylor operator it is seen, that the transformation of external fields is governed by the transformation of propagating fields:

h^{fi}_α = h^{ψi}_α h̃^{fi}_α = h̃^{ψi}_α (4.54)

The matrices (h^{fi}_α )_{ff} ′, f, f^′ = ν, e, u, d, are 4 × 4 matrices and (h̃^{fi}_α )_{ff} ′ , f, f^′ = e, u, d, are 3 × 3 matrices. CP-invariance implies, that they are imaginary.

Lepton and quark number conservation enables one to treat quarks and leptons separately and, actually, one only has to consider 2-dimensional representation matrices. The non-trivial solution of the algebra is represented by the Pauli-matrices completed by the unit matrix and its equivalence representations. We know from the tree approximation, that left-handed fermions transform according to doublets, whereas right-handed fields transform trivially under SU(2). This transformation behaviour cannot be spoiled in perturbation theory. Therefore we assign in accordance with the tree approximation h^{δi}_α ∼ i τ_α 2 h̃^δi_α ∼ 0 with α = +, −, 3 (4.55)

δ_i = l_i, q_i is the index for quarks and leptons. The abelian component is not well-defined by the algebra, but contains some free parameters. For the nontrivial solution one finds always one undetermined parameter for left-handed leptons and quarks of each family

h^{fi}_4 = iG^{li} 1 0 0 iG^{qi} 1 (4.56)

The singlet solution involves undetermined parameters for each right-handed fermion.

h̃^{fi}_4 = iG^{ei} 0 0 0 iG^{ui} 0 0 0 iG^{di} (4.57)

Due to charge conservation and CP-invariance the equivalence transformations are carried out by diagonal real matrices, which are related in the course of quantization to the field redefinitions of right- and left-handed fields: h^{li}_α = iz^{li} τ_α 2 (z^{li} )^{−1} h^{qi}_α = iz^{qi} τ_α 2 (z^{qi})^{−1} (4.58)

with z^{li} = z^{νi} 0 0 z^{ei} z^{qi} = z^{ui} 0 0 z^{di} (4.59)

The singlet representation is independent from field redefinitions. The charged components of the doublet representation depend on the ratio of field redefinitions carried out for left-handed up-and down type quarks and left-handed neutrinos and charged leptons, respectively. r_{li} = z^{ei} z^{νi} r_{qi} = z^{di} z^{ui} (4.60)

Having analysed the general structure of SU(2)×U(1) operators it is obvious, that rigid symmetry does not restrict the number of independent field redefinitions. Therefore it is allowed to impose independent normalization conditions for the propagating physical fields as well as for the would-be Goldstones and ϕπ-ghosts without spoiling rigid symmetry.

4.5. The algebraic characterization of an abelian local Ward operator

The algebraic analysis of the last sections has shown that the SU(2)-components of the rigid Ward operators are uniquely fixed up to equivalence transformations, which are related to field redefinitions of the different fields in question. The abelian component W_4, however, involves several free parameters, which in higher orders appear as instabilities of the abelian subgroup and have to be determined. If we assume now, that the instabilities of the Ward operator are indeed the only breakings which appear in higher orders, then one is able to fix some of the free parameters to all orders of perturbation theory. But there are left the parameters which correspond to lepton and quark family conservation, and it is obvious that they remain independent parameters of the abelian rigid Ward operator.

When one constructs the electroweak standard model from gauge invariance these parameters are determined on the gauge transformation by the Gell-Mann Nishijima relation, which ensures that the photon couples to the electromagnetic current. In the course of renormalization the gauge symmetries are broken and the role of gauge symmetry is taken over by BRS-symmetry and the Slavnov-Taylor identity. Via the nilpotency properties it contains also the algebraic structure of the group in the external field part. When solving the Slavnov-Taylor identity it is seen that one is lead to representation equations for the BRS-transformations, which have the same form as the ones we have solved for establishing rigid operators. It turns out, that the abelian component is also not uniquely defined in the solution of the Slavnov-Taylor identity. In fact one finds the free parameters which correspond to lepton and quark family conservation to be undetermined as well. Leaving them as free parameters the photon will not couple properly to the electromagnetic current but also on the currents associated with lepton and quark family conservation. For this reason we have to use a local Ward identity in addition to the Slavnov-Taylor identity for defining the gauge transformations of the abelian component in an appropriate way. The local Ward identity of electromagnetic symmetry has nonabelian components and does not exist in renormalizable gauges. Therefore we have to use the abelian Ward operator for fixing the undetermined parameters continuing the Gell-Mann Nishijima relation on a functional level to all orders of perturbation thery.

As we have already mentioned the Ward identities, which correspond to charge conservation and conservation of lepton and quark family number are not affected by renormalization. Therefore the identity ( W_{em} + N_F∑ i=1 (g_{li} W_{li} + g_{qi} W_{qi} ) ) Γ = 0 (4.61)

is valid to all orders of perturbation theory with arbitrary parameters g_{li} and g_{qi} . Adding the general Ward operators W_3 and W_4 in a way that for vectors and scalars the electromagnetic Ward operator arises and the shifts vanish

W = W_3 + 1 G^ϕ W_4 (4.62)

one gets by using (4.61) the following identity, when acting on the functional Γ:

WΓ = ∫ ( 1 G^ϕ N_F∑ i=1 ( i(G^{ui} − G^{qi} − G^ϕ)u^R_i δ δu^R_i + i(G^{di} − G^{qi} )d^R_i δ δd^R_i + i(G^{ei} − G^{li} − G^ϕ)e^R_i δ δe^R_i + h.c. )) Γ (4.63)

If one assumes, that these are the only breakings of the rigid Ward operators, which arise in higher orders, then the coefficients appearing therein have to vanish to all orders of perturbation theory, because they can be independently tested on non-vanishing vertices of the classical action, namely on the scalar interaction, the fermion masses and the gauge fixing:

G^{ui} = G^{qi} + G^ϕ G^{di} = G^{qi} G^{ei} = G^{li} (4.64) These relations just state that the charges of leptons and quarks of each family differ by one unit, which is determined by the charge of the W_+. The final abelian Ward operator acting on Γ takes the form:

W_4Γ = ( W_{em} − W_3 + N_F∑ i=1 (g_{li} W_{li} + g_{qi} W_{qi} ) ) Γ (4.65)

with undetermined parameter g_{li} and g_{qi} . Here we have also chosen the overall normalization appropriately, i.e. G^ϕ = 1. The problem of deriving a local Ward identity in connection with the abelian subgroup is therefore not well-posed, but has to be restated by requiring to have a local Ward identity in connection with the electromagnetic current. Defining the local Ward operator connected with electromagnetic current conservation by

w^Q_4 ≡ w_{em} − w_3 with W_3 − W_{em} = ∫ (w_3 − w_{em}) (4.66)

it is seen that it is algebraically unique up to a total derivative acting on the differentiation with respect to the abelian combination of vector fields. The operator

ŵ^Q_4 = g_1w^Q_4 − 1 r^V_Z ∂ δ δZ sin Θ^V − 1 r^V_A ∂ δ δA cos Θ^V (4.67)

commutes with the Slavnov-Taylor operator and the Ward operators of rigid symmetry: [ ŵ^Q_4 , W_α ] = 0 s_Γŵ_4Γ − ŵ^Q_4 S(Γ) = 0 for any Γ (4.68)

The final version of the abelian Ward identity we have to prove to all orders of perturbation theory takes the form ( g_1w^Q_4 − 1 r^V_Z ∂ δ δZ sin Θ^V − 1 r^V_A ∂ δ δA cos Θ^V ) Γ = 1 r^V_Z 2

B_Z sin Θ^V + 1 r^V_A 2

B_A cos Θ^V (4.69)

with r^V_Z , r^V_A and Θ^V determined on the charged rigid SU(2) Ward identities (4.31). It involves an overall normalization parameter, which depends on the parametrization one has chosen and in higher orders on the normalization condition of the coupling. In the QED-like on-shell schemes it is given by

g_1 = e cos θ_W

+ O(h̄) (4.70)

The Ward identity (4.69) has to be established in higher orders of perturbation theory, in order to fix the undetermined parameters appearing in the action as a consequence of the instability of the abelian subgroup. These instabilities are connected with the fact, that it is not possible to algebraically distinguish between gauging the electromagnetic current and the currents associated with lepton and quark familiy conservation. If we were not able to establish the abelian local Ward identity to all orders we had to impose a normalization condition for one charged-fermion photon vertex of each family, but we would loose thereby the control if the gauge symmetry is indeed the electromagnetic symmetry and not the current associated with lepton and quark family conservation, which one gauges in higher orders.

These observations have important consequences for the construction of the gauge fixing and ghost sector: In order to identify the abelian Ward identity according to (4.66) and (4.68) rigid SU(2) × U(1) Ward identities have to be established. The gauge fixing sector has therefore to be constructed with the help of the external scalar fields as introduced in section 2.2. In this procedure the number of independent gauge parameters is restricted. In order to avoid infrared divergent counterterms for the ϕπ-ghosts one is forced to introduce in higher orders an independent ghost angle, which appears in the Slavnov-Taylor identity and the Ward identities of rigid symmetry via different field redefinitions of vectors and antighosts as derived in (4.40).

5. The general local solution of the Slavnov-Taylor identity and rigid symmetries

5.1. The normalization conditions

As we have outlined in section 2, the construction of higher orders proceeds by proving, that it is possible to adjust local contributions in such a way, that the functional of 1PI Green functions is invariant under the ST identity and the Ward identities of rigid symmetry. Local contributions are algebraically separated into two classes: invariants of the symmetry and non-invariant contributions (cf. (3.5)). The coefficients of the invariants have to be fixed by appropriate normalization conditions and vice versa it has to be shown, that the normalization conditions one wants to impose for a proper particle interpretation only dispose of invariant coefficients.

We impose for all physical fields on-shell conditions as given in the literature (see e.g. [28]). For vectors and scalars they read on the 2-point functions

ReΓ^T_{+−}(p^2)|_p2_{=M} 2_W = 0 ReΓ^T_{ZZ} (p^2)|_p2_{=M} 2_Z = 0 Γ^T_{AA}(p^2)|_p2_{=0} = 0 ReΓ_{HH}(p^2)|_p2_{=m}2_H = 0

(5.1)

The photon and the Z-boson are not distinguished by quantum numbers and mix from 1-loop order onwards. Therefore they have to be separated on-shell:

Γ^T_{ZA}(p^2)|_p2_{=0} = 0 ReΓ^T_{ZA}(p^2)|_p2_{=M} 2_Z = 0 (5.2)

The Higgs and the neutral would-be Goldstone are distinguished by their transformation properties under CP. For this reason the respective conditions for scalars are valid by construction in a CP-invariant theory. The transversal part of the vector 2-point functions is defined according to Γ_V^μ_{a V} ν_b ≡ −(η^{μν} − p^μp^μ p^2

)Γ^T_{ab} − p^μp^μ p^2

Γ^L_{ab} (5.3)

For the unstable particles the counterterms are fixed by the requirement that the real part of the 2-point functions is vanishing. This prescription has to be reanalysed [40], if one constructs the S-matrix and especially wants to prove gauge parameter independence of physical quantities. For the construction of finite Green functions it is certainly a welldefined normalization condition, which continues the tree approximation of the on-shell scheme to higher orders in a proper form.

Because the residua are finally canceled when constructing the S-matrix, there is quite some arbitrariness involved in the respective normalization conditions. In the complete on-shell scheme the residua of all physical particles are fixed at the pole position. In order to avoid on-shell infrared divergencies we modify the complete on-shell scheme by introducing a normalization point κ^2_a for each vector and impose for the transversal part of the vectors:

Re∂_p2Γ^T_{+−} (p^2)|_{p2=κ}2_W = 1 Re∂_p2 Γ^T_{ZZ} (p^2)|_{p2=κ}2_Z = 1 Re∂_p2Γ^T_{AA}(p^2)|_{p2=κ}2_A = 1 (5.4)

In this form they allow to switch between different normalization conditions by adjusting κ^2_a. As we have already mentioned two of these normalization conditions can be replaced by the Ward identities of rigid symmetry, which corresponds to the minimal on-shell scheme.

Finally one has to specify normalization conditions for the residua of the scalars, which is carried out similarly as above. As it will be seen from the general solution of the ST identity also the residua of unphysical Goldstone bosons are not fixed by the ST identity, but could be fixed on the Ward identities of rigid symmetry. Because they are not considered in external legs in physical scattering processes, the divergencies appearing in dimensional regularization are often subtracted according to the MS scheme. In order to remain quite general in the construction we impose normalization conditions on arbitrary normalization points μ^2_a:

Re∂_p2 Γ_{+−} (p^2)|_p2_{=μ}2_W = 1 Re∂_p2 Γ_{HH} (p^2)|_p2_{=μ}2_H = 1 Re∂_p2 Γ_{χχ}(p^2)|_p2_{=μ}2_χ = 1 (5.5)

The normalization conditions for fermions are listed in the literature quite generally also for the case, that there is CP-violation via the CKM matrix [28]. They simplify considerably, if one assumes lepton and quark family conservation. Decomposing the fermion 2-point functions according to

Γ¯_{fifi} = p/Γ^L_{fi} (p^2)^1_2 (1 − γ_5) + p/Γ^R_{fi} (p^2)^1_2 (1 + γ_5) − m_{fi} 1Γ^m_{fi} (p^2) ≡ p/ − m_{fi} + p/Σ^L_{fi} (p^2)^1_2 (1 − γ_5) + p/Σ^R_{fi} (p^2)^1_2 (1 + γ_5) − m_{fi} 1Σ^m_{fi} (p^2) (5.6) the on-shell conditions read

Re(Γ^L_{fi} (p^2) − Γ^m_{fi} (p^2))|_{p2=m}2_{fi} = 0 Re(Γ^R_{fi} (p^2) − Γ^m_{fi} (p^2))|_{p2=m}2_{fi} = 0 (5.7) They impose pole conditions on the Dirac spinors and forbid parity violation for the onshell propagators. On-shell residua are endangered by infrared divergencies as it is the case in QED with a massless photon. We therefore introduce off-shell conditions: Re∂_p2 (p^2Γ^L_{fi} (p^2) + p^2Γ^R_{fi} (p^2))|_p2_{=κ}2_i = 1 (5.8)

Just by construction of vertex functions it is ensured that Γ_H = 0 (5.9) which forbids to introduce linear Higgs field terms into the local contributions of higher order corrections.

For proving unitarity of the physical S-matrix we have also to impose normalization conditions on the unphysical fields. The poles of propagators of the longitudinal parts of the vectors, of the unphysical would-be Goldstones and the Faddeev-Popov ghosts are seen to be related by the ST identity. The normalization conditions on the poles of unphysical particles are most easily established on the Faddeev-Popov fields and read:

ReΓ_{c̄+c−} (p^2)|_p2_{=ζW M} 2_W = 0 ReΓ_{c̄Z cZ} (p^2)|_p2_{=ζZM} 2_Z = 0 Γ_{c̄AcA} (p^2)|_p2_{=0} = 0 (5.10) Furthermore one has to require on-shell separation for neutral ghosts ReΓ_{c̄Z cA} (p^2)|_p2_{=ζZM} 2_Z = 0 Γ_{c̄Z cA} (p^2)|_p2_{=0} = 0 ReΓ_{c̄AcZ} (p^2)|_p2_{=ζZM} 2_Z = 0 Γ_{c̄AcZ} (p^2)|_p2_{=0} = 0

(5.11)

Finally we impose also normalization conditions on the residua of the ghost propagators:

Re∂_p2 Γ_{c̄+c−} (p^2)|_p2_{=κ}2_W = 1 Re∂_p2Γ_{c̄Z cZ} (p^2)|_p2_{=κ}2_Z = 1 Re∂_p2 Γ_{c̄AcA} (p^2)|_p2_{=κ}2_A = 1 (5.12)

Solving the ST identity for the most general local action which is compatible with UV dimension 4, the parameters, which are fixed order to order by normalization conditions, have to be free parameters in terms of which all the other couplings are determined. The local contributions which are fixed by the above normalization conditions are given by Γ^{gen}_{bil} = ∫ ( −^1_4 (∂^μV^ν_a − ∂^νV^μ_a )Z^V_{ab}(∂_μV_{νb} − ∂_ν V_{μb})+^1_2 V^μ_a M^V_{ab}V_{μb}

+^1_2 ∂^μϕ_aZ^S_{ab}∂_μϕ_b −^1_2 M^2_H H^2(x)

+ iZ^R_{fi}f̄^R_i ∂/f^R_i + iZ^L_{fi}f̄^L_i ∂/f^L_i − M_{fi} (f̄^R_i f^L_i + f̄^R_i f^L_i ) − c̄_aZ^g_{ab}2c_b − c̄_aM^g_{ab}c_b ) (5.13)

The matrices and parameters are chosen in accordance with charge neutrality and CPinvariance, especially Z^S_{ab} is a diagonal matrix. In perturbation theory the parameters are order by order determined by the above normalization conditions: Z^V_{ab} = Ĩ_{ab} + δZ^V_{ab} Z^R_{fi} = 1 + δZ^R_{fi} Z^S_{ab} = Ĩ_{ab} + δZ^S_{ab} Z^L_{fi} = 1 + δZ^L_{fi} (5.14)

and respective expressions for the Higgs mass and fermion masses

M^2_H = m^2_H + δm^2_H M_{fi} = m_{fi} + δm_{fi} (5.15)

The vector mass matrix is non-diagonal and can be decomposed into an orthogonal matrix and a diagonal matrix:

M^V_{ab} = O^T (θ)

0 M_{+−} 0 0 M_{+−} 0 0 0 0 0 M_{ZZ} 0 0 0 0 M_{AA}

O(θ) with

M_{+−} = M^2_W + δM^2_W M_{ZZ} = M^2_Z + δM^2_Z M_{AA} = 0 θ = 0 + δθ (5.16) M^2_W , M^2_Z , m^2_H and m_{fi} are the physical masses of the particles. The explicit form of the local counterterms is of course dependent on the way one has constructed the finite renormalized 1PI Green functions. The objects we are able to talk about in a scheme independent way are the finite Green functions. Constructing them in accordance with the symmetries, they are finally governed by the normalization conditions and are independent of the scheme, one has used for subtracting the divergencies. Especially the conditions for separating massless and massive particle at p^2 = 0 (3.4)

Γ_{ZA}(p^2 = 0) = Γ_{AA}(p^2 = 0) = 0 (5.17) Γ_{c̄AcZ} (p^2 = 0) = Γ_{c̄Z cA} (p^2 = 0) = Γ_{c̄AcA} (p^2 = 0) = 0

have to be established on the finite 2-point functions in order to be able to carry out infrared finite higher order calculations. In the BPHZL scheme, which treats massless particles quite systematically, these normalization conditions are implemented in the scheme. One has therefore δθ^{BP HZL} = 0. In dimensional regularization these normalization conditions have to be carefully implemented by adjusting e.g. δθ^{dim}.

5.2. The symmetry transformations and the general action

For finding the invariant counterterms, which are added order by order in perturbation theory to the nonlocal contributions, we have to solve the ST identity and the Ward identities of rigid symmetry for the most general local action Γ^{gen}_{cl} , which is compatible with renormalizability by power counting (cf. (3.5) and (3.7)).

S(Γ^{gen}_{cl} ) = 0 W_α(Γ^{gen}_{cl} ) = 0 (5.18)

For solving these equations one could proceed in a perturbative expansion, but as for the Ward operators of rigid symmetry such a treatment disguises the simple algebraic structure of the final solution, hence we proceed differently.

For the ST operator and the Ward operators we take the general operators as they are determined by consistency and by the SU(2) × U(1)-algebra in section 3 from the general ansatz (4.21) and (4.22). The ST operator is written in the following form:

S(Γ) = ∫ ( (r^g_{4Z}∂_μc_Z + r^g_{4A}∂_μc_A) ( 1 r_Z sin Θ δΓ δZ_μ + 1 r_A cos Θ δΓ δA_μ ) (5.19) + δΓ δρ^μ_3 ( 1 r_Z cos Θ δΓ δZ_μ − 1 r_A sin Θ δΓ δA_μ ) + δΓ δσ_3 1 det r^g ( r^g_{4A} δΓ δc_Z − r^g_{4Z} δΓ δc_A )

+ δΓ δρ^μ_+ δΓ δW_{μ,−} + δΓ δρ^μ_− δΓ δW_{μ,+} + δΓ δσ_+ δΓ δc_− + δΓ δσ_− δΓ δc_+ + δΓ δY_a Ĩ_{aa′} δΓ δϕ_a′ + N_F∑ i=1 ( δΓ δψ^L_{fi} δΓ δf^R_i + δΓ δψ^R_{fi} δΓ δf^L_i + h.c. )

+B_a(r^V )^{−1}_{aα} δĝ_{αb} δΓ δc̄_b + q_a δΓ δϕ̂_a )

The Ward operators involve the representation matrices of the fundamental and adjoint representation with their equivalence classes (cf. (4.24),(4.42) and (4.55)). Because the abelian Ward operator is related to the nonabelian neutral Ward operator W_3 and to the operators of global unbroken symmetries W_{em} and W_{li} , W_{qi} according to equ. (4.65), we only have to consider the non-abelian Ward operators for establishing rigid symmetry (α = +, −, 3). W_α = Ĩ_{αα}′ ∫ dx ( V^μ_b (r^V )^T_{bβ}ε̂_{βγα}′(r^V )^{−1T}_{γc} Ĩ_{cc}′ δ δV^μ_c′ + B_b(r^V )^{−1}_{bβ} ε̂_{bc,α}′ (r^V )_{γc}Ĩ_{cc}′ δ δB_c′ (5.20) + c_b(r^g)^T_{bβ}ε_{βγα}′(r^g)^{−1T}_{γc} Ĩ_{cc}′ δ δc_c′ + c̄_b(δg)^{−1}_{bβ} ε̂_{βγα}′ δg_{γc}Ĩ_{cc}′ δ δc̄_c′ + (r^S_b ϕ_b + δ_{Hb}v)t̂_{bc,α}′r^S_c^{−1}Ĩ_{cc}′ δ δϕ_c′ + Y_br^S_b^{−1}t̂_{bc,α}′ r^S_c Ĩ_{cc}′ δ δY_c′ + (r^S_b ϕ̂_b + ζ̂vδ_{Hb})t̂_{bc,α}′ r^S_c^{−1}Ĩ_{cc}′ δ δϕ̂_c′ + q_br^S_b t̂_{bc,α}′r^S_c^{−1}Ĩ_{cc}′ δ δq_c′ + ρ_βε_{βγ,α}′Ĩ_{γγ}′ δ δρ_γ′ + σ_βε_{βγ,α}′Ĩ_{γγ}′ δ δσ_γ′ + N_F∑ i=1 ∑ δ=l,q ( F^L_{δi} r^{δi} iτ_α′ 2 (r^{δi} )^{−1} δ δF^L_{δi} − δ δF^L_{δi} r^{δi} iτ_α′ 2 (r^{δi} )^{−1}F^L_{δi}

+ Ψ^R_{δi} (r^{δi} )^{−1} iτ_α′ 2 r^{δi} δ δΨ^L_{δi} − δ δΨ^R_{δi} (r^{δi} )^{−1} iτ_α′ 2 r^{δi} Ψ^R_{δi} ))

There we have parameterized the equivalence classes of rigid transformations by r^V , r^S, r^g and r^{li} , r^{qi} taking into account, that we are able to determine field redefiniton matrices up to invariant matrices. According to (4.31) and (4.32) we define the matrix r^V by

r^V_{αa} = 1 0 0 0 0 1 0 0 0 0 r_Z cos Θ −r_A sin Θ 0 0 r_Z sin Θ r_A cos Θ

(5.21)

The equivalent transformations for scalars and fermions are chosen as in (4.46) and (4.60):

r^S = r^S_+ 0 0 0 0 r^S_+ 0 0 0 0 1 0 0 0 0 r^S_χ r^{δi} = 1 0 0 r_{δi} (5.22)

Furthermore the vector transformations in the ST operator (5.19) are parametrized in agreement with the relations gained from the consistency between the general Ward operators and the ST operator (cf. (4.34) and (4.36)). The transformation matrix of ghosts is defined by

r^g_{αa} = 1 0 0 0 0 1 0 0 0 0 r^g_{3Z} r^g_{3A} 0 0 r^g_{4Z} r^g_{4A}

(5.23)

Here we have disposed over the invariant abelian parameter by taking the linear BRStransformation of vector fields into the transformation matrix. The parameters in the nonlinear transformations of the neutral ghosts are then chosen in accordance with nilpotency and the consistency relation. Finally we have splitted the matrix ĝ_{ab} which governs the BRS-transformations of antighosts into the rigid transformation matrices of B-fields and antighosts:

ĝ_{ab} = (r^V )^{−1}_{aβ} δĝ_{βb} (5.24) The rigid transformations of antighosts are determined from the consistency condition as related to δĝ_{αb}.

With these operators we have to act on Γ^{gen}_{cl} , which consists of all local field polynomials compatible with UV-dimension 4. (See the appendix for quantum numbers.) For finding the invariant counterterms we do not use a specific scheme for treating massless particles. If the parameters of the bilinear action (5.13) are indeed free parameters, it is ensured, that we are able to establish all normalization conditions, especially the ones for separating massless and massive particles at p^2 = 0. Further restrictions on Γ^{gen}_{cl} are neutrality with respect to electric and Faddeev-Popov charge (4.14) and lepton and quark family conservation (4.15) W_{em}Γ^{gen}_{cl} = 0 W_{ϕπ}Γ^{gen}_{cl} = 0 W_{li} Γ^{gen}_{cl} = 0 W_{qi} Γ^{gen}_{cl} = 0 (5.25)

According to lepton and quark family conservation one is able to restrict the analysis to CP-invariant field polynomials. From formal unitarity it is required, that local contributions are hermitean:

Γ^{gen}_{cl} = Γ^{gen}_{cl}^† (5.26) The general ansatz for Γ^{gen}_{cl} is quite lengthy. For the purpose of the present paper we explicitly give only the most general external field part. When solving (5.18) it is seen that the solution is traced back to representation equations for the general couplings of the external field part. Finally it has to be shown that these couplings as well as the ST identity and the Ward operators of rigid symmetry are uniquely determined as functions of those parameters of which one disposes by the normalization conditions (5.13). Vice versa the bilinear part of the action cannot possibly be restricted by the ST identity and rigid symmetry, because otherwise unitarity and particle interpretation of the field theory is endangered.

We start the presentation of the general classical solution in the vector, scalar and fermion part of the action. Having established there the ST identity, rigid invariance follows as a consequence with well determined coefficients of rigid transformations for vectors, scalars and fermions. The gauge fixing sector can then be established in accordance with rigid invariance and allows to compute the ghost sector and at the same time the transformation parameters of ghosts and antighosts. The procedure for adjusting symmetric local contributions as outlined here in the abstract approach has to be done exactly the same way in practice when calculating order by order in perturbation theory.

5.3. The vector-scalar and fermion part of the action

In this section we present the general solution of the ST identity in the vector, scalar and fermion part of the action, which can be solved in combination with the external field part self-consistently. The bilinear part of the most general local action Γ^{gen}_{cl} is given in (5.13). Because the parameters appearing therein are fixed by normalization conditions, they should not be determined in the course of the calculations. For this reason we redefine the vector and scalar fields in such a way, that the bilinear part takes a simple form: V^o_{μa} = z^V_{ab}V_{μa} ϕ^o_a = z^S_a ϕ_a f^{oR}_i = z̃_{fi} f^R_i f^{oL}_i = z_{fi}f^L_i (5.27)

In a first step we have to show that these parameters are uniquely determined from the parameters appearing in the bilinear part of the action Γ^{gen}_{bil} , we fix by the normalization conditions. Due to CP-invariance all field redefinitions can be chosen real. Fermion und scalar field redefinitions are determined on the kinetic parts up to a sign, which is irrelevant in perturbation theory and can finally be adjusted in the tree approximation:

Z^S_{ab} = 0 z^2_+ 0 0 z^2_+ 0 0 0 0 0 z^2_H 0 0 0 0 z^2_χ Z^R_{fi} = z̃^2_{fi} Z^L_{fi} = z^2_{fi} (5.28)

Because photon and Z-boson are not distinguished by any quantum numbers, the vector redefinition matrix nondiagonal in the neutral sector. We parameterize this matrix as in (4.26):

z^V_{ab} = z_W 0 0 0 z_W 0 0 0 0 z_Z cos θ_Z −z_A sin θ_A 0 0 z_Z sin θ_Z z_A cos θ_A

(5.29)

On the kinetic parts z^V_{ab} is determined up to an orthogonal matrix: Z^V_{ab} = z^V_{aa}′^T Ĩ_a′_b′ z^V_b′_b = (O(θ)z^V )^T_{aa}′Ĩ_a′_b′ (O(θ)z^V )_b′_b (5.30) This remaining orthogonal matrix can be fixed on the vector mass matrix. Requiring M^o_{ab} to be diagonal

M^o_{ab} = (z^V )^{−1T}_{aa}′ M_a′_b′ (z^V )^{−1}_b′_b with M^o_{ab} =

0 M^o_W^2 0 0 M^o_W^2 0 0 0 0 0 M^o_Z^2 0 0 0 0 M^o_A^2

(5.31)

finally determines z^V_{ab} uniquely up to signs. Transforming likewise the masses of the fermions and the Higgs into bare masses:

m^o_{fi} = z̃^{−1}_{fi} z^{−1}_{fi} M_{fi} m^o_H^2 = M^2_H z^{−2}_H (5.32) the bilinear part of the action is transformed into the standard form expressed in terms of bare quantities, which depend by definition on the arbitrary field redefinitions z^V_{ab}, z^S_a , z_{fi} and z̃_{fi}. Γ^{gen}_{bil} = ∫ ( −^1_4 (∂^μV^ν_a − ∂^νV^μ_a )Z^V_{ab}(∂^μV_{νb} − ∂^νV_{μb})+^1_2 V^μ_a M^V_{ab}V_{μb} +^1_2 ∂^μϕ_aZ^S_{ab}∂_μϕ_b −^1_2 M^2_HH^2(x) + iZ^R_{fi}f̄^R_i ∂/f^R_i + iZ^L_{fi}f̄^L_i ∂/f^L_i − M_{fi} (f̄^R_i f^L_i + f̄^R_i f^L_i ) )

= ∫ ( −^1_4 (∂^μV^{oν}_a − ∂^νV^{oμ}_a )Ĩ_{ab}(∂^μV^o_{νb} − ∂^νV^o_{μb})+^1_2 V^{oμ}_a M^o_{ab}V^o_{μb} +^1_2 ∂^μϕ^o_aĨ_{ab}∂_μϕ^o_b −^1_2 m^{o2}_H H^{o2}(x) + if̄^{oR}_i ∂/f^{oR}_i + if̄^{oL}_i ∂/f^{oL}_i − m^o_{fi} (f̄^{oR}_i f^{oL}_i + f̄^{oR}_i f^{oL}_i ) ) (5.33) These redefinitions are carried out throughout in Γ^{gen}_{cl} by redefining also all the arbitrary couplings appearing therein as we did it for the masses. At the same time we have to transform the original fields into bare fields in the ST identity and the Ward identities of rigid symmetry. The arbitrary field redefinitions appearing thereby are absorbed into a redefinition of parameters and external fields: ρ^o_{μα} = z^{−1}_W ρ_{μα} Y^o_a = z^S_a^{−1}Y_a ψ^{oR}_{fi} = z^{−1}_{fi} ψ^R_{fi} ψ^{oL}_{fi} = z̃^{−1}_{fi} ψ^L_{fi} (5.34)

The bare parameters are defined via the representation matrices of rigid invariance: (r^{oV} )^{−1}ε̂_α(r^{oV} ) = z^V (r^V )^{−1}ε̂_αr^V (z^V )^{−1} (r^{oS} )^{−1}t̂_α(r^{oS} ) = z^S(r^S )^{−1}t̂_αr^S (z^S)^{−1} (r^{oδi} )^{−1}τ_α(r^{oδi} ) = z^δ_i (r^{δi} )^{−1}τ_αr^{δi} (z^δ_i )^{−1} (5.35)

We are now ready to apply the ST operator on Γ^{gen}_{cl} . The computation is quite lengthy, therefore we only quote the final result and the crucial equations. Most important for the solution is the external field part of the general action: Γ^{gen}_{ext.f.} = ∫ ( − 1 2 σ_αf_{α,bc}c_bc_c +ρ^o_{μα}(a^{′g}_{αb}∂^μc_b + â^′_{a,bc}V^{oμ}_b c_c) + Y^o_a (t^′_{ab,c}ϕ^o_bc_c + v^′_{ab}c_b) + N_F∑ i=1 (ψ̄^{oR}_f ′_i f^{oL}_i h^{′i}_f ′_{f,a}c_a − f̄^{oL}_i ψ^{oR}_f ′_i h^{′i}_{ff} ′_{,a}c_a + ψ̄^{oL}_f ′_i f^{oR}_i h̃^{′i}_f ′_{f,a}c_a − f̄^{oR}_i ψ^{oL}_f ′_i h^{′i}_{ff} ′_{,a}c_a) ) (5.36)

For simplicity we have suppressed the interaction polynomials of external scalars ϕ̂_a. These polynomials are considered in the context of the gauge fixing and ghost sector.

The arbitrary coupling matrices are restricted by the global symmetries (5.25), complex conjugation (5.26) and CP-invariance. We have already carried out the transformation into bare fields for vectors, scalars and fermions and the respective external fields and have transformed at the same time the original couplings into primed couplings (see (5.37)).

Via the ST identity the couplings of the vector, scalar and fermion part of the general action are determined as functions of the coupling matrices appearing in the external field part and of the parameters of the ST identity. Explicitly they depend on the following combinations: â^o_{a,bc} = (r^{oV} )^{−1}_{aα} â^′_{αbc}′z̃^{g−1}_{cc}′ = z_W (r^{oV} )^{−1}_{aα}â_{αbc}′ z^{V −1}_b′_b z̃^{g−1}_{cc}′ t^o_{ab,c} = t^′_{ab,c}′z̃^{g−1}_{cc}′ = z^S_{aa}′t_a′_b′_{,c}′ z^{S−1}_b′_b z̃^{g−1}_{cc}′ v^o_{ac} = v^′_{ac}′z̃^{g−1}_c′_c = z^S_{aa}′ v_a′_c′z̃^{g−1}_c′_c h^{oi}_{ff} ′_c = h^{′i}_{ff} ′_c′z̃^{g−1}_c′_c = z_f z^{−1}_f ′ h^i_{ff} ′_c′z̃^{g−1}_c′_c h̃^{oi}_{ff ′c} = h̃^{′i}_{ff ′c′}z̃^{g−1}_{c′c} = z̃_f z̃^{−1}_{f ′} h̃^i_{ff ′c′}z̃^{g−1}_{c′c} (5.37) z̃^g_{ab} denotes a ghost transformation matrix which arises from the linear part of vector transformations and the matrix r^{oV} : Vector transformations consist of the linear part appearing in the ST identity r^g_{4b} and the linear part of the nonlinear vector transformations, a^{′g}_{αb} = z_W a^g_{αb}, α = +, −, 3: z̃^g_{ab} = ∑ α,α′= +,−,3 (r^{oV} )^{−1}_{aα}Ĩ_α′_αa^′_{αb} + (r^{oV} )^{−1}_{a4} r^g_{4b} (5.38)

Evaluating the ST identity one finds, that the couplings defined in (5.37) have to satisfy the following equations:

• On the part containing the 4-dimensional vector polynomials â^o_{abc} is determined to be completely antisymmetric and is seen to be the solution of the Jacobi identity: â^o_{abc} = −â^o_{bac} = â^o_{bca} (5.39) â^o_{abc}Ĩ_{aa}′â^o_b′_a′_c′ + â^o_{acc}′Ĩ_{aa}′â^o_b′_a′_b + â^o_{ac}′_bĨ_{aa}′â^o_b′_a′_c = 0 • On the scalar-vector part, which contains the bare mass matrix as defined in (5.31), the matrix v^o_{ab} is determined in terms of the bare masses:

M^o_{ab} = Ĩ_a′_b′ v^o_a′_av^o_b′_b =⇒ |v^o_{+−}|^2 = M^o_W^2 (v^o_{χZ})^2 = M^o_Z^2 (v^o_{χA})^2 = 0

(5.40)

Therefrom it follows that the mass of the photon has to vanish and is not an independent parameter of the theory:

M^o_A^2 = 0 (5.41) The matrices t^o_{ab,c} have to be antisymmetric in the scalar indices t^o_{ab,c} = −t^o_{ba,c} (5.42) and satisfy the following representation equations: t^o_{ba,b}′Ĩ_{aa}′t^o_a′_{c,c}′ − t^o_{ba,c}′Ĩ_{aa}′t^o_a′_{c,b}′ = −â^o_b′_c′_a′Ĩ_a′_at^o_{bc,a} (5.43) and t^o_{ba,b}′Ĩ_{aa}′v^o_a′_c′ − t^o_{ba,c}′Ĩ_{aa}′v^o_a′_b′ = −â^o_b′_c′_a′Ĩ_a′_av^o_{ba} (5.44) • In the fermion part of the action we find on the bare mass terms h̃^{oi}_{ffA} = h^{oi}_{ffA} (5.45) for all massive fermions f = e, u, d. Because the kinetic terms of bare fields are normalized, one has furthermore h^{oi}_{ff} ′_+ = −h^{oi}_f ′_{f −} f = ν, u f^′ = e, d (5.46) In addition one gets the following representation equations for each family: h^{oi}_{ff} ′_{,b}h^{oi}_f ′_f ′′_{,c} − h^{oi}_{ff} ′_{,c}h^{oi}_f ′_f ′′_{,b} = −â^o_{bca}′Ĩ_{aa}′h^{oi}_{ff} ′′_{,a} (5.47) h̃^{oi}_{ff ′,b}h̃^{oi}_{f ′f ′′,c} − h̃^{oi}_{ff ′,c}h̃^{oi}_{f ′f ′′,b} = −â^o_{bca′}Ĩ_{a′a}h̃^{oi}_{ff ′′,a}

It is straightforward to solve these equations: Due to (5.39) â^o_{abc} are qualified as structure constants of SU(2) × U(1) and are related to the structure constants ε̂_{αβγ} by:

â^o_{abc} = g^o_2ε̂_{αβγ}O_{αa}(θ^o_W )O_{βb}(θ^o_W )O_{γc}(θ^o_W ) (5.48)

θ^o_W and g^o_2 are at this stage two arbitrary parameters, which parameterize the two remaining parameters of the coupling matrix â^o_{abc}. Therefore the representation equations (5.43) and (5.44) are equivalent to equs. (4.41) and (4.50) and their solutions can be read off from the solutions (4.51) and (4.44):

t^o_{bc,a} = g^o_2t̂_{bc,α}O_{αa}(θ^o_W ) v^o_{ba} = v^o_{bα}O_{αa}(θ^o_W ) (5.49)

Here we have already used that antisymmetry (5.42) singles out from the equivalence class the antisymmetric solution. Most important are the solutions of the shift equations, which relate the remaining undetermined parameters to the masses of Z-boson and W-boson. Inserting the relations (5.40) into (4.51) determines G^ϕ, θ^o_W and v^o:

cos θ^o_W = M^o_W M^o_Z G^ϕ = − sin θ^o_W cos θ^o_W v^o = 2 g^o_2

M^o_Zcosθ^o_W (5.50)

(The signs of cos θ^o_W and v^o are chosen in accordance with the tree approximation.) Only the nonabelian coupling g^o_2 remains undetermined.

In the same way the representation equations of the fermion matrices (5.47) are equivalent to equs. (4.53) we have solved in equs. (4.55), (4.56) and (4.57). The relation (5.46) singles out the antisymmetric solution:

h^o_+^{δi} = ig^o_2 τ_+ 2 h^o_−^{δi} = ig^o_2 τ_− 2 (5.51)

h^o_Z^{δi} = ig^o_2(cos θ^o_W τ_3 2 + sin θ^o_W G^{δi} 1 2 ) h^o_A^{δi} = ig^o_2(− sin θ^o_W τ_3 2 + cos θ^o_W G^{δi} 1 2 ) is the solution of the doublet representation and

h̃^{oi}_Z = ig^o_2 sin θ^o_W iG^{ei} 0 0 0 iG^{ui} 0 0 0 iG^{di} h̃^{oi}_A = ig^o_2 cos θ^o_W iG^{ei} 0 0 0 iG^{ui} 0 0 0 iG^{di} (5.52)

is the solution of the singlet representation. There we have introduced a matrix notation as in section 3.4 (δ_i = l_i, q_i). Although it is not relevant for perturbation theory, we want to mention, that on the mass terms doublet and singlet representations are distinguished. The ST identity is only solved, if we assign to one chirality the doublet representation and to the second the singlet representation. Inserting furthermore the relation (5.45), which relates the algebraically undetermined parameters of the abelian subgroup, yields immediately the relations (4.64). With (5.50) they read 1 2 (− tan θ^o_W + G^{qi} ) = G^{ui} 1 2 (tan θ^o_W + G^{qi} ) = G^{di} 1 2 (tan θ^o_W + G^{li} ) = G^{ei} (5.53)

As expected we remain with one undetermined parameter for each lepton and quark family. Parameterizing G^{δi} by the electric charge, Q_e = −1, Q_d = −^1_3 , and an remainder g_{δi} , G^{qi} = − tan θ^o_W (2Q_d + 1 + 2g_{qi} ) G^{li} = − tan θ^o_W (2Q_e + 1 + 2g_{li} ) (5.54) it is seen that the free parameters correspond to coupling the Noether currents of lepton and quark family conservation to the photon.

Finally the angle Θ^o, which appears as a free parameter in the ST identity is determined as function of the bare vector mass ratio by inverting the relation between â^o_{abc} and â^′_{αbc}, α = +, −, 3: â^o_{Z+−} = −ig^o_2 cos θ^o_W = 1 r^o_Z cosΘ^oâ^′_{3+−} 1 z̃^g_{++}

(5.55)

â_{A+−} = ig^o_2 sin θ^o_W = − 1 r^o_A sin Θ^oâ^′_{3+−} 1 z̃^g_{++}

(5.56)

i.e.

tan Θ^o = r^o_A r^o_Z tan θ^o_W (5.57)

On the ST identity it is not possible to fix r^{oV}_A and r^{oV}_Z , but they are determined by using rigid symmetry.

Having solved the above equations the action of vectors, scalars and fermions and the external field part is determined from the ST identity

S(Γ^{gen}_{GSW} + Γ^{gen}_{ext.f} ) = 0 (5.58)

without having specified the ghost redefinition matrices and without using rigid or local gauge symmetry. Ingredients are only nilpotency of the ST identity, the bare form of the bilinear action, which states especially that there are massive vector bosons, and the global symmetries as charge neutrality and lepton and quark family number conservation. Explicitly we find as solution of the ST identity in the vector, fermion and scalar sector the following general action expressed in terms of bare fields:

Γ^{gen}_{GSW} (V^o_a , ϕ^o_a, f^o_i ) = Γ_{Y M} (V^o_a ) + Γ_{scalar}(ϕ^o_a, V^o_a ) + Γ_{Y uk}(ϕ^o_a, f^o_i ) + Γ_{matter}(V^o_a , f^o_i ) (5.59) with

Γ_{Y M} = − 1 4 ∫ G^{oμν}_α Ĩ_{αα}′G^o_{μνα}′ (5.60) Γ_{scalar} = ∫ ( (D^μΦ^o)^†D_μΦ^o − g^o_2 1 4 m^{o2}_H M^{o2}_W (Φ^{o†}Φ^o + 4 M^o_W g^o_2

H^o)^2 )

Γ_{matter} = N_F∑ i=1 ∫ ( F^{oL}_{li} iD/F^{oL}_{li} + F^{oL}_{qi} iD/F^{oL}_{qi} + f^{oR}_i iD/f^{oR}_i )

Γ_{Y uk} = − N_F∑ i ∫ ( m^o_{fi}f̄^o_i f^o_i + g^o_2 √ 2M^o_W (m^o_{ei} F^{oL}_{li} Φ^oe^{oR}_i + m^o_{ui} F^{oL}_{qi} Φ^ou^{oR}_i + m^o_{di} F^{oL}_{qi} Φ̃^od^{oR}_i + h.c.) ) For notational convenience we have rewritten the 4-vector of scalars ϕ^o_a into the complex scalar doublet Φ^o and Φ̃^o. The structure of the individual ST-invariant terms is the same as in the tree approximation. Therefore it is seen that the information on the SU(2)×U(1) algebra is completely transfered to the ST identity. Because the bare form of the action has been fixed, the covariant derivatives are immediately computed as functions of M^o_W and M^o_Z. The weak mixing angle in its bare form θ^o_W is defined by the bare vector mass ratio cos θ^o_W = M^o_W M^o_Z (5.61)

and is not an independent parameter of the theory (cf. (5.50)). From the above construction it is obvious, that the broken theory is considered and characterized in its own right and one never refers to the underlying symmetric theory.

G^{oμν}_α = O_{αa}(θ^o_W )(∂^μV^{oν}_a − ∂^νV^{oμ}_a ) + g^o_2Ĩ_{αα}′ε̂_{αβγ}O_{βb}(θ^o_W )O_{γc}(θ^o_W )V^{oμ}_b V^{oν}_c (5.62)

D_μΦ^o = ∂_μΦ^o − ig^o_2 ( τ_α 2 O_{αa}(θ^o_W ) − tan θ^o_W O_{4a}(θ^o_W ) ) V^o_{μa}(Φ^o + √ 2 g^o_2 ( 0 M^o_W ) ) D^μF^{oL}_{δi} = ( ∂^μ − ig^o_2( τ_α 2 O_{αa}(θ^o_W )V^{oμ}_a + G^{δi} 2 O_{4a}(θ^o_W )V^{oμ}_a ) ) F^{oL}_{δi} δ = l, q D^μf^{oR}_i = (∂^μ + ig^o_2 1 2 (tan θ^o_W + G^{δi} ))f^R_i O_{4a}(θ^o_W )V^{oμ}_a f_i = e_i, d_i

D^μf^{oR}_i = (∂^μ + ig^o_2 1 2 (− tan θ^o_W + G^{qi} ))f^{oR}_i O_{4a}(θ^o_W )V^{oμ}_a f_i = u_i

The external field part depends on the ghost redefinition matrices a^{′g}_{αb} and r^g_{4b}. In accordance with rigid symmetry (5.23) we introduce the following notation

a^{′g}_{αb} = ẑ^g_W Ĩ_{αβ}r^g_{βb} (5.63)

These parameters will be finally fixed in the ghost sector on the bilinear parts of the ghosts: Γ^{gen}_{ext.f.} = ∫ ( −ẑ^g_W g^o_2 2 σ_αε̂_{αβγ}r^g_{βb}c_br^g_{γc}c_c

+ρ^o_{μα}ẑ^g_W (Ĩ_{αβ}∂^μr^g_{βb}c_b + g^o_2ε̂_{αβγ}O_{βb}(θ^o_W )V^{oμ}_b r^g_{γc}c_c)

+g^o_2 ( Y^{o†}(i τ_α 2 ẑ^g_W r^g_{αa} − i 1 2 tan θ^o_W r^g_{4a}))c_a(Φ^o + √ 2 g^o_2 ( 0 M^o_W ) ) + h.c. ) (5.64) + N_F∑ i=1 ( ∑ δ=l,q Ψ̄^{oR}_{δi} ig^o_2(τ^α 2 ẑ^g_W r^g_{αa} + G^{δi} 1 2 r^g_{4a})c_aF^{oL}_{δi}

+ ψ̄^{oL}_{ei} ig^o_2 1 2 (tan θ^o_W + G^{li} )e^{oR}_i r^g_{4a}c_a + ψ̄^{oL}_{di} ig^o_2 1 2 (tan θ^o_W + G^{qi} )d^{oR}_i r^g_{4a}c_a + ψ̄^{oL}_{ui} ig^o_2 1 2 (− tan θ^o_W + G^{qi} )u^{oR}_i r^g_{4a}c_a + h.c. ))

The general form of the ST-invariant action is obtained by transforming the bare field into the original fields according to (5.27). The parameters of the bilinear action remain arbitrary as we did not to have to dispose on them when solving the ST identity. Only the bare mass of the photon is determined as zero from the ST identity and is not an independent parameter of the theory.

Besides the ghost redefinition matrix r^g_{αb} (5.38) there remain undetermined the nonabelian coupling g^o_2 and the fermion couplings G^{li} and G^{qi} . In order to embed the structure of quantum electrodynamics into the standard model they have to be fixed on the local abelian Ward identity as given in (4.66) and (4.67), remaining with one free parameter g^o_2, which can be finally adjusted to the fine structure constant in the Thompson limit. For this reason the Ward identities of rigid invariance have to be established.

The solution of the ST identity Γ^{gen}_{GSW} in the vector, scalar and fermion sector as given above is immediately seen to be invariant under rigid symmetry. Applying the Ward operators W_α (5.20) on Γ^{gen}_{GSW} determines uniquely the matrices of equivalence transformations:

r^{oV} = O(θ^o_W ) r^{oS} = 1 r^{oδi} = 1 (5.65) For the parameter v^o, which appears as a free parameter in the Ward operators, one gets

v^o = 2M^o_W g^o_2

(5.66)

Inverting the relations (5.35) finally yields r^S , r^V , r^{δi} as functions of masses and field redefinitions:

r_Z = z_Z z_W cos(θ^o_W + θ_Z) √ 1 + tan(θ^o_W + θ_Z) tan(θ^o_W + θ_A)

r_A = z_A z_W sin(θ^o_W + θ_A) √ 1 + cot(θ^o_W + θ_Z) cot(θ^o_W + θ_A) tan Θ = √ tan(θ^o_W + θ_Z) tan(θ^o_W + θ_A) (5.67) and r^S_a = 1 z_H z^S_a r_{li} = z^{ei} z_{νi} r_{qi} = z^{di} z_{ui} (5.68)

The shift parameter v as defined in (4.51) is determined on the general classical action to v = 2M^o_W g^o_2z_H

(5.69)

The Ward identities of rigid symmetry hold then without further restrictions on Γ^{gen}_{GSW} and Γ^{gen}_{ext.f} . One is now ready to apply the local Ward operator w^Q (4.67). Requiring the Ward identity (4.69) to be valid on the Γ^{gen}_{GSW} + Γ^{gen}_{ext.f} ( g_1w^Q_4 − 1 r^V_Z ∂ δ δZ sin Θ^V − 1 r^V_A ∂ δ δA cos Θ^V ) (Γ^{gen}_{GSW} + Γ^{gen}_{ext.f} ) = 0 (5.70)

determines G^{li} and G^{qi} as functions of the electric charge of the charged leptons (Q_e = −1) and down-type quarks (Q_d = −^1_3 ):

G^{qi} = − tan θ^o_W (2Q_d + 1) G^{li} = − tan θ^o_W (2Q_e + 1) (5.71)

The overall normalization constant g_1 is determined on the general classical action as function of the nonabelian coupling g^o_2 , the wave function renormalization and the bare masses:

g_1 = z_W g^o_2 tan θ^o_W tan(θ^o_W + θ_A) tan(θ^o_W + θ_Z)

(5.72)

After having applied the local Ward identity there remains only one coupling g^o_2, which is not fixed on the mass terms and by symmetries. In a QED-like parametrization this coupling is determined by the fine structure constant, which measures the interaction strength of the photon to the electromagnetic current in the Thompson limit:

ū(p)Γ_{eeAμ} (p, p, 0)u(p)|_p2_{=m}2_e = ieū(p)γ_μu(p) (5.73)

In the tree approximation this relation yields

g^o_2 = e sin θ_W

+ O(h̄) (5.74)

Respectively one can parameterize the bare coupling g^o_2 by the electromagnetic bare coupling e^o and the bare mass ratio of W - and Z-boson

g^o_2 = e^o sin θ^o_W with with e^o = e + δe (5.75)

Transforming the bare fields of the general action back to original fields and expanding the free parameters in perturbation theory determines the symmetric local contributions Γ^{(n)}_{inv} (3.5), which are in agreement with the ST identity, rigid symmetry and the local Ward identity, as specified by algebra and nilpotency. Since some combinations of parameters (5.67) explicitly enter as parameters the symmetry operators, also the explicit form of the ST identity and the Ward identities is modified in higher orders of perturbation theory.

In concrete calculation it is wideley used that dimensional regularization is an invariant scheme if parity is conserved. Under such circumstances only the symmetric counterterms appearing in the general ST-invariant action would appear as counterterms in the Γ_{eff} , which governs the calculation of Green functions in the Gell-Mann Low formula. The Feynman rules of the vector, scalar and fermion part derived from such a symmetric Γ_{eff} are listed for example in [37] and have exploited in constructing ST-invariant 1-loop Green functions in the physical sector. Furthermore, if one had an invariant scheme, the parameters of the ST identity and the Ward identity would be related to the respective counterterms in renormalized perturbation theory as derived in (5.67), (5.68) and (5.72). Of course a necessary prerequisite of exploiting such relations is the complete construction of the ST identity, the rigid symmetries and the local abelian gauge Ward identity order by order in perturbation theory for all Green functions involved, especially also for the ones of the ghost sector. In the next sections we outline the construction of the gauge fixing and ghost sector in the classical approximation and in higher orders, taking care in preserving the Ward identities of rigid and local gauge invariance.

5.4. The gauge fixing and ghost sector

Classically the ghost sector has been completely determined as BRS-variation of the gauge fixing function (cf. (2.69)). The respective relation is immediately derived for the generating functional of 1PI Green functions by differentiating the ST identity (5.19) with respect to the B-fields: s_Γ ( δΓ δB_a ) = −(r^V )^{−1}_{aα} δĝ_{αb} δΓ δc̄_b (5.76)

In the linear gauges, moreover,^{δΓ}_{δBa} is local (4.37), because there are no vertices which could constitute loop diagrams with external B-legs. Then eq. (5.76) yields the linear ghost equations, which have to be established to all orders of perturbation theory.

In the tree approximation we have constructed the gauge fixing sector to be invariant under Ward identities of rigid symmetry by introducing the external scalar fields ϕ̂_a (see (2.51) – (2.57)). As the abelian fermion couplings are not well determined from the ST identity, Ward identities of rigid symmetries have to be maintained for the generating functional of Green functions. For this reason we have to choose the gauge fixing sector as being invariant under rigid transformations as specified in the vector and scalar part of the action. To the external scalars we assign the transformation behaviour of the propagating scalars and derive for the most general rigid invariant gauge-fixing sector the following expression:

Γ^B = ∫ (1 2 ξB_a(r^V )^{−1}_{aα}Ĩ_{αβ}(r^V )^{−1T}_{βb} B_b + 1 2 ξ̂B_a(r^V )^{−1}_{a4} (r^V )^{−1T}_{4b} B_b + B_aĨ_{ab}∂^μV_{μb} (5.77) + g_ξ ( ∑ α= +,−,3 B_a(r^V )^{−1}_{aα} (r^S_b ϕ_b + δ_{Hb}v)t̂_{bc,α}(r^S_c ϕ̂_c + δ_{Hc}ζ̂v)

+ ĜB_a(r^V )^{−1}_{a4} (r^S_b ϕ_b + δ_{Hb}v)t̂_{bc,4}(r^S_c ϕ̂_c + δ_{Hc}ζ̂v)) )

The matrix r^V_{αa} is the three parameter matrix, which parameterizes the rigid transformations of vectors (5.21) and r^S_b are the three parameters of the scalar rigid transformations (5.22), v denotes the shift parameter of the scalar field as it appears as parameter in the Ward operators. These parameters are determined by the normalization conditions on the vector and scalar 2-point functions and one cannot dispose of them in the gauge fixing sector anymore. Γ^B as given in (5.77) holds for the B-dependent part of the generating functional of 1PI Green functions in linear gauges to all orders. The free parameters of the gauge fixing sector are ξ, ξ̂, ζ̂, Ĝ, g_ξ (5.78) Finally a further free parameter is the overall normalization of the external scalar field ϕ̂_a, which can be used to fix the parameter g_ξ at will. In QED-like parameterizations it is convenient to adjust g_ξ = e sin θ_W

(5.79)

(5.77) yields the linear ghost equations, which are valid in this form to all orders (see [3] for details) (α = +, −, 3): ∂^μ δΓ δρ^μα + g_ξ δΓ δY^′_b r^S_b′Ĩ_b′_bt̂_{bc,α}(r^S_c ϕ̂_c + δ_{Hc}ζ̂v) +(r^S_b ϕ_b + δ_{Hb}v)t̂_{bc,α}r^S_c q̂_c = −δĝ_{αb} δ δc̄_b 2(r^g_{4Z}cZ + r^g_{4A}cA) + gξ^^G^{δΓ}_{δY ′b} r^S_b′^~Ib′b^^tbc,4(r^S_c^^ϕc + δHc^^ζv) +(r^S_b ϕ_b + δ_{Hb}v)t̂_{bc,4}r^S_c q̂_c = −δĝ_{4b} δ δc̄_b (5.80)

Using rigid symmetery the ghost equations are immediately integrated yielding that the generating functional of 1PI Green functions depends on specific combinations between the external fields ρ^μ_α and Y_a and antighosts, whereas the remaining contributions are local. Splitting off also the local B-dependent part the generating functional of 1PI Green functions can be decomposed in the following way: Γ(V^μ_a , B_a, c_a, ϕ_a, ϕ̂_a, σ_α, ρ^μ_α, Y_a, c̄_a, f_i, ψ_{fi} ) = Γ^{nl}(V^μ_a , c_a, ϕ_a, ϕ̂_a, σ_α, ρ^{′μ}_α , Y^′_a, f_i, ψ_{fi} ) + Γ^B(B_a, V^μ_a , ϕ_a, ϕ̂_a) −c̄_a(δĝ)^{−1}_{a4} r^g_{4b}2c_b − g_ξc̄_a ( ∑ α= +,−,3 (δĝ)^{−1}_{aα}t̂_{bc,α} + (δĝ)^{−1}_{a4} Ĝt̂_{bc,4} ) (ϕ_b + δ_{Hb}v)q̂_c (5.81)

with

ρ^{′μ}_α = ρ^μ_α + ∂^μc̄_a(δĝ)^{−1}_{aα} Y^′_b = Y_b − c̄_ag_ξĨ_{bb}′ ( ∑ α= +,−,3 (δĝ)^{−1}_{aα}t̂_b′_{c,α} + Ĝ(δĝ)^{−1}_{a4} t̂_b′_{c,4} ) (ϕ̂_c + δ_{Hc}ζ̂v) (5.82)

For simplification we have absorbed the irrelevant scalar redefinitions, i.e. r^S_b = 1. All non-local contributions are contained in the part Γ^{nl}. The proof that all breakings of the ST identity can be absorbed by adjusting local contributions, can be finally restricted to this functional (see section 7). The solution of the ghost equations is quite trivial in a massless symmetric gauge. This is not the case for the standard model where the ghosts are massive. There one not only has to solve the ghost equation, but also one has to show, that the on-shell normalization conditions for the ghost 2-point functions and in particular the infrared conditions Γ_{c̄AcZ} (p^2 = 0) = Γ_{c̄Z cA} (p^2 = 0) = Γ_{c̄AcA} (p^2 = 0) = 0 (5.83)

can be fulfilled by adjusting the parameters ζ̂, Ĝ and the BRS-transformation matrix δĝ_{αb}

5.4.1. The classical approximation

First we solve the ghost equations in the classical approximation, taking into account that we impose normalization conditions on the ghost 2-point functions as specified in (5.10), (5.11) and (5.12). The bilinear part of the ghost action is therefore fixed (see (5.13)) and all parameters have to be determined as functions of Z^g_{ab} and M^g_{ab}, and of the free parameters of the vector and scalar part of the action. We proceed therefore as in the vector sector and define on the bilinear part bare ghosts by the following field redefinitions c^o_a = z^g_{ab}c_b c̄^o_a = z̄^g_{ab}c̄_b (5.84) Inserting these bare fields in the bilinear part of the ghost action and requiring the bare action to have a standard form determines z^g and z̄^g up to a diagonal matrix: Γ^{gen}_{bil,ghost} = − ∫ (c̄_aZ^g_{ab}2c_b + c̄_aM^g_{ab}c_b)

= − ∫ (c̄^o_a(z̄^g)^{−1T}_{aa}′ Z^g_a′_b′ 2(z^g)^{−1}_b′_b c^o_b + c̄^o_a(z̄^g)^{−1T}_{aa}′ M^g_a′_b′ (z^g)^{−1}_b′_b c^o_b)

!= − ∫ (c̄^o_aĨ_{ab}2c^o_b + c̄^o_aM^{og}_{ab}c^o_b) (5.85)

Explicitly one gets a relation between the field redefinitions of ghosts and antighosts on the kinetic part:

Ĩ_{ab′} (z^g)_{b′b} = (z̄^g)^{−1T}_{aa′} Z^g_{a′b} (5.86)

The remaining undetermined matrix can be used to fix the ghost mass matrix as being diagonal:

M^{og}_{ab} = 0 ζ^o_W M^{o2}_W 0 0 ζ^o_W M^{o2}_W 0 0 0

0 0 ζ^o_Z M^{o2}_Z 0 0 0 0 M^{o2}_{gA}

(5.87)

and M^{og}_{ab} = (z̄^g)^{−1T}_{aa}′ M^g_a′_cĨ_{cc}′ (Z^g)^{−1}_c′_b′ (z̄^g)^T_b′_b (5.88) We have parameterized the W and Z-ghost mass by the masses of the W - and Z-boson and independent parameters ζ^o_W and ζ^o_Z . In contrast to the vector mass matrix the ghost mass matrix is not required to be symmetric in the neutral components. Indeed considering the 1-loop diagrams it is seen, that the 2-point function Γ_{c̄Z cA} and Γ_{c̄AcZ} get different loop corrections, because interactions of scalars and ghosts are unsymmetric in Z-ghosts and A-ghosts in the tree approximation (cf. (2.75)). For diagonalizing an arbitrary matrix the equivalence transformation has to be carried out by an invertible matrix. Therefore diagonalization of the ghost mass matrix determines the wave functions renormalization of anti-ghosts z̄^g_{ab} up to a diagonal matrix. Taking for the BRS-transformation matrix δĝ_{αb} the ansatz

δĝ_{αb} = 1 0 0 0 0 1 0 0 0 0 cos γ_Z − sin γ_A 0 0 sin γ_Z cos γ_A

(5.89)

it is possible to diagonalize the ghost matrix by adjusting the arbitrary angles γ_Z and γ_A, and at the same time the three undetermined parameters of the diagonal matrix are fixed. We want to mention that in massless nonabelian gauge theories the antighost field redefinitions are not determined on the bilinear part of the action and can therefore be completely fixed by the ST identity.

In the classical approximation the external field vertices δΓ^{gen}_{cl} /δρ^μ_α and δΓ^{gen}_{cl} /δY_a are local field polynomials. They have been determined in the last section as functions of vector field redefinitions z^V_{ab}, of scalar field redefinitions z^S_a and of the matrix r^g_{αb} and ẑ^g_W

(5.63). One can either take the explicit form of Γ^{gen}_{ext.f.} or better one goes back to the bare form of the action as given in (5.64). For proceeding with the bare form, we have also to transform the scalars and vectors in the gauge fixing part to bare fields. The parameters, which appear by carrying out this transformation, are absorbed into a redefinition of Bfields, into the overall redefinition of the external scalar fields and into a redefinition of the arbitrary parameters into a bare form. One has to note that in the classical approximation the matrices r^V_{αb} and r^S_a are determined as functions of field redefinitions and bare masses (cf. (5.67) and (5.68)), especially one has in the classical approximation

(r^V )^{−1}_{aα} O_{αb}′ (θ^o_W )(z^V )_b′_b = z_W δ_{ab} + z_W

(√_{tan(}θ_{oW +}θ_{Z )} tan(θoW +θA) − 1 ) δ_{a4}δ_{b4} (5.90) (r^S )^{−1}_{aα} (z^S)_{αb} = z_Hδ_{ab} (5.91)

The bare form of the gauge fixing is then given by Γ^{gen}_{g.f.} = ∫ (1 2 ξ^oB^o_aĨ_{ab}B^o_b + 1 2 ξ̂^o(sin θ^o_W B^o_Z + cos θ^o_W B^o_A)^2 + B^o_aĨ_{ab}∂^μV^o_{μb} (5.92) + g_ξ ( ∑ α= +,−,3 B^o_aO^T_{aα}(θ^o_W )(ϕ^o_b + δ_{Hb}v^o)t̂_{bc,α}(ϕ̂_c + δ_{Hc}ζ̂^ov^o)

+ Ĝ^oB^o_aO^T_{a4}(θ^o_W )(ϕ^o_b + δ_{Hb}v^o)t̂_{bc,4}(ϕ̂^o_c + δ_{Hc}ζ̂^ov^o)) )

with the bare fields B^o_a = (z^V )^{−1T}_{ab} B_b ϕ̂^o_a = r^S_a z_W z_H ϕ̂_a (5.93)

and bare parameters

ξ^o = z^2_W ξ (5.94) ξ̂^o = z^2_W

( tan(θ^o_W + θ_Z) tan(θ^o_W + θ_A) − 1 ) ξ + z^2_W tan(θ^o_W + θ_Z) tan(θ^o_W + θ_A) ξ̂ ζ̂^o = z^W

z^2_H ζ̂

Ĝ^o = tan(θ^o_W + θ_Z)

tan(θ^o_W + θ_A) Ĝ

One has finally to transform the ghost fields and B-fields in the ST identity and in the external field part (5.64) to bare fields, absorbing the field redefinition parameters into a redefinition of the by now undetermined parameters r^g_{αb} and ẑ^g_W (5.63) and γ_Z, γ_A. The bare transformation matrix δĝ_{αb}, which depends on the bare angles γ^o_Z and γ^o_A as defined in (5.89), is computed via O^T_{aα}(θ^o_W )δĝ^o_{αb} = ( (z^V ) O(θ^o_W ) (r^V )^{−1} ) aβδĝ_{βb}′ (z̄^g)^T_b′_b (5.95)

This equation determines also those three parameters of the antighost field redefinition matrix (z̄^g)_{ab}, which are not specified on the bilinear ghost part of the action.

Having transformed the general bilinear ghost action into its standard form the ghost equations are solved quite simply. On the kinetic parts the matrix a^{og}_{αb} is related to the angles of antighost transformations: ẑ^{og}_W = 1 r^{og}_{3Z} = cos γ^o_Z r^{og}_{4Z} = sin γ^o_Z r^{og}_{3A} = − sin γ^o_A r^{og}_{4A} = cos γ^o_Z

(5.96)

The parameter ζ̂^o of the gauge fixing part is determined from the mass ratio of W -boson and W -ghost: g_ξ g^o_2 ζ̂^o = ζ^o_W (5.97)

Inserting this result yields on the neutral part the following equations:

ζ^o_W M^{o2}_W cos(γ^o_Z − θ^0_W ) = cos θ^o_W cos γ^o_Zζ^o_Z M^{o2}_Z ζ^o_W M^{o2}_W sin(γ^o_A − θ^0_W ) = cos θ^o_W sin γ^o_AM^{o2}_{gA} −Ĝ^oζ^o_W M^{o2}_W cos(γ^o_Z − θ^0_W ) = cos θ^o_W sin γ^o_Z ζ^o_ZM^{o2}_Z

Ĝ^oζ^o_W M^{o2}_W sin(γ^o_A − θ^0_W ) = cos θ^o_W cos γ^o_AM^{o2}_{gA} (5.98)

They determine the BRS-transformations of antighosts, i.e. γ^o_Z, γ^o_A, and the abelian parameter of the gauge fixing part Ĝ^o as functions of the vector boson mass ratio and the ghost mass ratio. The mass of the photon ghost is seen to be not a free parameter of the model but has to vanish (cos θ^o_W ≡ M^o_W /M^o_Z ): ζ^o_W M^{o2}_W ζ^o_Z M^{o2}_Z = cos γ^o_Z cos θ^o_W cos(γ^o_Z − θ^o_W )

M^o_{gA} = 0 (5.99)

Ĝ^o = − tan γ^o_Z tan γ^o_A = tan θ^o_W

The whole point in this calculation is the adjustment of the abelian coupling Ĝ via the mass of the Z-ghost. For arbitrary Ĝ indeed one has to introduce the angle γ_Z into the BRS-transformations of ghosts, as otherwise one is not able to keep the normalization condition Γ_{c̄AcZ} | | | p^2=0 = 0 (5.100)

which is crucial for infrared finite computations for off-shell Green functions. In the tree approximation, of course it is possible to fix the ghost mass ratio equal to the vector mass ratio by the normalization condition:

ReΓ_{c̄+c−} (p^2)|_p2_{=ζM} 2_W = 0 ReΓ_{c̄Z cZ} (p^2)|_p2_{=ζM} 2_Z = 0 (5.101)

Then the expressions (5.99) simplify to the ansatz we have taken in the classical approximation: cos γ_Z = M_W M_Z + O(h̄) (5.102)

and the BRS-transformation of antighosts is diagonal. For higher orders, however, the normalization conditions (5.101) together with the infrared condition (5.100) does not imply a diagonal transformation matrix for antighosts. Conversely requiring (5.101) and a diagonal ghost transformation one has to introduce then counterterms c̄_Ac_Z in order to fulfil the ST identity. These counterterms produce in the next order off-shell infrared divergencies. That the ghost mass ratio and the parameter Ĝ are indeed independent parameters of the standard model, is already indicated by the computations we have carried out in the classical approximation: Starting with the general bilinear ghost action it is seen, that there is no parameter left, which could adjust the bare ghost mass ratio to the bare vector mass ratio. Likewise when we transformed the gauge fixing part to the bare form, we had to treat the parameter Ĝ as an independent parameter of the theory. The Callan-Symanzik equation, we derive in the section 4, unambiguously allows to determine the independent parameters of the model. There it is finally proven, that the ghost mass ratio is a further independent parameter of the theory. The coupling Ĝ and γ_Z are then determined order by order by normalization conditions, which fix the mass of the Z-ghost and diagonalize the neutral ghost mass matrix at p^2 = 0. Taking therefore the ghost mass ratio as arbitrary also in the tree approximation as specified in (5.10) we find

Ĝ = tan θ_W 1 − ζ_W ζ_Z cos 2 θ_W ζ_W ζ_Z (1 − cos

2 θ_W )

+ O(h̄) = ζ_Z M^2_Z − ζ_W M^2_W ζ_W M_W √ M^2_Z − M^2_W

+ O(h̄) (5.103)

This independent parameter does not only enter the gauge fixing part but also enters the ST identity and the ghost interactions, and has, wherever it appears, to be differently treated from the vector mass ratio, even if we fix the ghost mass ratio to be the same as the vector mass ratio by the normalization conditions (5.101). The ghost interactions in the classical approximation are immediately read off from (5.81): Γ^{gen}_{ext.f.}(ρ^o_α, Y^o_a ) + Γ^{gen}_{ghost}(c̄^o_a) = Γ^{gen}_{ext.f} (ρ^{′o}_α , Y^{′o}_a ) − c̄^o_a(δĝ^o_{a4})^{−1}(δĝ^o)_{4b}2c^o_b −g_ξc̄^o_a ( ∑ α= +,−,3 (δĝ^o)^{−1}_{aα}t̂_{bc,α} − tan θ^o_G(δĝ^o)^{−1}_{a4} t̂_{bc,4} ) (ϕ^o_b + δ_{Hb}2^{M oW}_{go2} )q̂^o_c (5.104)

with

ρ^{′o}_α = ρ^o_α + ∂c̄^o_a(δĝ^o)^{−1}_{aα} (5.105)

Y^{′o}_b = Y^o_b − c̄^o_ag_ξĨ_{bb}′ ( ∑ α= +,−,3 (δĝ^o)^{−1}_{aα}t̂_b′_{c,α} − tan θ^o_G(δĝ^o)^{−1}_{a4} t̂_b′_{c,4} ) (ϕ̂^o_c + δ_{Hc}ζ2^{M oW}_{go2} )

The interactions of the external fields with propagating fields are summarized in Γ^{gen}_{ext.f} (5.64). It is not modified by solving the ghost equations, but for bare ghosts the arbitrary parameters therein are now specified to be related to δĝ^o:

δĝ^o_{αb} = 1 0 0 0 0 1 0 0 0 0 cos θ^o_G − sin θ^o_W 0 0 sin θ^o_G cos θ^o_W

(5.106)

For having simple notations we have introduced the ghost angle θ^o_G in analogy to the weak mixing angle θ^o_W , which both are defined in the on-shell scheme by the vector mass and the ghost mass ratio, respectively:

cos θ^o_W ≡ M^o_W M^o_Z cos θ^o_G ≡ ζ^o_W M^o_W ζ^o_ZM^o_Z √ 1 −^{M o2W}_{M o2Z} √ 1 −^{ζoW M o2W}_{ζoZM o2Z} (5.107)

Respective expressions are defined for the physical on-shell masses. It is quite instructive to consider the ghost transformation matrix in the context of the classical field transformations: When we introduced the ghosts in the classical approach by changing the infinitesimal parameters of gauge transformations ϵ_α(x) to anticommuting parameters c_a (2.59), we have already mentioned that there is an arbitrariness in defining them. This arbitrariness has now been exploited to construct a diagonal ghost mass matrix by the transformation ϵ_α −→ c_α = δĝ_{αb}c_b (5.108)

Finally it remains to solve the ST identity for the interactions, which depend on the external scalar field we have suppressed up to now. Quite generally the dependence of the generating functional of 1PI Green functions on the external scalars is governed by the following equation, one derives from the ST identity:

s_Γ ( δΓ δq_a ) = − δΓ δϕ̂_a (5.109)

Solving it in the classical approximation it turns out that one further parameter appears, due to a field redefinition of the propagating scalars into propagating and external scalars. The transformation ( ϕ^o_a ϕ̂o_a ) −→ ( ϕ^o_a − x^oϕ̂^o_a ϕ̂o_a ) (5.110) is compatible with the ST identity and rigid symmetry if we redefine the external field part by

Y^o_a t̂_{abc}(ϕ^o_b + v^oδ_{bH})c^o_c −→ Y^o_a t̂_{abc}(ϕ^o_b − x^oϕ̂^o_b + v^oδ_{bH})c^o_c − x^oY^o_a Ĩ_{ab}q^o_b (5.111) As long as we do not want to interpret ϕ̂_a as a background field, the normalization of x is irrelevant, because finally Green functions are considered at ϕ̂_a = 0. One can fix x by the following normalization condition, ∂_p2 Γ_H^_H (p^2) | | | p^2=μ^2_H = x (5.112)

For the purpose of this paper we choose x = 0, but nevertheless one gets nonlocal higher order contributions between propagating and external scalars.

5.4.2. The solution of the ghost equations in higher orders

The purpose of this section is to prove, that the ghost equations can be indeed established to all orders in accordance with the normalization conditions on the ghost 2-point functions (5.10), (5.11) and (5.12). If one is able to implement the ghost normalization conditions by adjusting the free parameters in the external field part, the gauge fixing and the ST identity, then in the construction of higher orders one has only to consider the non-local functional Γ^{nl} as defined in (5.81).

First we give the ghost equations in momentum space and test them with respect to the mass normalization conditions. Introducing Γ_ρ^μ_{αcb} (p, −p) = −ip^μΓ_{ραcb} (p^2) = −ip^μ + O(h̄) (5.113) the ghost equation of the charged ghost tested at p^2 = ζ_W M^2_W reads: ζ_W M^2_W ReΓ_{ρ+c−} (ζ_W M^2_W ) + iζ̂M_W ReΓ_{Y+c−} (ζ_W M^2_W ) = 0 (5.114) The SU(2)-components of the ghost equation are tested at p^2 = ζ_Z M^2_Z and p^2 = 0:

Re(ζ_Z M^2_Z Γ_{ρ3cZ} (ζ_Z M^2_Z ) − ζ̂M_W Γ_{YχcZ} (ζ_Z M^2_Z)) = 0 (5.115) Re(ζ_ZM^2_Z Γ_{ρ3cA} (ζ_Z M^2_Z) − ζ̂M_W Γ_{YχcA} (ζ_Z M^2_Z)) = − sin γ_AReΓ_{c̄AcA} (ζ_Z M^2_Z) −ζ̂M_W Γ_{YχcZ} (0) = cos γ_ZΓ_{c̄Z cZ} (0) ζ̂M_W Γ_{YχcA} (0)) = 0 The same test is carried out on the abelian component of the ghost equations: ζ_ZM^2_Z r^g_{4Z} + Ĝζ̂M_W ReΓ_{YχcZ} (ζ_Z M^2_Z)) = 0 (5.116) ζ_Z M^2_Zr^g_{4A} + Ĝζ̂M_W ReΓ_{YχcA} (ζ_Z M^2_Z) = cos γ_AReΓ_{c̄AcA} (ζ_ZM^2_Z ) Ĝζ̂M_W Γ_{YχcZ} (0) = sin γ_ZΓ_{c̄Z cZ} (0) Ĝζ̂M_W Γ_{YχcA} (0)) = 0

In order to evaluate these equations one has to take into account that the vertex functions Γ_{ρacb} (p^2) and Γ_{Yacb} (p^2) are not independent from each other but are related by the ST identity. We assume now, that we had already established the ST identity and the Ward identities of rigid symmetry to order n − 1 for all Green functions and to order n for all tests with respect to vectors and scalars. Having also applied the normalization conditions on the 2-point functions and the one for fixing the nonabelian coupling the external field part is determined up to local contributions of order n. These local contributions are read off from the classical approximation (5.64). If the vertex functions Γ_{ραcb} (p^2) and Γ_{Yacb} (p^2) solve the ST identity then also the vertex functions Γ^′_{ραcb} (p^2) and Γ^′_{Yacb} (p^2) solve the ST identity and they are related by

Γ^{′(n)}_{ραcb} (p^2) = Γ^{(n)}_{ραcb} (p^2) + a^{(n)}_{αb} Γ^{′(n)}_{Y±c∓} (p^2) = Γ^{(n)}_{Y±c∓} (p^2) ± iM_W a^{(n)}_{++} Γ^{′(n)}_{Yχca} (p^2) = Γ^{(n)}_{Yχca} (p^2) + M_Z(cos θ_W a^{(n)}_{3a} + sin θ_W a^{(n)}_{4a} )c_a (5.117)

and a^{(n)}_{++} = a^{(n)}_{−−} due to CP-invariance. Inserting in the ghost equations and taking advantage of the quantum action principle, which restricts the breakings of order n to local expressions, it is seen that the ghost equations can be fulfilled, if we adjust the arbitrary parameters a^{(n)}_{αb} , the parameters of the gauge fixing part ζ̂ and Ĝ and the linear transformation parameters of the vectors r^{g(n)}_{4a} . In fact it is the same calculation as in the classical approximation. In particular the diagonalization of the ghost mass matrix at p^2 = 0 (5.83) implies

Γ_{YχcA} (0) = 0 and Γ_{YχcZ} (0) = cos γ_Z

Γ_{c̄Z cZ} (0) ζ̂M_W (5.118) and Ĝ = − tan γ_Z (5.119)

Inserting the last relation into the solution of the ghost equation (5.81) we find, that the condition Γ_{c̄AcZ} (p^2 = 0) = 0 (5.120) is now fulfilled by construction, whereas

Γ_{c̄Z cA} (p^2 = 0) = Γ_{c̄AcA} (p^2 = 0) = 0 (5.121)

has to be established by requiring

Γ_{YχcA} (p^2 = 0) = 0 (5.122)

We want to mention, that in the BPHZL-scheme this condition is implemented due to the infrared degrees of c_A and Y_χ. Otherwise this condition has to be introduced in addition to the usual ones in order to be able to protect internal ghost loops from off-shell infrared divergencies.

Explicitly it is seen that the normalization conditions at p^2 = 0 fix the counterterms

cos θ_W a^{(n)}_{3Z} + sin θ_W r^{g(n)}_{4Z} cos θ_W a^{(n)}_{3A} + sin θ_W r^{g(n)}_{4A} (5.123)

On-shell conditions for the charged ghosts and Z-ghost and the separation of massive and massless ghosts at p^2 = ζ_ZM^2_Z determine finally the parameters ζ̂, γ_Z, γ_A whereas a_{3Z}, a_{3A} and a_{++} are fixed by the normalization conditions on the residua of ghosts.

The construction of higher orders can be therefore indeed restricted to Γ^{nl} as defined in (5.81), but we have to take into account, that we are not able to dispose of the counterterms Y_χc_Z and Y_χc_A, because these counterterms have to be adjusted for establishing the ghost equations without introducing infrared divergencies. Thanks to the fact, that the antighost transformations can be modified by introducing the angles γ_Z and γ_A, the coefficients appearing in the ST identity r^g_{4Z} and r^g_{4A} are at our disposal for absorbing local breakings of the ST identity into corrections of the ST operator, even if the ghost 2-point functions are constructed with on-shell conditions.

5.5. Summary of the classical approximation

Because the approach we have chosen here for determining the invariant local counterterms is somewhat unconventional, we want to summarize the results of the last sections.

The general invariant action has been determined by requiring invariance with respect to the ST identity and with respect to rigid SU(2)-symmetry,

S(Γ^{gen}_{cl} ) = 0 W_αΓ^{gen}_{cl} = 0 (5.124)

The analysis is unconventional in so far as we did not prescribe the symmetry operators explicitly as e.g. in the tree form, but we specified them by field content and algebraic properties, i.e. nilpotency of the ST operator, algebra of rigid operators and the consistency relation. This is the only form appropriate for the treatment of the standard model, because the parameters of the tree approximation get higher order corrections as indicated by the classical approximation, if one separates the massless and massive particles at p^2 = 0. This result can be read off from the explicit expressions for the vector 2-point functions, which have been calculated in the on-shell scheme in the literature (see e.g. [37] for a complete list). Actually, in the abstract approach one notices that one has to modify the symmetry operators of the tree approximation, only if one classifies the higher order breakings of the ST identity according to their infrared and ultraviolet degree, as we do it in section 5. Indeed it will be seen there, that we have already solved the infrared part of the problem by solving the classical approximation with the general symmetry operators.

A further important point in the treatment is the observation, that the ST identity does not uniquely determine all parameters of the standard model. For gauging the electromagnetic current rather than the currents of lepton and quark number conservation the Gell-Mann Nishijima relation has to be extended for off-shell Green functions to higher orders. For doing this one has to derive a U(1) Ward identity and specify therein the free parameters as the ones of electromagnetic current conservation:

w^Q = w_{em} − w_3 (5.125)

The general invariant action as solution (5.124) can be decomposed as in the tree approximation into Γ^{gen}_{cl} = Γ^{gen}_{GSW} + Γ^{gen}_{ext.f.} + Γ^{gen}_{ghost} + Γ^{gen}_{g.f.} (5.126) Apart from the mass of the photon and the photon ghosts, the parameters of the bilinear action, i.e. masses, residua and nondiagonal mass matrix elements, are free parameters of the theory, and one can dispose of them by the normalization conditions we have specified in section 4.1. Masslessness of the photon and the photon ghost has to be proven to be in agreement with the ST identity in higher orders. If we furthermore use the local U(1)- Ward identity for determining the lepton and quark family couplings, then we remain with one free parameter, the nonabelian coupling, which can be chosen to the electromagnetic fine structure constant in the Thompson limit by the normalization condition on the electron-photon vertex (5.73).

The general action can be written in the bare form by eliminating the non-diagonal mass matrix elements of the general bilinear part and the arbitrary residua into a field redefinition, which transforms the original fields to bare fields. The general expression is obtained by undoing this transformations. Expressed in bare fields the general action depends on the bare vector boson masses, the bare ghost masses, the bare fermion masses and the bare Higgs mass and the the nonabelian coupling g^o_2 or likewise e^o.

M^{o2}_W = M^2_W + δM^2_W M^{o2}_Z = M^2_Z + δM^2_Z m^{o2}_H = m^2_H + δm^2_H m^{o2}_{fi} = m^2_{fi} + δm^2_{fi}

(5.127)

ζ^o_W M^{o2}_W = ζ_W M^2_W + δζ_W M^2_W + ζ_W δM^2_W ζ^o_Z M^{o2}_Z = ζ_ZM^2_Z + δζ_ZM^2_Z + ζ_ZδM^2_Z

(5.128)

We want to point out that δζ_Z and δζ_W are independent higher order corrections even if we choose ζ_W = ζ_Z in the tree approximation. In a QED-like parameterization one has

g^o_2 = e M_Z √ M^2_Z − M^2_W

+ δg_2 (5.129)

Γ^{gen}_{GSW} has been given in (5.59), where we have to replace the couplings of lepton and quark currents according to (5.71) in order ot fulfil the abelian Ward identity of electromagnetic and weak current conservation. Taking for the gauge fixing function the most general ansatz, which is compatible with rigid symmetry and is linear in propagating fields (cf. (5.77) and (5.92)), the ghost equations relate Γ^{gen}_{ghost} to the external field part according to (5.104). Using the notations for the ghost angle and weak mixing angle as introduced in (5.106) and (5.107) the external field part as function of the bare vector masses and bare ghost masses is given by Γ^{gen}_{ext.f.} = ∫ ( − 1 2 σ^o_aε̂_{αβγ}δĝ^o_{βb}c^o_b δĝ^o_{γc}c^o_c (5.130) +ρ^o_{μα}(∂^μĨ_{αβ}δĝ^o_{βb}c^o_b + ε̂_{αβγ}O_{βb}(θ^o_W )V^{oμ}_b δĝ^o_{γc}c^o_c) + ( Y^{o†} ( ig^o_2( τ_α 2 δĝ^o_{αa} − 1 2 tan θ^o_W δĝ^o_{4a})(Φ^o + √ 2 g^2_o ( 0 M^o_W ) )c^o_a − xq̂^o ) + h.c. )

+ N_F∑ i=1 ( ∑ δ=l,q (Ψ̄^{oR}_{δi} ig^o_2( τ_α 2 δg^o_{αa} + G^{δi} 2 δĝ^o_{4a})c^o_aF^{oL}_{δi}

+ ∑ f =e,d ψ̄^{oL}_{fi} ig^o_2 1 2 (tan θ^o_W + G^{δi} ))f^{oR}_i δĝ^o_{4a}c^o_a

+ ψ̄^{oL}_{ui} ig^o_2 1 2 (− tan θ^o_W + G^{qi} )u^{oR}_i δĝ^o_{4a}c^o_a + h.c. ))

Here we have again rewritten the scalars into complex doublets.

The ST operator and the Ward operators depend in the bare form also on the vector mass ratio and ghost mass ratio: S(Γ^{gen}_{cl} ) = ∫ ( (sin θ^o_G∂_μc_Z + cos θ^o_W ∂_μc^o_A) ( sin θ^o_W δ δZ^o_μ + cos Θ^o_W δ δA^o_μ ) (5.131) + δΓ^{gen}_{cl} δρ^{oμ}_3 ( cos θ^o_W δ δZ^o_μ − sin θ^o_W δ δA^o_μ ) + δΓ^{gen}_{cl} δσ^o_3 1 cos(θoW −θoG) ( cos θ^o_W δ δc^o_Z − sin θ^o_G δ δc^o_A )

+ δΓ^{gen}_{cl} δρ^{oμ}_+ δ δW^o_{μ−} + δΓ^{gen}_{cl} δρ^{oμ}_− δ δW^o_{μ+} + δΓ^{gen}_{cl} δσ^o_+ δ δc^o_− + δΓ^{gen}_{cl} δσ^o_− δ δc^o_+ + δΓ^{gen}_{cl} δY^o_a Ĩ_{aa′} δ δϕ^o_a′ + N_F∑ i=1 (δΓ^{gen}_{cl} δψ^{oL}_{fi} δ δf^{oR}_i + δΓ^{gen}_{cl} δψ^{oR}_{fi} δ δf^{oL}_i + h.c. )

+B^o_a 1 0 0 0 0 1 0 0 0 0 cos(θ^o_G − θ^o_W ) 0 0 0 sin(θ^o_G − θ^o_W ) 1 ab

δ δc̄_b + q^o_a δ δϕ̂^o_a ) Γ^{gen}_{cl} = 0

The Ward operators of rigid symmetry are determined to (α = +, −, 3) W_α = Ĩ_{αα}′ ∫ dx ( V^{oμ}_b O^T_{bβ}(θ^o_W )ε̂_{βγα}′ O_{γc}(θ^o_W )Ĩ_{cc}′ δ δV^{oμ}_c′ + {B^o_a} (5.132) + c^o_b(δĝ^o)^T_{bβ}ε_{βγα}′ (δĝ^o)^{−1T}_{γc} Ĩ_{cc}′ δ δc^o_c′ + c̄^o_b (δĝ^o)^{−1}_{bβ} ε̂_{βγα}′ (δĝ^o)_{γc}Ĩ_{cc}′ δ δc̄^o_c′ + (ϕ^o_b + δ_{Hb}2^{M oW}_go_2 )t̂_{bc,α}′Ĩ_{cc}′ δ δϕ^o_c′ + {Y^o_b , ϕ̂^o_b + ζ̂^o2^{M oW}_go_2 , q̂^o_a} + ρ^o_βε_{βγ,α}′Ĩ_{γγ}′ δ δρ^o_γ′ + σ^o_βε_{βγ,α}′Ĩ_{γγ}′ δ δσ^o_γ′ + N_F∑ i=1 ∑ δ=l,q ( F^{oL}_{δi} i τ_α′ 2 δ δF^{oL}_{δi} − δ δF^{oL}_{δi} τ_α′ 2 F^{oL}_{δi} + Ψ^{oR}_{fi} iτ_α′ 2 δ δΨ^{oR}_{fi} − δ δΨ^{oR}_{δi} iτ_α′ 2 Ψ^R_{δi} ))

Comparing the ST identity and the Ward operators of rigid symmetries expressed in terms of bare fields, with the ones of the tree approximation, it is seen that they differ due to the appearance of the ghost angle, which signals – apart from field redefinitions – different corrections of the vector mass ratio and the ghost mass ratio in higher orders.

The local U(1) Ward identity ( g^o_2 tan θ^o_W w^Q_4 − ∂ δ δZ^o sin θ^o_W − ∂ δ δA^o cos θ^o_W ) Γ^{gen}_{cl} = sin θ^o_W 2B^o_Z + cos θ^o_W 2B^o_A (5.133)

has been derived in the matter part of the action. It is broken only by gauge fixing the longitudinal parts of the abelian vector field combination. It is valid in the ghost part of the action as it is, if we take care to maintain rigid symmetry.

Transforming the bare fields to original fields yields the general form of the action and the general form of the ST identity and Ward identities. It allows order by order to determine the invariant local contributions by expanding the parameters in perturbation theory. There it has to be noted that some of the parameters appear explicitly in the symmetry operators. According to our conventions (cf. (5.21),5.22 and (5.23)) these parameters are r^V_Z , r^V_A , Θ^V , r^S_a , r_{li} , r_{qi} , r^g_{αa}, γ_Z , γ_A (5.134) As long as they are not needed for removing infrared divergent contributions, they could be fixed in the symmetry transformations as it is e.g. for r^S and r_{qi} , r_{li} . Furthermore one has explicit dependence on the shift of the Higgs field v and the shift of the external Higgs ζ̂v in the Ward operators of rigid symmetry. These parameters are fixed by on-shell conditions on the mass of the W -boson and on the mass of charged ghosts,

M_W , ζ_W M_W (5.135)

The remaining parameters which are only specified on the general classical action are the field redefinitions z_W , tan (θ^o_W + θ_A) tan (θ^o_W + θ_A)

, Z^g_{+−}, z_H , z_{νi} , z_{ui} , z̃_{fi} and x^o (5.136)

the nonabelian coupling, which is fixed to the fine structure constant in QED-like schemes, and the remaining masses of the standard model:

e^o and M^o_Z, m^o_H , ζ^o_ZM^o_Z , m^o_{fi} (5.137)

These parameters, in any case, have to be fixed by normalization conditions on the finite 1PI Green functions.

The Callan-Symanzik equation, we derive in the next section, enables one to calculate the asymptotic logarithmic corrections to the invariants. There it is seen, that the invariants, which are connected with the parameters (5.136) and (5.137) get independent logarithmic corrections to the next order.

6. The Callan-Symanzik equation

The Callan-Symanzik (CS) equation describes the response of the Green functions to the scaling of all momenta by an infinitesimal factor. The dilatational operator

W^D = ∑ all fields ∫ (d_{φk} + x∂_x)φ_k(x) δ δφ_k(x) d_{φk} = dim^{UV} φ_k (6.1)

acts on the 1PI-Green functions in the same way as the differentiation with respect to all the mass parameters of the theory:

W^DΓ = −m∂_mΓ with (6.2)

m∂_m ≡ M_W ∂_{MW} + M_Z∂_{MZ} + m_H∂_{mH} + N_F∑ i=1 ∑ f m_{fi} ∂_{mfi} + ∑ κa κ_a∂_{κa} κ_a are the normalization points, which we have introduced to fix the residua of fields. In concrete calculations one will introduce only one κ for fixing all the infrared divergent residua of charged particles off-shell.

The CS equation [41] is of utmost interest in the abstract approach as well as for concrete calculations. In the abstract approach the β-functions and anomalous dimensions, which describe the breaking of dilatations by anomalies in higher orders, allow to determine the independent parameters of the theory in a scheme independent way. When we solved the ST identity and the Ward identities of rigid symmetries for the local contributions, we gave a list of free parameters, which were not fixed by the symmetries and can be adjusted by normalization conditions. The CS equation singles out from these parameters the ones which get independent logarithmic corrections in the asymptotic region, where all momenta are much larger than the masses of the theory. To be specific we consider as an example the ghost mass ratio: It can, of course, be fixed by a normalization condition to the vector boson mass ratio. However, from the CS equation it is immediately derived, that the vertices, which depend on the ghost mass ratio, get different logarithmic corrections in higher orders from the ones, which depend on the vector mass ratio. Similar statements are true for other mass ratios, one would like to relate to the vector boson mass ratio in lowest order, as it is required for example in the context of noncommutative geometry [42]. With the help of the CS equation it is at least in massless theories possible to find relations between independent parameters, which are compatible with renormalizability, using the principle of reduction of couplings [43, 44]. It is, however, not obvious, how reduction has to be applied to spontaneously broken theories, due to the fact that the β-functions do not only depend on the perturbative expansion parameters but also on the mass ratios. This property has also the consequence, that the β-functions of the CS equation depend on mass logarithms from 2-loop order onwards and that they differ from the ones of the symmetric theory [45].

For the purpose of the present paper concerning the renormalization of the standard model, the CS equation, especially the dilatational operator, is also of special interest, because it allows to simplify the algebraic cohomology as carried out in the next section considerably. One can derive that all algebraic anomalies of the ST identity and the Ward identities are restricted to 4-dimensional field polynomials, 3-dimensional breakings are immediately seen to be variations of terms with quantum numbers of the action [21]. In this context we also want to mention that the CS equation plays an important role if one wants to prove the nonrenormalization theorems for the Adler-Bardeen anomaly as it appears in the ST identity (see [46] and references therein).

For concrete calculations the most important outcome of the CS equation is the determination of higher orders leading logarithms. If there are large asymptotic logarithms in 1-loop order, the CS equation allows consistently to determine those large leading logarithms of higher orders, which are induced by the 1-loop logarithms of the lowest order.

In this section we construct the symmetric operators of the CS equation, which define the β-functions and anomalous dimensions of 1-loop order. It is important to note, that we are able to classify the dilatational anomalies also if we have not proved that the ST identity and Ward identities of rigid symmetries are established in 1-loop. The only ingredients are the symmetries of lowest order and the linear gauge fixing. The soft breakings, however, can be only consistently classified when we have established rigid symmetry of 1-loop order. Then the classification works as we present here in the tree approximation.

6.1. The soft breaking of dilatations

In the standard model dilatations are already broken in the tree approximation by all terms with mass dimensions less than 4, especially by the mass terms of the fields. Due to the spontaneous symmetry breaking all the masses of the physical fields are generated by the shift of the Higgs field. According to the construction of the gauge fixing sector using rigid symmetry the ghost masses and the masses of would-be-Goldstones are generated by the shift of the external Higgs (cf. (2.51),(2.52) and (2.75)). In the tree approximation one reads off the breakings of dilatations by applying m∂_m on the classical action. For proceeding to higher orders it is unavoidable to characterize also the soft breakings by their symmetries. For this reason we do the same in the tree approximation and solve thereby also the problem of constructing the soft breakings of higher orders, if the ST identity and rigid symmetry are established. We have in the tree approximation m∂_mΓ_{cl} = Δ_m (6.3) where Δ_m is an integrated field polynomial with mass dimension less than 4, CP-even and neutral with respect to electric and ϕπ charge. Commuting the operator m∂_m with the ST operator it is seen that Δ_m is s_{Γcl} -invariant. s_Γm∂_mΓ − m∂_mS(Γ) = 0 =⇒ s_{Γcl} Δ_m = 0 (6.4) The dilatational operator does not commute with the Ward identities of rigid symmety: [ W_α, m∂_m ] = [ W_α, ∫ v ( δ δH + ζ̂ δ δĤ )] (6.5)

This implies W_αΔ_m = W_α ∫ v ( δ δH + ζ̂ δ δĤ ) Γ_{cl} (6.6) Noting that the differentiation with respect to the Higgs and the external Higgs is a BRS-variation quite generally (5.109)

s_ΓY_H = δΓ δH and s_Γ ( δΓ δq̂_H ) = δΓ δĤ (6.7) the polynomial Δ_m can be decomposed into

Δ_m = ∫ ( v δΓ_{cl} δH + ζ̂v δΓ_{cl} δ̂H ) + Δ_{inv} (6.8) and s_{Γcl} Δ_{inv} = 0 W_αΔ_{inv} = 0 (6.9)

Inspecting all 2- and 3-dimensional field polynomial it is seen that there is only one rigid and s_{Γcl} - invariant polynomial: Δ_{inv} ≡ ∫ (2ϕ_+ϕ_− + χ^2 + H^2 + 2vH) (6.10)

This invariant field polynomial we couple to an external scalar field φ̂_o with UV dimension 2 and IR-dimension 2 and add it to the classical action

Γ_{cl} → Γ_{cl} + ∫ φ̂_o(2ϕ_+ϕ_− + χ^2 + H^2 + 2vH) . (6.11)

The enlarged classical action is ST-invariant and rigid invariant if we assign:

sφ̂_o = 0 δ_αφ̂_o = 0 (6.12)

Finally we are able to write Δ_m as a field operator acting on the classical action:

m∂_mΓ_{cl} = ∫ v ( δ δH + ζ̂ δ δĤ + m^2_H 2v δ δφ̂_o ) Γ_{cl} (6.13)

and v is determined in the QED-like parameterization to

v = 2 M_Z e sin θ_W cos θ_W + O(h̄) cos θ_W ≡ M_W M_Z (6.14)

The soft breaking of dilatations, and in particular the breaking of the tree approximation, is therefore completely characterized by its properties under the symmetry transformations and one can proceed in higher orders as in the tree approximation, if the ST identity and rigid symmetries are established. We want to mention, that also at this stage rigid symmetry plays an important role for classifying the soft breakings of dilatations. If one breaks rigid symmetry in the gauge fixing and ghost sector it is not possible to derive an unambiguous expression for the soft breakings in higher orders.

Because we have rewritten the dilatational breaking of lowest order into a sum of field differentiations we are able to proceed immediately to the next order. When one applies the symmetric operator W^D_{sym} ≡ W^D − ∫ v ( δ δH + ζ̂ δ δĤ + m^2_H 2v δ δφ̂_o ) (6.15) on the functional of 1PI Green functions, all breakings of 1-loop order are now known to be local due to the action principle. But in the construction of the ST identity and rigid Ward identities we have also to consider Green functions which include the invariant external field φ̂_o. For the invariant counterterms as derived in the last sections the only linear dependence on φ̂_o enters via the interaction with the 2-dimensional scalar invariant (6.11), which reads for the bare scalar fields ϕ̃^o_a = ϕ^o_a + x^oϕ̂^o_a (cf. (5.110)): Γ^{gen}_{φ̂o} = ∫ φ̂^o(2ϕ̃^o_+ϕ̃^o_− + χ̃^{o2} + H̃^{o2} + 2v^oH̃^o) (6.16)

The field renormalization of the external scalar field φ̂_o can be fixed by setting the coefficient of the field differentiation with respect to φ̂_o in the CS equation.

6.2. The dilatational anomalies – hard breakings

In higher orders the dilatations are not only broken by the soft mass terms but also by hard terms, the dilatational anomalies. The importance of the CS equation is founded in the fact, that these anomalies can be absorbed into differential operators, which are connected with the anomalous dimensions and β-functions.

The dilatational anomalies of one-loop order are normalization point independent, but the differential operators introduced depend on the special parameterization and the specific form of the breaking mechanism. They are essentially characterized by the symmetries of the tree approximation. Because we want finally to use the CS operator for classifying the breakings of the ST identity we only assume that the ST identity is established in lowest order and so for the rigid symmetries. However, for deriving the CS equation we cannot completely stick to the tree approximation as given in the section 2, but we have to treat the ghost mass ratio as an independent parameter. The ST identity and Ward identities of the tree approximation have then the form as given in (5.131) and (5.132), replacing all fields and parameters by ordinary fields and parameters. Therefore the symmetry operators depend in the tree approximation on the vector mass ratio, i.e. cos θ_W , and ghost mass ration, i.e. cos θ_G (5.107).

Using the action principle in its quantized version one derives that all symmetries of the tree approximation are broken in 1-loop order by integrated field polynomials ( S(Γ)

)_{(≤1)}

= Δ^{(1)}_{brs} ( W_αΓ

)_{(≤1)}

= Δ^{(1)}_α (6.17) ( W^D_{sym}Γ )_{(≤1)}

= Δ^{(1)}_m

These field polynomials are restricted according to the UV-degree and IR-degree of the classical operators:

dim^{UV} Δ^{(1)}_{brs} ≤ 4 dim^{UV} Δ^{(1)}_α ≤ 4 dim^{UV} Δ^{(1)}_m ≤ 4 dim^{IR} Δ^{(1)}_{brs} ≥ 3 dim^{IR} Δ^{(1)}_α ≥ 2 dim^{IR} Δ^{(1)}_m ≥ 2

(6.18)

We want to mention already here that breakings with infrared dimension 2 are alarming, because they do in general not exist as integrated insertions in higher orders. They potentially contain mass insertions for massless particles, which are seen to be infrared divergent off-shell. In particular, absence of mass insertions for massless particles, i.e. A^μA_μ and c̄_Ac_A, has to be verified in the CS equation by a test with respect to the respective normalization conditions to all orders.

Because the functional of 1PI Green functions is invariant under the global charge symmetries (4.14) and (4.15) and CP-transformations, all breakings have a well-defined transformation behaviour under these symmetries: Δ_{brs} is CP-even, has ϕπ charge 1 and is neutral with respect to electric charge, whereas Δ_α is CP-odd, neutral with respect to ϕπ charge and has electric charge ±1 for α = +, − and is neutral for α = 3. The important point is that Δ_m in fact has the same quantum numbers as the general classical action: It is neutral with respect to electric and ϕπ-charge and CP-even. Up to linear field polynomials the most general basis for the integrated insertion Δ_m is equivalent to the general renormalizable action, from which one has constructed the general invariant solution in section 5. For this reason we are able to make use of the symmetric dilatational operator, when we consider the algebraic cohomology problem, for classifying the breakings of the ST identity.

For proceeding we take advantage from the property that the operator W^D_{sym} (6.15) commutes with the ST operator and the Ward operators of rigid symmetry. Therefrom one derives the following consistency relations:

W^D_{sym}Δ^{(1)}_α = −W_αΔ^{(1)}_m W^D_{sym}Δ^{(1)}_{brs} = −s_ΓΔ^{(1)}_m (6.19)

We decompose now the local insertions Δ_α, Δ_m and Δ_{brs} according to their transformation under W^D_{sym} Δ^{(1)}_{op} = 4∑ k=1 Δ^k_{op} with W^D_{sym}Δ^k_{op} = (k − 4)Δ^k_{op} (6.20)

It is proven immediately that this decomposition is unique, because it is nothing else but classifying field polynomials according to their mass dimension and taking the Higgs, the external Higgs and the neutral scalar φ̂_o in a shifted version H + v , Ĥ + ζ̂v , φ̂_o + m^2_H 4 (6.21)

The consistency relations split up into equations for any of the Δ^k_{op} and give different informations as long as we did not establish the ST operator and rigid symmetry in 1- loop order. The 4-dimensional breakings Δ^4_m are seen to be s_{Γcl} -symmetric and rigid symmetric

0 = −W_αΔ^4_m 0 = −s_{Γcl} Δ^4_m (6.22)

These equations are used to construct the hard anomalies of the CS equation, which are related to β-functions and anomalous dimensions. The further equations for lower dimensional field polynomials state that the breakings Δ^{≤3}_{brs} and Δ^{≤3}_α can be immediately written as s_{Γcl} and W_α variations, respectively, of integrated field polynomials with quantum numbers of the action.

For constructing the hard breakings of the CS equation we have therefore the task to find all independent field polynomials satisfying the above constraints and to express them in form of symmetric differential operators. The first problem has been already solved in the last section, because Δ_m has the same quantum numbers as the general renormalizable action. We have only to fix the parameters, which appear explicitly in the symmetry operators (5.134) to their tree values and have to expand the remaining ones (5.136) and (5.137) to the next order, singling out the polynomials which contain only lower dimensional field polynomials.

S(Γ^{gen}_{cl} )(θ_W , θ_G) = S(Γ_{cl} + ∞∑ n=1 Γ^{(n)}_{inv})(θ_W , θ_G) = ( S(Γ_{cl}) + s_{Γcl} ∞∑ n=1 Γ^{(n)}_{inv} ) (θ_W , θ_G) = 0 (6.23)

For finding the invariant operators corresponding to the invariant field polynomials we construct in the usual way symmetric operators, which commute with the lowest order rigid Ward operators and the lowest order ST operator and this all done we identify the operators with invariant field polynomials. It is well-known that the invariant field polynomials are separated into two classes: The first one contains all invariant field polynomials, which are s_{Γcl} -variations. These invariants are generated by acting with symmetric field differentiation operators on the classical action and are connected with field redefinitions and anomalous dimensions. The second class comprises the invariants which are generated by differentiation with respect to independent parameters of the theory. These field polynomials are s_{Γcl} -invariants without being variations.

First we give a list of all symmetric field differentiation operators. Because the vectors, B-fields and ghosts are rotated from the SU(2) and U(1)-fields to mass eigenstates by the matrix O_{αa}(θ_W ) and δg_{αb}, the field differentiation operators are not purely leg counting operators, but mix massless and massive neutral fields. In the vector ghost sector we find the following invariant field differentiation operators

N_V = ∫ ( V_a δ δV_a − ρ_α δ δρ_α +^1 cos(θW −θG) (sin θGcZ + cos θW cA)(sin θW δ δc_Z + cos θ_G δ δc_A ) )

N̂_V = ∫ ( (sin θ_W Z + cos θ_W A)(sin θ_W δ δZ + cos θ_W δ δA ) +^1 cos(θW −θG) (sin θGcZ + cos θW cA)(sin θW δ δc_Z + cos θ_G δ δc_A ) )

N_B = ∫ ( B_a δ δB_a + c̄_a δ δc̄_a ) (6.24)

N̂_B = ∫ ( (sin θ_W B_Z + cos θ_W B_A)(sin θ_W δ δB_Z + cos θ_W δ δB_A ) +^1 cos(θW −θG) (sin θW c̄Z + cos θGc̄A)(sin θG δ δc̄_Z + cos θ_W δ δc̄_A ) )

N_c = ∫ ( c_+ δ δc_+ + c_− δ δc_− +^1 cos(θW −θG) (cos θGcZ − sin θW cA)(cos θW δ δc_Z − sin θ_G δ δc_A ) −σ_+ δ δσ_+ − σ_− δ δσ_− − σ_3 δ δσ_3 )

The symmetric field differentiation operators in the fermion sector have to commute also with the operators of lepton and quark family conservation. They are also not leg-counting operators for massive fermions, but involve the γ_5. It is convenient to split these operators into the ones for left-handed and right handed fields, which are both invariant operators: N^L_{Fδi} = ∫ ( F^L_{δi} δ δF^L_{δi} − Ψ^R_{δi} δ δΨ^R_{d,i} + δ δF^L_{δi} F^L_{δi} − δ δΨ^R_{δi} Ψ^R_{δi} ) δ = l, q (6.25)

N^R_{fi} = ∫ ( f^R_i δ δf^R_i − ψ^L_i δ δψ^L_i + δ δf^R_i f^R_i − δ δψ^L_i ψ^L_i ) f_i = e_i, d_i, u_i

The invariant scalar field differentiation operators comprise the ones of the propagating scalars and of external scalars. They are symmetric with respect to the rigid operators, if one includes the shift of the Higgs and external Higgs in the transformation.

N_S + v ∫ δ δH = ∫ ( ϕ_a δ δϕ_a + v δ δH − Y_a δ δY_a ) (6.26) N^_S + ζ̂v ∫ δ δĤ = ∫ ( ϕ̂_a δ δϕ̂_A + ζ̂v ∫ δ δĤ + q̂_a δ δq_a )

When acting on Γ_{cl} the invariant differentiation operators summarized in (6.24), (6.25) and (6.26) are in one to one correspondence with the field redefinition parameters listed in (5.137): (N_V − N_B) Γ_{cl} ←→ z_W (N̂_V − N̂_B) Γ_{cl} ←→^{tan θW +θZ} tan(θW +θA) N_c Γ_{cl} ←→ Z^g_{+−}

N_S Γ_{cl} ←→ z_H N^L_{Fli} Γ_{cl} ←→ z_{νi} N^L_{Fqi} Γ_{cl} ←→ z_{ui} N^R_{fi} Γ_{cl} ←→ z̃_{fi} (6.27)

The operators N_B, N̂_B and N_Ŝ correspond to field redefinitions of B-fields and external scalars, which are, however, fixed in the gauge fixing part to the ones of vectors, propagating scalars and coupling redefinitions (cf. (5.93)). Taking them as independent operators in the CS equation their coefficients are determined quite simply by a test on the local gauge fixing polynomial.

The invariant field polynomial, which corresponds to the field redefinition of the propagating into the external scalar, i.e. to the parameter x^o (5.110), is generated by the mixed field differentiation operator: Ñ_S + ζ̂v ∫ δ δH = ∫ ( ϕ̂_a δ δϕ_a + ζ̂v ∫ δ δH ) (6.28)

It is symmetric with respect to rigid symmetry but not with respect to the ST operator. The s_{Γcl} -invariant insertion is then given by

(Ñ_S + ζ̂v ∫ δ δH )Γ_{cl} + ∫ q_aĨ_{ab}Y_b (6.29)

Now we turn to the non-variations among invariant field polynomials. From the general classical symmetric solution they are read off by expanding the independent parameters (5.137) in perturbation theory. Equivalently they are generated by differentiating the classical action with respect to the independent parameters: These are the coupling e, which is the perturbative expansion parameter, and furthermore the mass ratios,^{MW}_{MZ} , for the weak interactions,^{mH}_{MZ} for the scalar interaction and^{mfi}_{MZ} for the Yukawa interactions. At this stage it is unavoidable to treat θ_G i.e. the ghost mass ratio as an independent parameter, because its differentiation corresponds to an independent insertion in the gauge fixing and ghost sector. Similarly it turns out that also the differentiation with respect to the both gauge parameters, ξ and ξ̂, has to be included. The differentiation with respect to parameters, which do not appear in the ST identity and the rigid Ward operators of the tree approximation immediately correspond to respective invariant field polynomials: m_H∂_{mH} , m_{fi} ∂_{mfi} , ξ∂_ξ, ξ̂∂_{ξ̂} (6.30) The differentiation with respect to the coupling e is not a rigid invariant, but has to be symmetrized by including the shift: the operator e∂_e − e∂_ev ∫ ( δ δH + ζ̂ δ δĤ ) = e∂_e + 2 e M_Z sin θ_W cos θ_W ∫ ( δ δH + ζ̂ δ δĤ ) (6.31) is s_{Γcl} - and rigid symmetric. Without using the local U(1)-Ward identity there would be seemingly invariant field polynomials corresponding to the lepton and quark family coupling G_{δi} . They are however singled out by deriving quite in analogy to (6.19) and (6.22), that the field polynomials Δ^4_m are U(1)-gauge invariant. This result finally relates also the β-functions of the coupling e and the mass ratio^{MW}_{MZ} to the anomalous dimensions (see (6.39)).

In order to find the s_{Γcl} -invariants of the mass ratios^{MW}_{MZ} and^{ζW MW}_{ζZMZ} it is not sufficient to expand the mass ratios only in the general symmetric classical action, but one has to take into account, that such a mass expansion concerns also the ST operator and Ward operators of rigid symmetry. This subtlety comes in, because these mass ratios take a twofold role: They appear in the field transformation matrices, which are introduced for constructing mass eigenstates (cf. (2.28) and (5.106)) , and they take at the same time the role of the abelian gauge coupling and the abelian coupling Ĝ, respectively (cf. (2.29) and (5.103)). Expanding the bare mass ratios in perturbation theory

cos θ^o_W = cos(θ_W + δθ_W ) cos θ^o_G = cos(θ_G + δθ_G) (6.32)

one finds from the general symmetric solution:

s^{(0)}_{Γcl} Γ^{(1)}_{inv}(δθ_W , δθ_G) + (δS)^{(1)}(Γ_{cl})(δθ_W , δθ_G) = 0 + O(h̄^2) (6.33)

with S(Γ) =(S^{(0)} + δS^{(1)})(Γ) + O(h̄^2) (6.34) Corresponding to these expressions differentiation with respect to θ_W as well as θ_G are not s_{Γcl} -invariant operators, because their action on Γ_{cl} produces only Γ^{(1)}_{inv} . In addition one has to enlarge them both with mixed massless – massive field differentiation operators for being s_{Γcl} -invariant operators: ~∂_{θW} ≡ ∂_{θW} + ∫ ( A δ δZ − Z δ δZ + B_A δ δB_Z − B_Z δ δB_A )

+^1 cos(θW −θG) ∫ c_A ( δ δc_Z + sin(θ_W − θ_G) δ δc_Z )

−^1 cos(θW −θG) ∫ ( c̄_Z + sin(θ_W − θ_G)c̄_A ) δ δc̄_A (6.35) ~∂_{θG} ≡ ∂_{θG} −^1_{cos(θW −θG)} ∫ c_Z ( δ δc_A + sin(θ_W − θ_G) δ δc_Z )

+^1 cos(θW −θG) ∫ ( sin(θ_W − θ_G)c̄_Z + c̄_A ) δ δc̄_Z (6.36)

The operator ~∂_{θG} is a symmetric operator with respect to rigid symmetry, whereas ~∂_{θW} has to be enlarged by the contributions from the shift, because it acts on v already in the lowest order. The operator ~∂_{θW} − ∂_{θW} v ∫ ( δ δH + ζ̂ δ δĤ ) = ~∂_{θW} − 2 e M_Z cos2θ_W ∫ ( δ δH + ζ̂ δ δĤ ) (6.37)

is then also rigid symmetric.

Acting with the symmetric operators (6.24), (6.25), (6.26), (6.30), (6.31), (6.36) and (6.37) on the classical action one produces together with the polynomial (6.29) a complete basis for the hard breakings of the symmetric dilatational operator (6.15) in 1-loop order. Therefore it is possible to give the dilatational anomalies in the form of a CS equation, i.e. as a linear combination of differential operators. Writing all the soft breakings produced by symmetrization with respect to the shift on the r.h.s we get the CS equation of the standard model in 1-loop order: ( m∂_m + β_ee∂_e − β_{MW} ~∂_{θW} + β_{mH} m_H ∂_{mH} + N_F∑ i=1 ∑ f β_{mfi} m_{fi} ∂_{mfi} (6.38) − γ_V (N_V − N_B + 2ξ∂_ξ + 2ξ̂∂^_ξ + sin θ_G cos θ_G ~∂_{θG} ) − γ_cN_c − γ̂_V (N̂_V − γ̂_BN̂_B + 2(ξ + ξ̂)∂^_ξ) − γ_S N_S − γ^_SN^_S − γ̃_SÑ_S − N_F∑ i=1 (γ_{Fli} N^L_{Fli} + γ_{Fqi} N^L_{Fqi} + γ_{ei} N^R_{ei} + γ_{ui} N^R_{ui} + γ_{di} N^R_{di} ) ) Γ^{(≤1)} | | |_^ φo=0 = ∫ ( (1 + β_ee∂_e − β_{MW} ∂_{θW} )v ( δΓ δH + ζ̂ δΓ δĤ ) + v(γ_S + γ̃_S ) δΓ δH + ζ̂vγ_Ŝ δΓ δĤ + m^2_H 2 δΓ δφ̂_o )

+ ∫ γ̃_Sq̂_aĨ_{ab}Y_b + Δ^{≤3}_m

On the right hand side we have also collected all local lower dimensional 1-loop breakings, which are not classified by the lowest order symmetries, into Δ^{≤3}_m . When finally the ST identity and Ward identities are established, we are able to prove that Δ^{≤3}_m is vanishing. The CS equation takes then essentially this form to all orders, in particular the number of independent operators we have introduced is exhausted by the list giving above. It is only the explicit form of higher order operators, which is changed due to the symmetrization with respect to the general Ward operators and the generalized ST identity.

Calculating the commutator of the CS operator and the local U(1)-Ward operator yields the abelian relation between the β-functions and anomalous dimensions.

β_e = sin θ_W cos θ_W β_{MW} + γ_V + γ̂_V (6.39)

In the CS equation we have already inserted the result, which comes out from the test on the local B-dependent part of the action (5.77) and (5.81). In addition one derives for the anomalous dimension of the external scalars γ̂_S in the QED-like parameterization (5.79) γ_Ŝ = β_e + cos θ_W sin θ_W β_{MW} + γ_V − γ_S (6.40)

whereas γ̃_S is an independent anomalous dimension and can be determined on the mixed external – propagating scalar 2-point functions. This function is only important, when one wants to interpret ϕ̂_a as a background field.

We want to give here the results for the β-functions and anomalous dimensions of the vector-scalar sector. A complete list of the β-functions can be found in [47]. The β-functions of the electromagnetic coupling and the vector mass ratio are determined to

β_e = − e^2 24 · 4π^2 ( 42 −^{64}_3 N_F )

β_{MW} = − e^2 4 · 24π^2 sin θ_W cos θ_W ( (43 − 8N_F ) − (42 −^{64}_3 N_F ) sin^2 θ_W ) . (6.41)

The remarkable point is, that the β-function of the electromagnetic coupling is indeed QED-like in the sense, that it does not involve mass ratios, as does β_{MW} . In contrast to QED it involves the nonabelian contributions of the charged vectors. This has as a consequence that the sign of β_e is negative, if one considers the standard model without fermions or includes only one family. The anomalous dimensions of vectors in general gauges compatible with rigid symmetry are given by

γ_V = e^2 4π^2 sin^2 θ_W ( 6ξ − 25 24 + 1 3 N_F ) (6.42)

γ̂_V = e^2 4π^2 ( − 6ξ − 25 24 sin^2 θ_W + 1 24 cos^2 θ_W + −3 + 8 sin^2 θ_W 9 sin^2 θ_W cos^2 θ_W N_F ) , (6.43)

The CS-functions (6.41) and (6.42) are seen to fulfil the abelian relation (6.39).

Because the anomalous dimension γ_V is nonvanishing, the coefficient of the ghost mass differentiation ∂_{θG} is also nonvanishing and the ghost angle has therefore to be treated as an independent parameter. This proves finally that the ghost mass ratio gets independent higher order corrections. A choice compatible with renormalizability is to set all ghost masses equal, i.e. θ_G = 0. Such a choice, however, is connected with nondiagonal vectorscalar propagators and not adequate for concrete calculations. Similarly it is seen that also the abelian gauge parameter ξ̂ is an independent parameter of the theory.

Before we turn to the higher order breakings of the ST identity and Ward identities we want to consider the off-shell infrared problem as it appears in the CS equation. Because Δ_m has infrared dimension 2, it has to be proven explicitly that the insertions ∫ A_μA^μ , c̄_Ac_A, H (6.44) do not appear on the r.h.s. The proof is carried out best by using the Zimmermann algebraic identities, which relate insertions of infrared dimension 2 to insertions with infrared dimension 3. (The technique has been presented and applied for deriving the CS equation in the spontaneously broken Higgs-Yukawa model [49] and works here in the same way.) Then the r.h.s. contains all the 2-dimensional field polynomials explicitly and one is able to test the CS equation with respect to these field polynomials at p^2 = 0. Due to the existence of the field mixing operators appearing e.g. in N̂_V , and in the operator ~∂_{θW} the l.h.s. will only vanish, if the mixed 2-point functions of massless and massive fields vanish at p^2 = 0: Γ_{ZA} | | | p^2=0 = 0 Γc̄^Z c^A | | | p^2=0 = Γc̄^Ac^Z | | | p^2=0 = 0 (6.45)

Otherwise, nonintegrable infrared divergencies appear to the next order and make it impossible to derive the CS equation of higher orders.

7. Higher orders

7.1. The quantum numbers of higher orders breakings

We complete now the analysis of the renormalization of the standard model by proving, that the ST identity (5.19), Ward identities of rigid symmetry (5.20) and local U(1)- symmetry (4.69) can be established in the general form as given in section 5.2 to all orders and lead to unique expressions for finite renormalized Green functions. The basic ingredient of this proof is the action principle in its quantized version, as it is valid in presence of massless particles in the framework of the BPHZL scheme [35, 39]. If the symmetries are established to a definite order n in perturbation theory, the breakings of the next order are restricted to be local field polynomials with definite ultraviolet and infrared degree:

(S(Γ))^{(≤n−1)} = 0 (W_α(Γ))^{(≤n−1)} = 0 =⇒ (S(Γ))^{(≤n)} = Δ^{(n)}_{brs} (W_α(Γ))^{(≤n)} = Δ^{(n)}_α

(7.1)

with dim^{UV} Δ^{(n)}_{brs} ≤ 4 dim^{UV} Δ^{(n)}_α ≤ 4 dim^{IR} Δ^{(n)}_{brs} ≥ 3 dim^{IR} Δ^{(n)}_α ≥ 2

(7.2)

The ultraviolet degree of the breakings is deduced from a pure power counting analysis of renormalizable quantum field theory, but the infrared degree is assigned due to the

BPHZL scheme. The BPHZL scheme implements those normalization conditions in the scheme, which have to be fulfilled for being able to carry out infrared finite computations for off-shell Green functions in presence of massless particles. Having the Green functions constructed in a different scheme as dimensional regularization these normalization conditions have to be established finally by adjusting local counterterms. The conditions, which ensure infrared finitiness for off-shell Green functions are read off form the BPHZL-scheme: Γ_Zμ_Aν (p^2 = 0) = 0 Γ_{Yχ cA} (p^2 = 0) = 0 Γ_{c̄AcZ} (p^2 = 0) = 0

Γ_Aμ_Aν (p^2 = 0) = 0 Γ_{c̄Z cA} (p^2 = 0) = 0 Γ_{c̄AcA} (p^2 = 0) = 0

(7.3)

The breakings are furthermore restricted by the global symmetries, i.e. by electromagnetic charge conservation (4.14)

W_{em}Δ^{(n)}_{brs} = 0

W_{em}Δ^{(n)}_± = ∓iΔ^{(n)}_± W_{em}Δ^{(n)}_3 = 0

(7.4)

by Faddeev-Popov charge conservation

W_{ϕπ}Δ^{(n)}_{brs} = Δ^{(n)}_{brs} W_{ϕπ}Δ^{(n)}_α = 0

and by conservation of lepton and quark family number (4.15)

W_{δi} Δ^{(n)}_{brs} = 0 W_{δi} Δ^{(n)}_α = 0

The algebraic restrictions on the breakings derived from nilpotency of the ST operator (4.9), algebra of Ward operators (4.10) and the consistency equation (4.13) read:

s_{Γcl} Δ^{(n)}_{brs} = 0 + O(h̄^{n+1}) (7.5) W_αΔ^{(n)}_β − W_βΔ^{(n)}_α = ε_{αβγ}Ĩ_{γγ}′ Δ^{(n)}_γ′ + O(h̄^{n+1}) (7.6) s_{Γcl} Δ^{(n)}_α − W_αΔ^{(n)}_{brs} = 0 + O(h̄^{n+1}) (7.7)

The symmetry operators involved are the ones of the tree approximation, because higher order contributions are not effective when acting in perturbation theory on a polynomial of order h̄^n.

In the higher order analysis one has to find all the breakings compatible with quantum numbers and symmetries, and one has to prove, that they can be absorbed into a redefinition of the ST operator, the Ward operators of rigid symmetry and by adjusting finite counterterms, without destroying the on-shell normalization conditions on the 2-point functions. This computation is well-defined and can be carried out straightforwardly. However, there are a lot of terms which have to be considered in the standard model, even if CP-invariance is assumed. The analysis is simplified enormously, when we take advantage of the fact, that the breakings are also classified under the symmetric dilatational operator W^D_{sym} (6.15), and when we finally use the knowledge about local symmetry invariants. These local invariants have been completely characterized, when we solved the ST identiy and Ward identities in the classical approximation in generality without using a perturbative expansion and explicit form of the operators.

We proceed now as follows: First we consider the breakings of the ST identity and classify them in variations and non-variations, the anomalies (section 7.2):

Δ^{(n)}_{brs} = s_{Γcl} Γ^{(n)}_{gen} + r^{(n)}Δ^{anom}_{brs} (7.8)

Here Γ^{(n)}_{gen} is a general local field polynomial with quantum numbers of the classical action and UV dimension less than four. One is not able to exclude at this stage field polynomials of infrared dimension three. It is well-known, that there are anomalies in the standard model, which are given in the next section. The anomalies have to be shown to vanish – in the 1-loop order by inspection of diagrams, in higher orders by applying the non-renormalization theorems. These theorems state, that the anomalies of the ST identity vanish in higher orders, if they vanish in lowest order ([46] and references therein). Application of the non-renormalization theorems to the standard model will be considered elsewhere and we take its validity as granted for the purpose of the paper. The variations we absorb as far as possible into finite counterterms to the action. In particular, breakings of IR dimension three cannot be absorbed into counterterms for reasons of infrared definiteness, although they are variations. Then we establish Ward identities of rigid symmetry and are finally able to define a unique ST identity (section 7.3). In this analysis we do not have to consider tests with respect to B-field and with respect to antighosts, because this part has been already constructed in agreement with the symmetries by solving the ghost equation (see section 5.4). In particular we can carry out the variable transformation ρ_α → ρ^′_α and Y_a → Y^′_a as given in (5.81) and establish the symmetries on Γ^{nl}(ρ^′, Y^′_a), as usually done (cf. e.g [3]). When we have established both, the rigid Ward identities and the ST identity, the abelian local Ward identity is identified. Its breakings are known to be total divergencies. The variations can be absorbed into a redefinition of the lepton and quark couplings of the abelian subgroup and the anomalous currents vanish, if the anomalies in the ST identity vanish. At the very end one has one single unspecified parameter, which is not fixed on the 2-point functions. This parameter can be finally adjusted to be the electromagnetic fine structure constant in the Thompson limit (5.73), as it is done in the QED-like on shell schemes (see for a review [22] and references therein).

7.2. The cohomolgy and the Adler-Bardeen anomaly

In the first step we concentrate completely in finding the non-variations of the breakings under the ST identity, the Adler-Bardeen anomalies [17, 18, 19]. In the construction of the Callan-Symanzik equation we have shown that anomalies of the ST identity can appear only in the 4-dimensional field polynomials (6.19). This analysis is valid to all orders, once the CS equation is established to all orders (section 7.4). W^D_{sym}Δ^{anom}_{brs} = 0 (7.9) all lower dimensional polynomials have been already seen to be variations. The consistency equation with the rigid transformation operators furthermore tells that only rigid invariant field polynomials can contribute to the anomaly:

W_αΔ^{anom}_{brs} = 0 (7.10)

Therefore the algebraic problem can be indeed formulated in symmetric variables α = +, −, 3, 4: c_α = δĝ_{αb}c_b V_α = O_{αa}(θ_W )V_b

H^′ = H + v Ĥ^′ = Ĥ + ζ̂v (7.11)

and the analysis is the same as one has to carry out in the symmetric theory. Here we see in the abstract approach that ultraviolet divergencies of the spontaneously broken theories are not worse than the ones of the symmetric theory [7, 8].

Since we have split off the transformation of the abelian component in the ST identity, the external field part is essentially treated as in a SU(2) gauge theory. Therefore we remain finally with polynomials depending on vectors, scalars and fermions and arrive at the well-known Wess-Zumino consistency condition [51]:

w_αP_β − w_βP_α = ε_{αβγ}Ĩ_{γγ}′ P_γ′ (7.12)

where w_α are the gauge transformations of the tree approximation given in (2.35) and P_α is a 4-dimensional polynomial depending only on the propagating fields of the standard model: Δ^{anom}_{brs} = ∫ c_aO^T_{aα}(θ_W )P_α(V_a, ϕ_a, f^L_i , f^R_i ) (7.13)

The solution of the consistency equation has been analyzed quite generally in [21] and can be evaluated in the standard model without further complications. Having CPinvariance there are even no abelian contributions, which escape the algebraic treatment of consistency, because those terms are CP odd. We end up with the following explicit expression for the anomalies (a = +, −, Z, A are physical field indices, O(θ_W ) is defined in (2.28): Δ^{anom}_{brs} = r_1 ∫ ε_{μνρσ}O_{4a}(θ)c_a∂^μ ( O_{4b}(θ_W )V^ν_b ∂^ρO_{4c}(θ_W )V^σ_c ) (7.14)

+ r_2 ∫ ε_{μνρσ}O_{4a}(θ_W )c_a∂^μ ( V^ν_b Ĩ_{bc}∂^ρV^σ_c − 1 3 ε̂_{bcd}(θ_W )V^ν_b V^ρ_c V^σ_d )

with ε̂_{abc} = ε_{αβγ}O_{αa}(θ_W )O_{βb}(θ_W )O_{γc}(θ_W ) (7.15) The form of the anomaly is unique up to the addition of BRS-variations. The general classical action contains two rigid invariant field polynomials in vectors which are odd under parity transformations:

Γ^P_{cl}(V_a) = ∫ ε_{μνρσ}O_{4a}(θ_W )V^μ_a (k_1V^ν_b Ĩ_{bc}∂^ρV^σ_c + k_2ε̂_{abc}V^μ_a V^ν_b V^ρ_c V^σ_4 ) (7.16)

We have used the s_{Γcl} -variations of these field polynomials to bring the anomaly in the form given above, where it only depends on the abelian ghost combination.

In 1-loop order the coefficients of the anomaly vanish. One has to note that the purely abelian part vanishes due to electromagnetic current conservation and therefore depends crucially on establishment of a local Ward identity in connection with electromagnetic current conservation.

In the following, we assume that the non-renormalization theorems on the Adler- Bardeen is valid, if we are able to prove a local abelian Ward identity and establish the Callan-Symanzik equation order by order in perturbation theory. These two equations are the necessary prerequisite for proving the non-renormalization theorems in higher orders [46].

7.3. The establishment of symmetries

We start the consideration in 1-loop order and take for the lowest order the usual standard model Lagrangian as given in section 2. If one calculates the finite Green functions Γ^{ren} with the Feynman rules of the tree approximation in a specific scheme to 1-loop order, the ST identity is in general broken by the local field polynomial Δ_{brs}:

(SΓ^{ren})^{(≤1)} = Δ_{brs} (7.17)

Because the coefficient of the anomaly vanishes in 1-loop order, the breaking can be rewritten as a variation of integrated field polynomials:

Δ_{brs} = s_{Γcl} Γ^{(1)}_{gen} (7.18) and dim^{UV} Γ^{(1)}_{gen} ≤ 4 dim^{IR} Γ^{(1)}_{gen} ≥ 3 (7.19)

In the BPHZL scheme it is obvious that we do not have to introduce counterterms with respect to a photon mass term, because the variation of the photon mass term has infrared dimension 2. s_{Γcl} ∫ A^μA_μ = ∫ 2∂^μc_AA_μ + ... (7.20)

But all further field polynomials appear in principle in Γ^{(1)}_{gen}. In order to be able to establish the on-shell conditions and conditions on the residua of all propagating fields, we have to show that we have not to dispose of those field polynomials which are fixed by the normalization conditions. These field polynomials are listed in (5.13). Due to the fact that we have eliminated the antighost contributions by using the ghost equations (5.81), the normalization conditions specified on the ghost 2-point functions, are now translated into normalization conditions on the external field part. Explicitly we are not able to dispose of the terms Y_χc_Z and Y_χc_A for establishing on-shell conditions without introducing infrared divergencies (cf. eqs. (5.115), (5.116) and also (7.4)). The terms ρ_αa^g_{αb}∂c_b are kept arbitrary and are finally adjusted on the residua of ghost propagators. Therefore we find the following list of field polynomials, which are not available for adjusting finite counterterm contributions Γ^{gen}_{bil} = ∫ ( −^1_4 (∂^μV^ν_a − ∂^νV^μ_a )Z^V_{ab}(∂_μV_{νb} − ∂_ν V_{μb})+^1_2 V^μ_a M^V_{ab}V_{μb}

+^1_2 ∂^μϕ_aZ^S_{ab}∂_μϕ_b −^1_2 M^2_H H^2(x)

+ iZ^R_{fi}f̄^R_i ∂/f^R_i + iZ^L_{fi}f̄^L_i ∂/f^L_i − M_{fi} (f̄^R_i f^L_i + f̄^R_i f^L_i ) + ρ^μ_αa^g_{αb}∂_μc_b + Y_χm^g_{χb}c_b ) (7.21)

These terms can be eliminated if they are in one to one correspondence with s_{Γcl} - invariants. From the detailed considerations of the classical approximation it is seen, that there are left three polynomials, namely ∫ Z^μA_μ, ∫ Y_χc_Z and ∫ Y_χc_A which do not correspond to s_{Γcl} -invariants. Therefore we are able to write

Δ_{brs} = s_{Γcl} Γ^′_{break} + u_1s_{Γcl} ∫ M^2_Z Z^μA_μ + u^′_2M_Z s_{Γcl} ∫ Y_χc_Z + u^′_3M_Zs_{Γcl} ∫ Y_χc_A = s_{Γcl} Γ_{break} + u_1s_{Γcl} ∫ ( A^μ δ δZ^μ − Z^μ δ δA^μ ) Γ_{cl} +u_2s_{Γcl} ∫ (sin θ_W c_Z + cos θ_W c_A) ( sin θ_W δ δc_Z + cos θ_W δ δc_A ) Γ_{cl} +u_3s_{Γcl} ∫ (cos θ_W c_Z − sin θ_W c_A) ( sin θ_W δ δc_Z + cos θ_W δ δc_A ) Γ_{cl} (7.22)

There we have rewritten the field polynomials with infrared dimension 3 into field operators acting on the classical action, and have the remaining terms shifted into Γ_{break}. Γ_{break} consists of all integrated CP-even field polynomials except the ones listed in (7.21), i.e. it has especially infrared dimension 4. Applying the consistency equation between the Ward operators of rigid symmetry and the ST identity (7.5) we find that the breakings of the Ward operators take the following form: ( W_αΓ^{ren} )_{(≤1)}

= Δ^{inv}_α + W_αΓ_{break} + u_1W_α ∫ ( A^μ δ δZ^μ − Z^μ δ δA^μ ) Γ_{cl} (7.23)

+u_3W_α ∫ (cos θ_W c_Z − sin θ_W c_A) ( sin θ_W δ δc_Z + cos θ_W δ δc_A ) Γ_{cl} Δ^{inv}_α comprises all field polynomials, which are s_{Γcl} -invariants.

s_{Γcl} Δ^{inv}_α = 0 (7.24)

Considering the list of all possible breakings compatible with the algebra of rigid symmetry and discrete and global symmetries it is seen, that Δ^{inv}_α itself can be written as a s_{Γcl} and W_α-variation. Explicitly we find the following list of contributions:

Δ_α = W_α (∑ k u_kN_kΓ_{cl} + ∫ v^{(1)} δ δH Γ_{cl} ) (7.25)

and N_k comprises the following field operators N_{ZA} = ∫ ( Z δ δZ + A δ δA + c_Z δ δc_Z + c_A δ δc_A − ρ_3 δ δρ_3 − σ_3 δ δσ_3 ) (7.26) N ~_{ZA} = ∫ (( sin θ_W Z + cos θ_W A )( cos θ_W δ δZ − sin θ_W δ δA ) − ρ_3∂(sin θ_W c_Z + cos θ_W c_A) + ( sin θ_W c_Z + cos θ_W c_A )( cos θ_W δ δc_Z − sin θ_W δ δc_A ))

N_{cZcZ} = ∫ (( cos θ_W c_Z − sin θ_W c_A )( cos θ_W δ δc_Z − sin θ_W δ δc_A ) −σ_3 δ δσ_3 )

N ~_{cZ cA} = ∫ ( sin θ_W c_Z + cos θ_W c_A )( cos θ_W δ δc_Z − sin θ_W δ δc_A )

N_{ϕ+} = ∫ ϕ_+ δ δϕ_+ + ϕ_− δ δϕ_− − Y_+ δ δY_+ − Y_− δ δY_− N_χ = ∫ ( χ δ δχ − Y_χ δ δY_χ )

N_{ei} = ∫ ( e^L_i δ δe^L_i + δ δe^L_i e^L_i − ψ^R_{ei} δ δψ^R_{ei} − δ δψ^R_{ei} ψ^R_{ei} )

N_{di} = ∫ ( d^L_i δ δd^L_i + δ δd^L_i d^L_i − ψ^R_{di} δ δψ^R_{di} − δ δψ^R_{di} ψ^R_{di} )

For absorbing these polynomials into the Ward operators (5.20) we have finally to note that the expansion of the coefficients to 1-loop order can be also rewritten into a field differentiation acting on Γ_{cl}. Denoting with W^{(0)}_α the Ward operator of the tree approximation (2.112) then we write

W_α = W_α^{(0)} + δW^{(1)}_α + O(h̄^2) (7.27)

with

δW^{(1)}_α Γ_{cl} = W^{(0)}_α ∫ ( δr_ZZ δ δZ + δr_AA δ δA + δθ^V (Z δ δA − A δ δZ ) (7.28)

+ δr^g_{33} ( cos θ_W c_Z − sin θ_W c_A )( cos θ_W δ δc_Z − sin θ_W δ δc_A )

+ δr^g_{34} ( cos θ_W c_Z − sin θ_W c_A )( sin θ_W δ δc_Z + cos θ_W δ δc_A )

+ δr^g_{43} ( sin θ_W c_Z + cos θ_W c_A )( cos θ_W δ δc_Z − sin θ_W δ δc_A )

+ δr^S_+N_{ϕ+} + δr^S_χN_χ + N_F∑ i=1 (δr_{li}N_{ei} + δr_{qi}N_{di} ) + δv δ δH ) Γ_{cl} Therefrom it is seen that the scalar and fermion contributions are immediately absorbed into a redefinition of the tree Ward operators compatible with the algebra. For the ghosts and vectors only parts of the invariants are absorbed, but a straigthforward calculation shows that all the remaining contributions can be shifted into a Γ̂_{break}, which again includes only interaction terms. Therefore we remain with ( WΓ^{ren} )_{(≤1)}

= −δW^{(1)}_α Γ_{cl} + W_α(Γ_{break} + Γ̂_{break}) (7.29)

If one goes back with these expressions to the ST identity we have now for reasons of consistency to split off therein the corresponding contributions δS^{(1)}, because otherwise the consistency relations are not valid to the next order.

S(Γ^{ren})^{(≤1)} = −δS^{(1)}Γ_{cl} + s_{Γcl} (Γ_{break} + Γ̂_{break}) (7.30)

where

δS^{(1)}Γ_{cl} = s_{Γcl} ∫ ( δr_ZZ δ δZ + δr_AA δ δA + δθ^V (Z δ δA − A δ δZ ) (7.31)

+ δr^g_{33} ( cos θ_W c_Z − sin θ_W c_A )( cos θ_W δ δc_Z − sin θ_W δ δc_A )

+ δr^g_{34} ( cos θ_W c_Z − sin θ_W c_A )( sin θ_W δ δc_Z + cos θ_W δ δc_A )

+ δr^g_{44} ( sin θ_W c_Z + cos θ_W c_A )( sin θ_W δ δc_Z + cos θ_W δ δc_A )) Γ_{cl} Defining the generating functional of Green functions of the standard model by

Γ = Γ_{cl} + Γ^{ren} − Γ_{break} − Γ̂_{break} + O(h̄^2) (7.32) and the Ward operators and ST operator to 1-loop order by

W_α = W^{(o)}_α + δW^{(1)}_α S(Γ) = S^{(0)}(Γ) + δS^{(1)}(Γ) (7.33)

we have proceeded to absorb all breakings into counterterms of the action and a redefinition of the symmetry operators compatible with the algebra.

S(Γ) = 0 + O(h̄^2) W_αΓ = 0 + O(h̄^2) (7.34)

The field polynomials, on which the normalization conditions on the 2-point functions are established, are not touched in the construction. It is worth to note that at higher orders as it was in the classical approximation the ST identity is only completely specified, if we construct simultanouesly the Ward identities of rigid symmetry. By now we have suppressed those contributions which depend on the external field ϕ̂_a. They do not contribute to anomalies and the absorption of their breakings proceeds as in [50], where we have carried out the same analysis in the abelian Higgs model.

Since we have only determined the normalization conditions on the 2-point functions in the above construction, the finite Green functions are not unique by now. First we have to fix the remaining coupling constant by a normalization condition on an interaction vertex as given e.g in (5.73). From the construction of the general classical invariant action it is seen, that furthermore the abelian couplings of fermions are not specified. The contributions which remain arbitrary can be read off from the fermionic part Γ^{gen}_{matter} (5.60) and the external field part Γ^{gen}_{ext.f.} (5.64) of the general invariant classical action. They are obtained in their explicit form by expanding G_{δi} to 1-loop order and setting all other coefficients to their tree value. We denote with Γ_{δi} the corresponding s_{Γcl} -invariant field polynomials. Γ^′ = Γ + N_F∑ i=1 ∑ δ=l,q G^{(1)}_{δi} Γ_{δi} (7.35)

and Γ and Γ^′ satisfy both the ST identity and rigid Ward identities in the same form.

For fixing these undetermined parameters one has to use the local U(1) Ward identity (4.69). Having constructed Γ in accordance with ST identity and rigid symmetry, it is obvious that the abelian Ward identity is only broken by total divergencies in 1-loop order. Consistency (4.68) furthermore restricts the breakings to be again s_{Γcl} -invariants and rigid invariants. One has ( e cos θ_W w^Q − ∂ ( 1 r_Z sin Θ δ δZ + 1 r_A cos Θ δ δA )) Γ (7.36)

= 2^{( 1}_{rZ} sin ΘBZ +^1_{rA} cos ΘBA^) +δg_1∂_μj^{matter}_μ + δg_{δi}∂_μj^{δi} + r_i∂_μJ^{anom}_i + O(h̄^2)

The breakings are given by ∂^μj^{matter} μ = w^QΓ_{cl} ∂^μj^{δi}_μ = w_{δi} Γ_{cl} (7.37)

w_{δi} denotes the non-integrated version of the operators of lepton and quark familiy conservation (4.15). The anomalous contribution is determined to ∂^μJ^{anom}_μ = r_1 ∫ ε_{μνρσ}∂^μ ( O_{4b}(θ_W )V^ν_b ∂^ρO_{4c}(θ_W )V^σ_c ) (7.38)

+ r_2 ∫ ε_{μνρσ}∂^μ ( V^ν_b Ĩ_{bc}∂^ρV^σ_c − 1 3 ε̂_{bcd}(θ_W )V^ν_b V^ρ_c V^σ_d )

The coefficients of the anomalous currents in the Ward identity are related to the ones of the ST identity. (This can be seen by establishing the abelian Ward identity as a s_{Γcl} -variation of a ghost equation.) In particular, they vanish in 1-loop order, and they vanish to all orders, if the non-renormalization theorems are valid in the standard model. Vanishing of the purely abelian current anomaly to all orders can be proved only by means of the local abelian Ward identity [46].

The absorption of non-anomalous currents proceeds as in the classical approximation (cf. (5.70) – (5.73)): The lepton and quark family currents are absorbed by fixing the by now undetermined constants G^{(1)}_{δi} in (7.35) and the matter current ∂j^{matter} is absorbed into the overall normalization of the Ward identity.

The finite renormalized Green functions are constructed in 1-loop order uniquely: They satisfy the ST identity, the Ward identities of rigid symmetry and the local abelian Ward identity. The 2-point functions of physical fields and of Faddeev-Popov ghosts have one particle properties, and especially the mass matrices of massiv massless particles are diagonalized at p^2 = 0. This property ensures that the Green functions of the next order exist in renormalized perturbation theory.

7.4. Induction to all orders

Having constructed the Green functions of 1-loop order in accordance with the symmetries and in accordance with off-shell infrared existence (7.3), the action principle can be applied to the renormalized Green functions of the next order in the same way, as it applied, when we proceeded from lowest order to 1-loop (7.17) and (7.18). For this reason we are able to carry out the proof to all orders by induction (7.1). Assuming that the ST identity (5.19), the Ward identities of rigid symmetry (5.20) and the local U(1) Ward identity (4.69) are established for the Green functions to order n − 1, then one can make the induction step to order n. The important point is the fact that the UV dimension and IR dimension of the breakings is not changed, because the counterterms, we had to add for establishing the symmetries, are compatible with UV and IR dimension 4. In particular, the Γ_{eff} , which governs the perturbative expansion of Green functions in the BPHZL scheme, is a 4-4 insertion (see [3] for details).

Because the one-loop breakings have been absorbed in accordance with the algebraic properties and the consistency equation

s_ΓS(Γ) = 0 for any Γ (7.39) s_Γs_Γ = 0 if S(Γ) = 0 W_αS(Γ) − s_ΓW_αΓ = 0 for any Γ [ W_α, W_β ] = ε_{αβγ}Ĩ_{γγ}′ W_γ′ the breakings of order n are algebraically characterized by (7.5). Therefore we are able to proceed from order n − 1 to order n in the same way as from lowest order to 1-loop order, since we did not use explicit expressions of 1-loop order, but only algebraic and power counting properties.

The only ingredient of 1-loop order has been the characterization of the anomaly candidates by the CS equation (7.9). In order to close the arguments we have finally to derive the Callan-Symanzik to order n − 1. The CS equation of 1-loop is given in (6.38). Since the symmetries are established to order n the the unsymmetric soft field polynomial Δ^{≤3}_m vanishes. The construction of the higher order CS equation proceeds for the hard breakings as given in section 6.2, especially there are the same number of independent parameters and s_{Γcl} -invariants. All differentiations with respect to couplings and mass parameters act on the parameters, which appear in higher orders as corrections in the ST identity and the Ward identities of rigid symmetry. As it is for the differentiation with respect to M_W (6.35) in 1-loop order, they have all supplemented by field operators in order to commute with the ST operator and Ward operators of rigid symmetry. The explicit expressions can be read off from eqs. (7.28) and (7.30) and will be given in detail elsewhere. We denote with ~∂_λ, λ = e, m_H, m_{fi}, θ_W , θ_G the rigid and s_{Γcl} symmetric operators of higher orders. (The weak mixing angle and the ghost angle are given by the on-shell definition (5.107)). Also the higher order field differentiation operators (6.24), (6.25) and (6.26), which correspond to the anomalous dimensions, are modified in an obvious way. The soft breakings of the CS equation are constructed as in the tree approximation, because they are completely characterized by their algebraic properties. The CS equation is then finally given by ( m∂_m + β_ee ~∂_e − β_{MW} ~∂_{θW} + β_{mH} m_H ~∂_{mH} + N_F∑ i=1 ∑ f β_{mfi} m_{fi} ~∂_{mfi} (7.40)

− γ_V (N_V − N_B + 2ξ∂_ξ + 2ξ̂∂^_ξ) − β_{θG} ~∂_{θG} − γ_cN_c − γ̂_V (N̂_V − γ̂_BN̂_B + 2(ξ + ξ̂)∂^_ξ) − γ_S N_S − γ^_SN^_S − γ̃_SÑ_S − N_F∑ i=1 (γ_{Fli} N^L_{Fli} + γ_{Fqi} N^L_{Fqi} + γ_{ei} N^R_{ei} + γ_{ui} N^R_{ui} + γ_{di} N^R_{di} ) ) Γ | |_^ φo=0 = ∫ (( (1 + ∑ λ β_λ∂_λ)v ) δΓ δH + ( (1 + ∑ λ β_λ∂_λ)ζ̂v ) δΓ δĤ +v(γ_S + γ̃_S) δΓ δH + ζ̂vγ_Ŝ δΓ δĤ + m^2_H 2 δΓ δφ̂_o ) + ∫ γ̃_Sq̂_aĨ_{ab}Y_b Infrared existence of the CS equation can be proved as in 1-loop order, since the conditions for off-shell infrared existence (7.3) have been maintained in the construction of symmetry operators.

With the establishment of the CS equation the construction of standard model Green functions to all orders is completed. The ST identity and Ward identities of rigid symmetry S(Γ) = 0 W_αΓ = 0 (7.41) the local abelian Ward identity ( g_1w^Q − ∂ ( 1 r_Z sin Θ δ δZ + 1 r_A cos Θ δ δA )) Γ = 2^{( 1}_{rZ} sin ΘBZ +^1_{rA} cos ΘBA^) (7.42)

with w^Q ≡ w_{em} − w_3 (7.43)

define uniquely the Green functions of the standard model of electroweak interactions to all orders of perturbation theory in the on-shell scheme.

8. Conclusions and outlook

In this article we have constructed the finite renormalized Green functions of the standard model of electroweak interactions to all orders of perturbation theory. Special attention has been paid to the construction of 2-point functions in the on-shell scheme. Only if the Green functions have one-particle properties in the LSZ-limit (apart from the problem of unstable particles), can one proceed to construct the S-matrix and finally prove unitarity of the physical S-matrix. These properties are the main requirements for being able to interpret a quantum field theory as a physical theory of fundamental interactions. Since the standard model contains massless particles, mass diagonalization of massless and massive fields is connected with off-shell infrared existence of finite renormalized Green functions.

The analysis has been carried out using the method of algebraic renormalization, which until now was applied mainly to theories with semisimple gauge groups. In order to apply the method to the standard model with the non-semisimple SU(2) × U(1) group we had to generalize the method of algebraic renormalization at some points. In particular, we had to obtain the symmetry operators by means of their algebraic properties instead of postulating them in an explicit form a priori. The parameters, which appear in the general solution of the algebra, correspond to field redefinitions of individual fields and, in particular, to non-diagonal field redefinitions of neutral massive/massless fields. The adjustment of the latter parameters is essential for diagonalizing the mass matrix of neutral vectors at p^2 = 0. Due to the non-semisimple group structure, the abelian component of the action contains additional free parameters, which are not specified by the Slavnov- Taylor identity. These are interpreted as the couplings of the currents of lepton and quark family conservation. Classically, these currents are conserved in the standard model, if one neglects mixing of quarks due to the CKM matrix. In the general case there are classically the conserved currents of fermion family number conservation and of baryon number conservation. These currents are not gauged, but are not distinguished from the electromagnetic current in the theoretical prescription, since they have the same quantum numbers. In order to characterize the interactions prescribed by the standard model as the ones of weak and electromagnetic interaction, the electromagnetic and the lepton and quark number currents have to be identified and fixed by a Ward identity. Because the electromagnetic Ward identity of current conservation cannot be derived for off-shell Green functions, we have to use a specific form of the abelian local Ward identity. This identity is the functional generalization of the Gell-Mann Nishijima relation. We want to point out that in the general case, with quark family mixing, the local Ward identity becomes even more important for correct adjustment of the electromagnetic current.

An abelian Ward identity cannot be derived a priori, but has to be characterized in the group structure as being abelian. For this reason, we have to require invariance under the nonabelian rigid symmetries. The construction of Green functions in agreement with rigid symmetry restricts the gauge fixing sector and the number of independent parameters appearing therein. In order to be able to diagonalize the mass matrix of neutral ghosts at p^2 = 0, one has to introduce an additional ghost angle into the BRS-transformations of antighosts. In the on-shell scheme, this angle is related to the ghost mass ratio in a way similar to that in which the vector mass ratio is related to the weak mixing angle. From the Callan-Symanzik equation, one can see that the ghost mass ratio indeed has to be introduced as an independent parameter of the theory, since it has independent higher order corrections.

The most remarkable consequence of the higher order construction is the observation, that the standard model provides exactly the right number of parameters to bring the propagators to a form in which they have one-particle properties in the LSZ-limit. As we have pointed out, one has to adjust all of these parameters and one has to take into account all deformations allowed by the algebra. If we had not succeeded with the analysis as prescribed in the paper, then we would have had to prove that one-particle properties are the consequence of a symmetry. Such a procedure has to be carried out finally in the unphysical sector proving mass degeneracy for all unphysical fields by means of the Slavnov-Taylor identity [14, 20]. From this point of view the vector and the unphysical sector will be analysed carefully, when the renormalization is extended to CP-violating interactions.

Having constructed the symmetry operators, we can apply them immediately to explicit one-loop and higher loop calculations. The parameters appearing therein are mainly determined on 2-point functions, which are listed for one-loop order in the literature. One is then able to prove, if finite Green functions satisfy the Slavnov-Taylor identity. In dimensional regularization one has to pay most attention to such breakings, which are absorbed into parity violating counterterms of the effective action. Due to parity nonconservation, it is not evident that the finite Green functions satisfy the Slavnov-Taylor identity, if poles are subtracted by means of d-dimensional symmetric counterterms.

A first insight into higher order non-local contributions can be gained by considering the Callan-Symanzik equation. The Callan-Symanzik equation of the standard model of electroweak interaction has a completely different form from that of the corresponding symmetric theory. It contains mixed field operators between massless/massive neutral fields and, in particular, β-functions with respect to the independent mass parameters of the theory. It is, however, not a matter of taste, whether one wants to derive the

Callan-Symanzik equation in terms of physical fields or symmetric fields, since it does not even exist, if one does not include the mass diagonalization conditions of massless/massive particles at p^2 = 0 in the construction. For this reason, the considerations which concern the renormalization group analysis of the unbroken SU(2)×U(1)-theory are not applicable to the standard model. It was one of the main intentions of the present work, to make the differences between unbroken and broken theories apparent. In particular, what one has to consider in the spontaneously broken case, are the large mass logarithms, which are induced from the lowest order β-functions to higher orders. These large-mass logarithms are specific for the model in its spontaneously broken form and have been analysed in a much simpler broken theory in [45]. The corresponding systematic investigation is now also feasible in the electroweak standard model.

Acknowledgements I want to thank K. Sibold for initial common work, many helpful discussions and a critical reading of the manuscript. I am grateful to G. Weiglein, B.A. Kniehl and A. Denner for comments on explicit one-loop renormalization.

A The quantum numbers of fields

In this appendix we list the quantum numbers of fields. We give the electromagnetic charge Q_{em}, the Faddeev-Popov charge Q_{ϕπ} and the properties under charge conjugation C and parity transformation P. Parity transformation to massive fermions is assigned in accordance with parity conservation in electromagnetic interactions. The infrared (dim^{IR}) and ultraviolet (dim^{UV} ) dimensions of fields is adjusted in agreement with the BPHZLscheme [34, 35]. dim^{UV} dim^{IR} Q_{em} Q_{ϕπ} C P (x^μ → x_μ) e^{L 3}_2 2 -1 0 −iγ^2e^{R∗} γ^0e^R e^{R 3}_2 2 -1 0 −iγ^2e^{L∗} γ^0e^L u^{L 3}_2 2 +^2_3 0 −iγ^2u^{L∗} γ^0u^R u^{R 3}_2 2 +^2_3 0 −iγ^2u^{R∗} γ^0u^L d^{L 3}_2 2 −^1_3 0 −iγ^2d^{L∗} γ^0d^R d^{R 3}_2 2 −^1_3 0 −iγ^2d^{R∗} γ^0d^L ν^{L 3}_2^3_2 0 0 CP : −iγ^2γ^0ν^{L∗} ψ^R_e^5_2 2 -1 1 −iγ^2ψ^{L∗}_e γ^0ψ^L_e ψ^L_e^5_2 2 -1 1 −iγ^2ψ^{R∗}_e γ^0ψ^R_e ψ^R_u^5_2 2 +^2_3 1 −iγ^2ψ^{L∗}_u γ^0ψ^L_u ψ^L_u^5_2 2 +^2_3 1 −iγ^2ψ^{R∗}_u γ^0ψ^R_u ψ^R_d^5_2 2 −^1_3 1 −iγ^2ψ^{L∗}_d γ^0ψ^L_d ψ^L_d^5_2 2 −^1_3 1 −iγ^2ψ^{R∗}_d γ^0ψ^R_d ψ^R_ν^5_2^5_2 0 1 CP : −iγ^2γ^0ψ^{R∗}_ν

Table 1: Quantum numbers of the fermion fields dim^{UV} dim^{IR} Q_{em} Q_{ϕπ} C P (x^μ → x_μ) W^μ_± 1 2 ±1 0 −W^μ_∓ W_{μ±} Z^μ 1 2 0 0 −Z^μ Z_μ A^μ 1 1 0 0 −A^μ A_μ ρ^μ_± 3 3 ±1 -1 −ρ^μ_∓ ρ_{μ±} ρ^μ_3 3 3 0 -1 −ρ^μ_3 ρ_{μ3} c_± 0 1 ±1 1 −c_∓ c_± c_Z 0 1 0 1 −c_Z c_Z c_A 0 0 0 1 −c_A c_A σ_± 4 4 ±1 -2 −σ_∓ σ_± σ_3 4 4 0 -2 −σ_3 σ_3 c̄_± 2 3 ±1 -1 −c̄_∓ c̄_± c̄_Z 2 3 0 -1 −c̄_Z c̄_Z c̄_A 2 1 0 -1 −c̄_A c̄_A B_± 2 3 ±1 0 −B_∓ B_± B_Z 2 3 0 0 −B_Z B_Z B_A 2 2 0 0 −B_A B_A ϕ_± 1 1 ±1 0 ϕ_∓ ϕ_± H 1 2 0 0 H H χ 1 2 0 0 −χ χ Y_± 3 3 ±1 -1 Y_∓ Y_± Y_H 3 3 0 -1 Y_H Y_H Y_χ 3 3 0 -1 −Y_χ Y_χ ϕ̂_± 1 1 ±1 0 ϕ̂_∓ ϕ̂_± Ĥ 1 2 0 0 Ĥ Ĥ χ̂ 1 2 0 0 −χ̂ χ̂ q̂_± 1 1 ±1 1 +q̂_∓ q̂_± q̂_H 1 2 0 1 q̂_H q̂_H q̂_χ 1 2 0 1 −q̂_χ q̂_χ φ̂_0 2 2 0 0 φ̂_0 φ̂_0

Table 2: Quantum numbers of boson fields

References

[1] LEP Collaboration ALEPH, DELPHI, L3, OPAL, the LEP Electroweak Working Group and the SLD Heavy Flavour Group, CERN-PPE/96-183.

[2] Reports of the Working Group on Precision Calculations for the Z-resonance, CERN Yellow Report, CERN 95-03, eds. D. Bardin, W. Hollik and G. Passarino.

[3] O. Piguet, S. Sorella, Algebraic Renormalization, Lecture Notes in Physics 28, Springer Verlag, 1995.

[4] S.L. Glashow, Nucl. Phys. B22 (1961) 579. [5] S. Weinberg, Phys. Rev. Lett. 19 (1967) 1264.

[6] A. Salam, in: Proceedings of the 8th Nobel Symposium, p. 367, ed. N. Svartholm, Almqvist and Wiksell, Stockholm 1968.

[7] G. ’t Hooft, Nucl. Phys. B33 (1971) 167.

[8] K. Symanzik, in: Cargese Lectures in Physics vol. 5, ed. D. Bessis, New York, 1972. [9] B.W. Lee and J. Zinn-Justin, Phys. Rev. D7 (1973) 1049. [10] L.D. Faddeev, Phys. Lett. B25 (1967) 29.

[11] C. Becchi, A. Rouet, R. Stora, Phys. Lett. B52 (1974) 344.

[12] I.V. Tyutin, “Gauge invariance in field theory and statistical mechanics”, Lebedev preprint FIAN, no 39 (1975), unpublished.

[13] C. Becchi, A. Rouet, R. Stora, Comm. Math. Phys. 42 (1975) 127. [14] C. Becchi, A. Rouet, R. Stora, Ann. Phys. (NY) 98 (1976) 287. [15] J.H. Lowenstein, Phys. Rev. D4 (1971) 2281.

J.H. Lowenstein, Comm. Math. Phys. 24 (1971) 1. [16] Y.M.P. Lam, Phys. Rev. D6 (1972) 2145,

Phys. Rev. D7 (1973) 2943.

[17] S.L. Adler, Phys. Rev. 117 (1969) 2426. [18] J.S. Bell and R. Jackiw, Nuovo Cimento 60 (1969) 47. [19] W.A. Bardeen, Phys. Rev. 184 (1969) 48.

[20] T. Kugo and I. Ojima, Phys. Lett. B73 (1978) 458;

Prog. theor. Phys. suppl. 66 (1979) 1.

[21] G. Bandelloni, C. Becchi, A. Blasi and R. Collina, Ann. Inst. Henri Poincaré 28 (1978) 225, 255.

[22] W. Hollik, in: Precision tests of the standard elektroweak model, ed. P.Langacker, World Scientific, 1995.

[23] M. Böhm, W. Hollik, M. Igarashi, F.Jegerlehner, in: Radiative Corrections: Results and Perspectives, eds. N. Dombey, F. Boudjema, New York, 1990.

[24] G. Passarino, M. Veltman, Nucl. Phys. B160 (1979) 151. [25] M. Consoli, Nucl. Phys. B160 (1979) 208.

[26] A. Sirlin, Phys. Rev. D22 (1980) 971. W.J. Marciano, A. Sirlin, Phys. Rev. 22 (1980) 2695. A. Sirlin, W.J. Marciano, Nucl. Phys. 189 (1981) 442.

[27] J. Fleischer, F. Jegerlehner, Phys. Rev. D23 (1981) 2001.

[28] K.I. Aoki, Z. Hioki, R. Kawabe, M. Konuma, T. Muta, Suppl. Prog. Theor. Phys.

73 (1982) 1; Z. Hoki, Phys. Rev. Lett. 65 (1990) 683, E:1692; Z. Phys. C49 (1991) 287.

[29] D.Yu. Bardin, P.Ch. Christova, O.M. Fedorenko, Nucl. Phys. B175 (1980) 435; Nucl.

Phys. B197 (1982) 1.

[30] M. Consoli, S. LoPresti, L. Maiani, Nucl. Phys. B223 (1983) 474. [31] M. Böhm, W. Hollik, H. Spiesberger, Fortschr. Phys. 34 (1986) 687. [32] W. Hollik, Fortschr. Phys. 38 (1990) 165.

[33] F. Jegerlehner, Proceedings of the 1990 Theoretical Advanced Study Institute in Elementary Particle Physics, Boulder, Colorado, eds. M. Cvetic and P. Langacker, 1991, Singapore.

[34] W. Zimmermann, Comm. Math. Phys. 15 (1969) 208. [35] J.H. Lowenstein, Comm. Math. Phys. 47 (1976) 53.

[36] A. Denner, S. Dittmaier and G. Weiglein, Phys. Lett. B333 (1994) 420; Nucl. Phys.

B440 (1995) 95.

[37] A. Denner, Fortschr. Phys. 41 (1993) 307.

[38] P. Breitenlohner, D. Maison, Comm. Math. Phys. 52 (1977) 11,39,35. [39] T.E. Clark, J.H. Lowenstein, Nucl. Phys. B113 (1976) 109.

[40] R. Stuart, in Perspectives for electroweak interactions in e^+e^− collisions, Ringberg castle, Germany, ed. B.A. Kniehl, World Scientific, Singapore, 1995.

[41] C.G. Callan, Phys. Rev. D2 (1970) 1541;

K. Symanzik, Comm. Math. Phys. 18 (1970) 227.

[42] A. Connes, J. Lott, Nucl. Phys. B (Proc. Supp.) 18 (1991) 29;

A. H. Chamseddine, G. Felder, J. Fröhlich, Nucl. Phys. B353 (1991) 689. [43] R. Oehme and W. Zimmermann, Comm. Math. Phys. 97 (1985) 569;

R. Oehme, K. Sibold and W. Zimmermann, Phys. Lett. B147 (1984) 115; W. Zimmermann, Comm. Math. Phys. 97 (1985) 211; R. Oehme, Prog. theor. Phys. suppl. 86 (1986) 215.

[44] J.Kubo, K. Sibold, W. Zimmermann, Nucl. Phys. B259 (1994) 291. [45] E. Kraus, Ann. Phys. (NY) 240 (1995) 367.

[46] G. Bandelloni, C. Becchi, A. Blasi, R. Collina, Comm. Math. Phys. 72 (1980) 239. [47] E. Kraus, G. Weiglein, Preprint in preparation. [48] W. Zimmermann, Ann. Phys. (NY) 77 (1973) 536. [49] E. Kraus, Z. Phys. C 60 (1993) 741. [50] E. Kraus, K. Sibold, Z. Phys. C 68 (1995) 331. [51] J. Wess, B. Zumino, Phys. Lett. B49 (1974) 52.