Universität Bonn Summer term 2004 Physikalisches Institut Example sheet 1 Theoretische Physik 2004-05-03

Elementary Particle Physics II

Prof. Dr. H.-P. Nilles

1. Calculation tools for Weyl spinors

• θ_α (α = 1, 2) and θ̄^{α̇} (α̇ = 1, 2) are anticommuting Grassmann variables:

{θ_α, θ_β} = {θ̄^{α̇}, θ̄^{β̇}} = {θ_α, θ̄^{β̇}} = 0 . (1)

θ transforms as a left-handed (^1_2 ,0) Weyl spinor under the Lorentz group, θ̄ as a right-handed (0,^1_2 ) one. (For more background about Weyl spinors, see last term’s example sheet 2.)

• ϵ_{αβ} ≡ ϵ^{αβ} ≡ ϵ_{α̇}˙_β ≡ ϵ^{α̇β̇} are totally antisymmetric tensors, defined through ϵ_{αβ} = −ϵ_{βα} and ϵ_{12} = 1.

(a) Verify that ϵ_{αβ} ϵ^{βγ} = −δ^γ_α.

(b) The ϵ are Lorentz invariant and can be used to raise and lower spinor indices.

We define θ_α ≡ ϵ_{αβ} θ^β , θ̄_{α̇} ≡ ϵ_{α̇}˙_β θ̄^{β̇} . (2) What is the inverse of these relations?

(c) Verify the following identities (note the conventions for index contraction):

ξψ(≡ ξ^αψ_α) = ψξ , ξ̄ψ̄(≡ ξ̄_{α̇}ψ̄^{α̇}) = ψ̄ξ̄ , (3)

ξ_αξ_β = 1 2 ϵ_{αβ} ξξ , ξ^αξ^β =? , ξ̄^{α̇}ξ̄^{β̇} = − 1 2 ϵ^{α̇β̇}ξ̄ξ̄ , ξ̄_{α̇}ξ̄˙_β =? . (4)

(d) We will write the derivative with respect to a Grassmann variable as^{∂θβ}_{∂θα} ≡ ∂_αθ^β = δ^β_α = ∂^β θ_α and^{∂θ̄β̇}_{∂θ̄α̇} ≡ ¯∂^{α̇}θ̄˙_β = δ^{α̇}_{β̇} = ¯∂˙_βθ̄^{α̇}. Note that the product rule must include a negative sign: ∂_α(θ^βθ^γ ) = δ^β_αθ^γ − θ^β δ^γ_α . Why is this neccessary? Check that ∂^α = ϵ^{αβ}∂_β (with the opposite sign to (b)! ). Now check that ∂^α∂_α(θθ) = ¯∂_{α̇} ¯∂^{α̇}(θ̄θ̄) = 4 .

2. Pauli matrices and Weyl spinors The Pauli matrices can be used to link the spinorial indices α, α̇ to the spacetime index μ (a Lorentz vector x can be written either as x^μ or x_α˙_β ≡ x_μσ^μ_{αβ̇} ). We will use these conventions:

σ^μ_{αβ̇} = (1, ⃗σ)_α˙_β , σ̄^{β̇α}_μ = (1, ⃗σ)^{β̇α} , η^{μν} = diag(1, −1, −1, −1) . (5)

(a) Check that the definitions in (5) are consistent with the use of ϵ to raise and lower indices. (Hint from last term: −ϵσ^μϵ = (σ̄^μ)^T ) (b) Check σ^μ_{αβ̇} σ̄^{γ̇δ}_μ = 2 δ^δ_α δ^{γ̇}_{β̇} , Tr(σ^μσ̄^ν ) = 2 η^{μν} . (6)

(c) Show V^μ = 1 2 (σ̄^μ)^{β̇α} V_α˙_β . (7)

(d) Verify the following identities:

(ξ̄σ̄^μψ) = −(ψσ^μξ̄) , (8)

ψ_αξ̄˙_β = 1 2 σ^μ_{αβ̇} (ψσ_μξ̄) , (θσ^μθ̄)(θσ^νθ̄) = 1 2 η^{μν} (θθ)(θ̄θ̄) . (9)

3. SUSY generators

The SUSY algebra is defined through the following relations: { Q_α, Q̄˙_β } = 2 σ^μ_{αβ̇} P_μ , [Q_α, P_μ] = [¯ Q_{α̇}, P_μ ] = {Q_α, Q_β } = {¯ Q_{α̇}, Q̄˙_β } = 0 (10)

(a) Show that [ θQ, Q̄θ̄ ] = 2 θσ^μθ̄ P_μ.

(b) Check that

P_μ = i ∂ ∂x_μ

≡ i∂_μ , (11)

Q_α = ∂_α − i σ^μ_{αβ̇} θ̄^{β̇} ∂_μ , (12) Q̄_{β̇} = − ¯∂_{β̇} + iθ^ασ^μ_{αβ̇} ∂_μ . (13)

form a representation of the SUSY algebra by explicitly verifying that they satisfy the (anti-)commutators in (10).