Contents

Introduction 3

1 A Functorial Approach to Euclidean QFT 5 1.1 Categories and Functors . . . . . . . . . . . . . . . . . . . . . . . 7 1.2 Topological QFT . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 1.2.1 The Two-Dimensional Theory . . . . . . . . . . . . . . . . 11 1.2.2 Hermitian Structures . . . . . . . . . . . . . . . . . . . . . 14 1.3 Volume-Preserving Theories . . . . . . . . . . . . . . . . . . . . . 18 1.3.1 The Two-Dimensional Theory . . . . . . . . . . . . . . . . 20 1.3.2 The Operator Algebra H_S1 . . . . . . . . . . . . . . . . . 22 1.3.3 The Partition Function . . . . . . . . . . . . . . . . . . . . 23 1.3.4 The Case of Infinite Dimensional Vector Spaces . . . . . . 24 1.4 Two-Dimensional Conformal Field Theory . . . . . . . . . . . . . 26

2 Two-Dimensional Yang-Mills Theory 28 2.1 A Related Topological Theory . . . . . . . . . . . . . . . . . . . . 29 2.2 The Hilbert Space H_S1 . . . . . . . . . . . . . . . . . . . . . . . 29 2.2.1 Operators, Bases . . . . . . . . . . . . . . . . . . . . . . . 31 2.3 The Basic Amplitudes . . . . . . . . . . . . . . . . . . . . . . . . 33 2.4 Lattice Calculation . . . . . . . . . . . . . . . . . . . . . . . . . . 35 2.5 Partition Functions . . . . . . . . . . . . . . . . . . . . . . . . . . 37 2.6 Expectation Values of Wilson Loops . . . . . . . . . . . . . . . . . 39 2.6.1 Wilson Loops on the Torus . . . . . . . . . . . . . . . . . . 41 2.6.2 Geometrical Pictures of the Products on the Algebra of Class Functions . . . . . . . . . . . . . . . . . . . . . . . . 45 3 Further Examples 48 3.1 A Theory for Finite Groups . . . . . . . . . . . . . . . . . . . . . 48 3.1.1 The Topological Theory . . . . . . . . . . . . . . . . . . . 48 3.1.2 Area-Preserving Perturbation . . . . . . . . . . . . . . . . 51 3.2 Cohomological Field Theory . . . . . . . . . . . . . . . . . . . . . 51 3.2.1 The Descent Equations and Nonlocal Observables . . . . . 54 3.2.2 Perturbations of the Theory . . . . . . . . . . . . . . . . . 54

3.2.3 Y M_2 as a Perturbed Cohomological Field Theory . . . . . 55

4 Action of Diffeomorphisms 57 4.1 The Stress-Energy Tensor . . . . . . . . . . . . . . . . . . . . . . 57 4.2 Two-Dimensional Yang-Mills Theory . . . . . . . . . . . . . . . . 61 4.2.1 BRST-Quantization . . . . . . . . . . . . . . . . . . . . . . 61 4.2.2 Diffeomorphisms in the Classical Theory . . . . . . . . . . 63

Summary 66

Danksagung 68

Introduction

The investigation of the symmetries of physical systems has been a guiding principle in modern physics. Symmetries help us to find conserved quantities in classical systems or to determine properties of the spectra of quantum mechanical systems. In quantum field theory (QFT) Poincaré invariance plays a fundamental role. Additional symmetries of particular importance are gauge symmetries or supersymmetry. These symmetries restrict the possible particle content of a QFT and can be used to determine some properties of the particles.

Many quantum field theories make their predictions by using perturbation theory. However, studying systems with large symmetry groups sometimes leads to the possibility of obtaining nonperturbative results. Nonperturbative aspects of QFT could mainly be studied in low-dimensional space-time. But see [25] for a recent nonperturbative result in four dimensions, to which physicists paid a lot of attention. A prominent example of theories with an infinite dimensional symmetry algebra are conformal field theories (CFT) in two dimensions. These models have fruitful applications in both mathematics and physics. They have been studied extensively.

In this thesis we will study theories with a different very high symmetry, which are in some sense orthogonal to conformal field theory as we will see. We will look at theories which are invariant under volume-preserving diffeomorphisms of spacetime. Our discussion will mainly concern the two-dimensional case, i.e. twodimensional theories which are invariant under area-preserving diffeomorphisms. We call these theories volume-preserving/area-preserving field theories.

As an example, we will study two-dimensional Yang-Mills theories. This model has been discussed in recent years for several reasons. Some mathematical papers study the cohomology of the moduli space of flat connections on a Riemann surface [28]. Other papers discuss for gauge group U(N) an expansion of the partition function as a function of^1_N [18],[19]. This expansion has an interpretation in terms of strings. There are a lot of other papers on different aspects of two-dimensional Yang-Mills, e.g. [14], [15], [12], [5]. In this thesis we will concentrate on aspects which are directly connected with the area-preserving symmetry.

We will see that area-preserving QFT’s are closely connected to topological field theories in two dimensions. Topological field theories are theories which are invariant under all diffeomorphisms of space-time. The main applications of topological field theories have been in mathematics (e.g. knot theory) [31]. We can get area-preserving theories by perturbing a topological theory in a suitable way.

This thesis is organized as follows: In Chapter 1 we give definitions for topological, area-preserving and conformal field theory. In Chapter 2 we work out the two-dimensional Yang-Mills example. Chapter 3 gives some more examples. Finally, Chapter 4 discusses diffeomorphisms, especially area-preserving diffeomorphisms in two-dimensional Yang-Mills theory.

Chapter 1

A Functorial Approach to Euclidean QFT

Following the functorial approach of Segal [23], [24] and Atiyah [1] [2] we want to give an axiomatic definition of a QFT. To motivate this definition we first look at some features of QFT in a less abstract and more intuitive language.

In QFT we are interested in calculating the path integral ∫ Dϕe^{−S(ϕ)}, where S is the action and ϕ stand for the fields in the theory, which live on a certain spacetime M. We want to assume that M is a d + 1-dimensional compact manifold.

For a closed manifold the path-integral gives a (complex) number, independent of fields. For manifolds with boundary we have to fix the fields at the boundary (impose boundary conditions). The resulting path-integral can be seen as a functional of boundary conditions/fields at the boundary. This might lead us to see it as an element of the Hilbert space H_B obtained by canonical quantization near the boundary B, i.e. on a collar B × I. We can also say that we associate to the boundary a Hilbert space (obtained by canonical quantization on B × I) and to the manifold a state in the Hilbert space associated to its boundary.

If M has two disconnected boundary components B_1 and B_2 of codimension one we furthermore want to have the possibility to label them as “incoming” and “outgoing”.

To each of the two boundary components we associate a vector space of quantum states. The space-time manifold M is interpolating between the two boundary components B_1 and B_2. We want to associate to M a linear operator

Φ_M : H_{B1} −→ H_{B2} (1.1)

Let us describe the evolution operators Φ_M in terms of path-integrals: The classical fields of the theory are functions ϕ on the boundary B. A quantum state ψ(ϕ) is a wave function defined on the classical fields. We can now write the evolution operator Φ_M schematically as: (Φ_M ψ)(ϕ_2) = ∫ K_M (ϕ_1, ϕ_2)ψ(ϕ_1)Dϕ_1 (1.2) The kernel of the evolution operator equals the path-integral on M: K_M (ϕ_1, ϕ_2) = ∫ e^{−S(ϕ)}Dϕ, (1.3) where the path-integral is over fixed boundary values: ϕ |_{B1} = ϕ_1, ϕ |_{B2} = ϕ_2. The operator Φ_M can be seen as a field-theoretic analogue of the time-evolution operator U(t) in quantum mechanics. Quantum mechanics can be seen as a 0 + 1-dimensional Minkowskian QFT. The time evolution operators U(t) form a one-parameter group of unitary operators: U(t_1 + t_2) = U(t_1) ∘ U(t_2) (1.4) We can conclude from this that there exists a Hermitian operator H such that: U(t) = e^{−itH} (1.5) We want to demand a composition rule for the Φ_M in euclidean QFT similar to the quantum mechanical case. Therefore, we imagine that we cut the manifold M along a codimension one submanifold B into two halves M_1 and M_2.

On each of the two halves we can do the path-integral: K_{M1} (ϕ_1, ϕ^′ ) = ∫ e^{−S(ϕ)}Dϕ (1.6) with integration over fixed boundary values ϕ |_{B1}= ϕ_1, ϕ |_B= ϕ^′ and K_{M2} (ϕ^′ , ϕ_2) = ∫ e^{−S(ϕ)}Dϕ (1.7) with integration over fixed boundary values ϕ |_B= ϕ^′ , ϕ |_{B2} = ϕ_2. To calculate the path-integral over M, we have to integrate over all intermediate states ϕ^′ :

K_M (ϕ_1, ϕ_2) = ∫ K_{M1} (ϕ_1, ϕ^′ )K_{M2} (ϕ^′ , ϕ_2)Dϕ^′ (1.8) So we can motivate the existence of a composition law analogous to quantum mechanics:

Φ_M = Φ_{M2} ∘ Φ_{M1} (1.9)

By now we have seen that a QFT can be seen as a map which associates Hilbert spaces to d-dimensional manifolds B and transition amplitudes or states to d+1- dimensional manifolds M. Furthermore, the transition amplitudes satisfy a composition law.

We will turn the observations made in this section using intuitive path-integral language into axioms. For this we want to use the language of categories and functors. These concepts will be introduced in the next section. After that we will give the promised axioms for some examples of QFT’s.

1.1 Categories and Functors

We start with the definition of a category, which can be found in textbooks on topology, e.g. [20]:

Definition: A category C consists of the following data:

1. a class Ob(C) of mathematical objects which are called the objects of the theory.

2. a set Mor(X, Y ) for any ordered pair (X, Y ) of objects. Its elements are called the morphisms of X to Y . Furthermore, the morphisms have to fulfill: X ≠ Y or X^′ ≠ Y^′ ⇒ Mor(X, Y ) ∩ Mor(X^′ , Y^′) = ∅ 3. a composition ∘ : Mor(X, Y ) × Mor(Y, Z) → Mor(X, Z) (f, g) → f ∘ g

for any ordered triple (X, Y, Z) of objects of C.

Together these data form a category if the following axioms are fulfilled:

(a) associativity: h ∘ (g ∘ f) = (h ∘ g) ∘ f for any triplet (h, g, f) in Mor(X, Y ) × Mor(Y, Z) × Mor(Z, W ) (b) identities: For any object X there is an identity morphism 1_X ∈ Mor(X, X) such that 1_X ∘ f = f and g ∘ 1_X = g ∀f ∈ Mor(Y, X) ∀g ∈ Mor(X, Z) We will give some examples for categories:

• example 1: The category of finite dimensional complex vector spaces V ec 1. finite dimensional complex vector spaces H 2. linear maps Φ 3. the usual composition law of linear maps

• example 2

1. differentiable manifolds 2. differentiable maps 3. usual composition law

It is clear that the axioms for a category are fulfilled in these examples. The set of differentiable manifolds can be made into a category in another way: We can use cobordisms as morphisms. The next two examples will be of this type. These examples will be of particular importance for us in the following chapters.

• example 3: The category of topological field theory T in dimension d + 1

• d-dimensional, differentiable, compact, oriented, parametrized closed manifolds B and disjoint unions

• The elements of Mor(B_1, B_2) are equivalence classes of cobordant d+1-dimensional manifolds M with identifications i

i : B_2 ∪ B^∗_1 → ∂M (1.10)

where B^∗_1 denotes B_1 with reversed orientation. (The orientation of M agrees with the orientation of B_2 and is reversed to that of B^∗_1 . We will also refer to these boundary orientations as “outgoing” and “incoming”, respectively.) Two cobordisms are considered equivalent, if they differ by a diffeomorphism which respects the boundary parametrization.

(M, i) ∼ (M^′, i^′) ⇔ ∃f : M → M^′ f ∘ i = i^′ (1.11)

• The composition is given by sewing together cobordisms along a common boundary B.

M_1 ∈ Mor(B_1, B) ⇔ ∂M_1 = B^∗_1 ∪ B M_2 ∈ Mor(B, B_2) ⇔ ∂M_2 = B^∗ ∪ B_2

sewing along B gives a new manifold M with boundary

∂M = B^∗_1 ∪ B_2 ⇔ M ∈ Mor(B_1, B_2)

We have to check the axioms:

(a) okay (b) 1_B = B × I (the cylinders) example 4: The category of volume preserving QFT V

1. as in the previous example 2. as in the previous example, but with the following modification: On M a volume element ω is defined and the diffeomorphism f in the equivalence relation has to respect this:

(M, i) ∼ (M^′, i^′) ⇔ ∃f : M → M^′ f ∘ i = i^′ f^∗ω^′ = ω (1.12) 3. as in the previous example

(a) okay (b) There is no unit element. So V is not a category in a mathematically strict sense. But we can “come close” to 1 by letting the volumes of the cylinders shrink. 1 is the zero-volume limit of the cylinders.

The canonical thing to be defined next are the maps between categories preserving the structure of the category. These are called functors.

Definition (covariant functor): Let C and D be categories. A covariant functor F : C → D (1.13) associates to an object X in C an object F(X) of D and to a morphism f : X → Y of C (1.14) a morphism F(f) : F(X) → F(Y ) of D such that

1. F(1_X) = 1_{F(X)} 2. F(f ∘ g) = F(f) ∘ F(g) Definition (contravariant functor) : In this case F reverses the direction of the morphisms. So for f : X → Y (1.15) we have F(f) : F(Y ) → F(X) with

1. F(1_X) = 1_{F(X)} 2. F(f ∘ g) = F(g) ∘ F(f) An example for functors are “forgetful” functors. These go from a category with a particular structure to a category with less structure by simply forgetting the extra structure. For example we can map the category V to the category T by “forgetting” that the cobordisms in V have a volume. We will see more examples for functors in the following sections, because our definition of QFT’s will make use of this concept.

1.2 Topological QFT

We are now ready to give a definition for a topological field theory. [1], [2] Definition : A topological field theory is a contravariant functor from the category of topological field theory T into the category of finite dimensional vector spaces V ec (where the arrows are linear maps) subject to some further axioms:

• T1: if a d-dimensional manifold B consists of several disconnected boundary components the corresponding vector space is a tensor product:

B = B_1 ∪ B_2 ⇒ H_B = H_{B1} ⊗ H_{B2} (1.16)

• T2: If B^∗ denotes B with the reversed orientation we associate

H_B∗ = H^∗_B (1.17)

where H^∗_B denotes the dual space to H_B.

• T3: The space corresponding to the empty set are the complex numbers:

H_∅ = C (1.18)

• T4: The collapsing axiom: If we glue two boundary components of a connected manifold M this corresponds to taking the trace in the category of vector spaces.

Φ_M → tr Φ_M (1.19)

Let us make a few remarks on these axioms. The first additional axiom shows that the vector space associated to the empty set B = ∅ must be idempotent. So it must be C or zero. Associating C makes the theory nontrivial. This means that we associate a complex number to any closed d+1-dimensional manifold. This number is called the partition function Z and is an invariant of the manifold. It can be calculated by cutting a manifold into pieces and using functoriality to glue it together again. Functoriality means here that gluing together two manifolds along a common boundary corresponds to a composition of the two maps associated by the functor.

M = M_1 ∪ M_2 ⇒ Φ_M = Φ_{M2} ∘ Φ_{M1} (1.20)

A manifold with only one boundary component corresponds to a state in the vector space associated to its own boundary.

∂M = B ⇒ Φ_M : C → H_B (1.21)

If the orientation of B is reversed, we obtain an element of the dual vector space.

∂M = B^∗ ⇒ Φ_M : H_B → C (1.22)

So if we cut a closed manifold into two pieces we obtain a vector and an element of the dual space. In this case we can consider the composition rule of the functor (“gluing”) as a duality pairing.

If we look at a manifold M with one boundary component B we can also see an action of the mapping class group of B: Suppose that we apply a diffeomorphism to B. How does the state Φ_M transform? We considered manifolds M as equivalent if they are related by a diffeomorphism which preserves the boundary structure. This means that we get the same state back if the diffeomorphism extends to a map M → M. This will be the case, if the diffeomorphism applied to B can be continuously deformed to the identity, because then we can deform it over a collar B × I. Otherwise, the state might transform. Thus, we obtain a representation of the diffeomorphism group of B modulo diffeomorphisms which can be continuously deformed to the identity – in other words, a representation of the mapping class group Γ_B.

The axioms for a functor force that the cylinder B × I is mapped to the identity map in the vector space H_B. We shall regard operators corresponding to cylinders as imaginary time evolution operators e^{−tH} , H the Hamiltonian. This means that H = 0 for a topological theory. There is no dynamics, and interesting effects arise only if the topology of the cobordism M is nontrivial. If we apply the collapsing axiom to the cylinder, we calculate the dimension of the vector space H_B.

tr Φ_{B×I} = tr 1 = dim H_B (1.23)

This formula also indicates that difficulties arise if we want to admit infinite dimensional vector spaces.

So far we have only given a meaning to a reversion of the orientation of the boundary B. Of course, the orientation of the d+1-dimensional manifolds can also be reversed. We can see a relation between Φ_M and Φ_M ∗ if the vector spaces H_B possess a Hermitian form and a corresponding complex conjugation. Then we can add the following (optional) axiom

• T5: Φ_M ∗ = Φ^†_M (the adjoint of Φ_M )

We will discuss this structure in detail for the two dimensional case later on.

1.2.1 The Two-Dimensional Theory

We shall now describe a topological theory in 1+1 dimensions [8]. A lot of the above considerations simplify:

• The only compact connected one-dimensional manifold is the circle S^1 (up to diffeomorphisms). So we only have one vector space H = H_S1 and can build all other spaces by taking tensor products. The two possible orientations of the circle correspond to taking the dual.

• All two-dimensional manifolds can be obtained by gluing together spheres with one, two and three holes.

So if we give the morphisms associated with these spheres we have determined the whole theory.

We start with the three-holed sphere: We choose our orientations such that two boundary components are incoming and one is outgoing. Then the three-holed sphere gives rise to a bilinear map:

c : H ⊗ H → H (1.24)

This makes H into an algebra. This structure allows us to identify states with operators. If we choose a basis ϕ_0 . . . ϕ_{N −1} of H we can calculate the coefficients c^k_{ij} by calculating three-point functions on the sphere:

c^k_{ij} = ⟨ϕ_iϕ_j ϕ^k⟩ (1.25)

ϕ_i ϕ_j = ∑ k c^k_{ij} ϕ_k (1.26)

Here, lower indices refer to incoming states, upper indices to outgoing states. Our algebra is commutative due to the permutation symmetry of the holes. It is furthermore associative because we can decompose the four-holed sphere in two different ways. The result must not depend on the particular way of cutting due to our axioms.

x · (y · z) = (x · y) · z (1.27)

Next we consider the two-holed sphere. If we label one boundary component as incoming and one as outgoing then we associate:

Φ_S1_{×I} = 1 (1.28)

as above. If we label both boundaries as incoming the two-holed sphere gives rise to a bilinear form η on H.

η : H ⊗ H → C (1.29)

The matrix elements can be calculated as:

η_{ij} = ⟨ϕ_iϕ_j⟩ (1.30)

We can use this bilinear form to raise and lower indices, in other words to identify incoming with outgoing states. Similarly, we can label both boundary components as outgoing:

η^∗ : C → H ⊗ H (1.31)

By gluing these two cylinders to one cylinder with one incoming and one outgoing boundary component (i.e. the identity) we see that our bilinear form is nondegenerate.

If we glue η to the three-holed sphere we see that η and c have to be compatible in the sense that

η(c(x, y), z) = η(x, c(y, z)) ∀x, y, z ∈ H (1.32) Finally, we have to describe the one-holed sphere. If we label its puncture as outgoing it gives rise to a special state in H the “vacuum” | 0 >. If we fill the punctures of a manifold M by gluing disks to them we have:

Φ_M | 0, ..., 0 >= Z(M) (1.33)

where M is the closed manifold obtained by removing the punctures and Z(M) the partition function on M. This equation explains why we call the disk the vacuum.

Given the above data (where η and c have to obey the compatibility conditions (1.32) and (1.27) ) we can calculate all partition functions by cutting and gluing.

1.2.2 Hermitian Structures

In this section we will give our two-dimensional theory some more structure. So far we only had a bilinear form η on our vector space. Now we want to work out the consequences of axiom T5 in the case of a two-dimensional theory, so we have to assume that we also have a nondegenerate Hermitian form < , >. In this section < , > does not necessarily have to be positive definite. In our theory we want to have that: η(Cx, y) =< x, y > ∀x, y ∈ H (1.34) where C is a complex conjugation on states (i.e. an antiunitary involution). Equation (1.34) can for example be achieved if we demand an antilinear involution C on states and then define the Hermitian form by (1.34). If we want to start with an arbitrary Hermitian form on the state space we have to look for a relation between η and the Hermitian form. We know: ∀x ∈ H ∃! x̃ ∈ H : η(x, y) =< x̃, y > ∀y ∈ H (1.35) x̃ is unique if < , > is nondegenerate. We can define an antilinear operator A by:

Ax = x̃ (1.36)

or – if we have an antilinear involution on H – a linear operator B by

Bx = Cx̃ (1.37)

This gives η(x, y) =< CBx, y > (1.38) Ker B = 0 because η is nondegenerate. If CB = BC we can redefine: << x, y >>=< Bx, y > (1.39) This is antilinear in x, linear in y and nondegenerate because Ker B = 0. If C is antiunitary with respect to < , > it is also antiunitary with respect to the redefined form. Using the symmetry of η we can then also proof that << x, y >>= << y, x >> (1.40) Thus, our redefinition gives a Hermitian form fulfilling (1.34). We will work with this redefined form. A complex conjugation on states induces a complex conjugation on operators:

Φ : H → H (1.41)

Since we know what C(Φx) is and want a complex conjugation to fulfill:

C(Φx) = C(Φ)Cx (1.42) it is natural to conjugate operators by: C(Φ) = CΦC (1.43) Generally, we will also denote a complex conjugation by a “bar”: x̄, Φ̄.... The complex conjugation on H gives us the possibility to give a relation between invariants Z(M) and Z(M^∗) for a closed manifold M. ∗ denotes again a reversion of orientation. We demand:

Z(M) = Z(M^∗) (1.44) If we cut the manifolds M, M^∗ into two parts we obtain the rules which relate the states associated to manifolds with boundaries and different orientations. (1.45)

By cutting we obtain an element Φ_{M1} of the vector space and an element φ of the dual such that we can calculate the partition function Z(M) = φ(Φ_{M1} ) by duality pairing. With the help of our Hermitian form we can write the linear functional in terms of an element v of the vector space: φ( ) =< v, > (1.46) We can draw the picture of the cut manifold using the bilinear form η: (1.47)

Here we can calculate:

Z(M) = η(Φ_{M1} , Φ_{M2} ) (1.48) By the relation between η and < , > we have: η(Φ_{M1} , Φ_{M2} ) =< CΦ_{M2} , Φ_{M1} > (1.49) So that we see that the linear map in (1.46) is φ( ) =< CΦ_{M2} , > (1.50) We conclude: If we reverse the boundary of a manifold M_2 corresponding to a vector Φ_{M2} we obtain the functional < Φ̄_{M2} , > (1.51)

Now we reverse the orientation of our whole manifold and repeat the cutting procedure: (1.52)

We demanded that the partition functions of M and M^∗ are related by a complex conjugation. This gives us:

Z(M^∗) = < Φ̄_{M2} , Φ_{M1} > =< Φ_{M2} , Φ̄_{M1} > (1.53) So if we reverse both the orientation of the manifold M_1 and its boundary (and thus obtain a vector again) we assign: Φ_{M1} → Φ̄_{M1} (1.54) If we reverse the orientation of a manifold keeping the boundary orientation fixed (and thus obtain an element of the dual space) we assign: Φ_{M2} →< Φ_{M2} , > (1.55) We can now ask what happens if we reverse the orientation of a manifold with an incoming and an outgoing boundary:

∂M_3 = B^∗_1 ∪ B_2, Φ_{M3} : H_{B1} → H_{B2} (1.56)

Again we can look at a closed manifold:

and calculate the partition function of that manifold: Z(M) =< Φ̄_{M2} , Φ_{M3} Φ_{M1} > (1.57) Again we reverse the orientation of the whole manifold:

The partition function is:

Z(M^∗) =< Φ_{M1} , Φ_M ′_3Φ̄_{M2} > (1.58) where M^′_3 denotes M_3 with the reversed orientation while the boundary orientation is kept fixed. By (1.44) this is:

Z(M^∗) =< Φ_{M3} Φ_{M1} , Φ̄_{M2} > (1.59)

So a reversion of the orientation of the manifold M_3 (keeping the boundary fixed) leads to the adjoint (see T5):

Φ_M ′_3 : H_{B2} → H_{B1} (1.60)

Φ_M ′_3 = Φ^†_{M3} (1.61)

What happens if we only reverse the boundary orientation of M_3(and obtain a manifold M^{′′}_3 )? We can see this from the following picture:

Z(M) =< Φ̄_{M1} , Φ_M ′′_3 Φ_{M2} >=< Φ̄_M ′′_3 Φ̄_{M2} , Φ_{M1} > (1.62)

By comparing this to (1.57) we see:

Φ̄_{M ′′3} = Φ^†_{M3} ⇒ Φ_{M ′′3} = Φ^t_{M3} (1.63)

So Φ_M ′′_3 should correspond to the transpose with respect to η. This makes sense in pictures:

We have one more possibility to cut M^∗:

From Z(M^∗) =< Φ_{M2} , Φ_M ′′′_3 Φ̄_{M1} > (1.64)

we can conclude that reversing both the orientation of the manifold and its boundary corresponds to a complex conjugation on operators.

Of course we can also give a Hermitian structure to higher dimensional topological theories. In this case we demand a Hermitian form and a corresponding complex conjugation on H. As in two dimensions, we connect a complex conjugation with the reversion of an orientation.

1.3 Volume-Preserving Theories

We want to define a theory which is invariant under volume-preserving diffeomorphisms of space time. In analogy to the definition of topological field theory we make the following definition:

(Pre-) Definition : A volume preserving theory is a functor F^{vol} from the category of volume preserving field theory to the category of finite dimensional vector spaces subject to the axioms T1-T4. We will impose some further axioms.

How should the functor F^{vol} depend on the volume? By definition, we consider two manifolds as equivalent if they are related by a diffeomorphism f that relates the volume elements:

f^∗ω_1 = ω_2 (1.65)

We can conclude that the total volumes are equal: ∫ ω_1 = ∫ ω_2 (1.66)

It is a theorem of Moser that conversely, if there are two volume elements defined on a closed manifold, the existence of a diffeomorphism relating the volume elements in the above way follows from the equality of the total volumes. This motivates us to assign different maps to manifolds of different total volume v. To stress the volume dependence of our maps we shall write:

M → Φ^{v(M )}_M (1.67)

Now we look at the composition law. If we cut M into two parts we get:

Φ^{v(M )}_M = Φ^{v(M2)}_{M2} ∘ Φ^{v(M1)}_{M1} (1.68)

In order to make the theory volume invariant we have to add the following to this composition law: Suppose M^′_1 (resp.M^′_2) is topologically equivalent to M_1 (resp. M^′_2) but has a different volume v(M^′_1) (resp. v(M^′_2)). If

v(M^′_1) + v(M^′_2) = v(M) (1.69)

then the composition of the maps corresponding to M^′_1 and M^′_2 should again give Φ_M :

• V1: Φ^{v(M )}_M = Φ^{v2}_{M2} ∘ Φ^{v1}_{M1} whenever v_1 + v_2 = v(M), v_1, v_2 > 0

We will also make some regularity assumptions on the volume dependence of Φ^v_M . It seems natural to impose that this dependence is continuous or better:

• V2: Φ^v_M is continuous in v.

In our new theory manifolds of the form B × I again correspond to propagators P_v, but this time the propagators have a volume v. They satisfy the composition law P_{v1+v2} = P_{v1} ∘ P_{v2} (1.70)

This composition law looks “almost” like the composition law of a one-parameter-semigroup. The only thing that is missing is the identity element. By the semigroup law this would have to correspond to v = 0. This would correspond to a cylinder of volume zero in our geometrical picture. The zero-volume cylinder is not an element of our the category, but it makes sense in pictures that gluing a cylinder of volume zero to a manifold means performing the identity operation. So we impose the following axiom:

• V3: lim_{v→0} P_v = 1

This gives the structure of a semigroup to the operators P_v, v ∈ R^+_0 . It enables us to see P_v again as a time evolution operator e^{−tH}. This is a motivation to define the Hamiltonian of the theory to be the generator of this semigroup:

• V4:^d_{dv} P_v |_{v=0}= H

We see that the volume v has an interpretation as time t. Therefore, we will also use the notation t for volume in the following.

We can give our theory a Hermitian structure as in T5, see also section 1.2.2. Then we want to impose the reality condition:

• V5: P_t = P_t

as will be motivated for the two-dimensional case later on. Altogether, we can give the following definition:

Definition: A volume preserving field theory is a functor from V to V ec subject to axioms T1-T4, V1-V4 (optional: T5, V5).

We will now look at a special class of theories. So far we have only made assumptions about the zero area limit of the cylinders. For the other operators, we have only assumed that they are continuous for v > 0, but we did not say anything about the zero area limit. An interesting class of theories are those fulfilling the following extra axiom

• V6: lim_{v→0} Φ^v_M exists for all M

These theories are closely related to topological field theories. Using the “forgetful” functor between V and T and the limit demanded in V6, we can define a topological theory such that the following diagram commutes:

V^{Fvol}−→ V ec, Φ^t_M forget limt→0 T^{Ftop}−→ V ec, Φ^0_M We have to check that F^{top} defined in this way fulfills the axioms of topological field theory. We check the axioms for a functor: 1. F^{top}(cyl) = lim_{t→0} F^{vol}(cyl_t) = lim_{t→0} P_t = 1, as demanded above. 2. F^{top}(M_1 ∪ M_2) = lim_{t→0} F^{vol}((M_1 ∪ M_2)_t) = lim_{t→0} Φ^t_{M1∪M2} = lim_{t1,t2→0} Φ^{t2}_{M2} ∘ Φ^{t1}_{M1} = Φ^0_{M2} ∘ Φ^0_{M1} = F^{top}(M_2) ∘ F^{top}(M_1)

The other axioms for a topological field theory follow directly from the fact that they are fulfilled in the volume-preserving theory. In the following, we will mainly discuss theories with a topological limit. In this special class of theories the partition function can be calculated by assigning the total volume to a certain part of the manifold. This means that in the composition law V1 one of the volumes v_1, v_2 is allowed to be zero. We check: Φ^{v(M )}_{M2} ∘ Φ^0_{M1} = Φ^v_{M2} ∘ lim_{v1→0} Φ^{v1}_{M1} = lim_{v1→0} Φ^{v+v1}_M = Φ^{v(M )}_M Here, we used the continuity of the Φ_M .

We start with a discussion of the two-dimensional case in the next section.

1.3.1 The Two-Dimensional Theory

What happens to the spheres with one, two and three holes if we give them a volume and assume that the theory has a topological limit? The cylinder S^1 × I corresponds to the propagator e^{−tH} as in our d + 1-dimensional theory. All other morphisms can be obtained from the topological theory consisting of zero-area objects by gluing a cylindrical piece containing the total area to the zero-area-object. This is possible in two dimensions due to our modified decomposition law, as we will explain.

The bilinear forms η_t of area t can be decomposed in the following way:

in equations:

η_t(x, y) = η(P_tx, y) = η(x, P_ty) = η(P t_2 x, P t_2 y) = ... (1.71)

The three-holed sphere can be similarly decomposed:

in equations x ·_t y = (P_tx) · y = x · (P_ty) = P_t(x · y) (1.72)

Differentiation of this equation gives the result that the Hamiltonian commutes with the operator product in the above sense. A decomposition of the one-holed sphere is:

Altogether we can state that a two-dimensional area-preserving theory is a topological theory built up from manifolds of area 0 plus a Hamiltonian that commutes with the operator product. As our vector space has a Hermitian form we would certainly like the Hamiltonian to be symmetric with respect to this form (to be self-adjoint). From the decomposition of the two holed sphere we have already seen that the propagator is symmetric with respect to η, see (1.71). In other words:

P^t_t = P_t (1.73)

This implies P^†_t = P_t (1.74)

If we postulate P_t = P_t (1.75)

we can conclude P^†_t = P_t (1.76) and consequently H^† = H (1.77)

So we can derive the Hermiticity of the Hamiltonian by imposing a reality condition on the propagator.

1.3.2 The Operator Algebra HS1

In this subsection we want our Hermitian form to be a (positive definite) inner product. Furthermore, we want the conjugation C to respect the algebra structure. This means: x · y = x · y ∀x, y ∈ H (1.78) We want to investigate the properties of the operator algebra (=space of states with the product coming from the topological three-holed sphere) under these assumptions. A discussion of the operator algebra in topological field theory can be found in [8].

In the following we will repeat some well-known arguments from linear algebra to derive that our algebra (a C^∗-algebra with positive definite Hermitian form) has a basis of idempotents.

One can easily see that real states, i.e. states which fulfill Cx = x, cannot be nilpotent, i.e. x^n ≠ 0 for all positive integers n . States interpreted as operators are always symmetric with respect to η , see eq.(1.32). Real states are thus selfadjoint (with respect to < , >) . Note that this is only true, if (1.78) holds. Take now a real state x ≠ 0 and assume x^n = 0 . Let n_0 be the smallest n for which x^n = 0 and ϕ_0 be the vacuum. For n_0 even we have:

x^{n0} = 0 ⇒< x^{n0} , ϕ_0 >= 0 ⇒< x^{n02} , x^{n02} >= 0 ⇒ x^{n02} = 0 (1.79)

in contradiction to n_0 minimal. In the last step we used the positive definiteness of < , >. A nondegenerate form allows zero-norm states. For n_0 odd we have:

x^{n0} = 0 ⇒ x^{n0+1} = 0 ⇒< x^{n0+1}, ϕ_0 >= 0 ⇒ x^{n0+12} = 0 (1.80)

in contradiction to n_0 minimal for n_0 > 1 and to x ≠ 0 for n_0 = 1. Of course we could have argued that self-adjoint operators are diagonalizable. If they are nilpotent the only possible eigenvalue is 0 . But I wanted to show the importance of positive definiteness on a more fundamental level.

We will proof now that our algebra has a basis of idempotents, i.e. states fulfilling:

x_i · x_j = δ_{ij}λ_ix_i (1.81)

To proof this, we first assume that the Hamiltonian (which can be diagonalized because it is self-adjoint) has only one-dimensional eigenspaces (no degenerate eigenvalues). We choose real eigenvectors (which is always possible for Hermitian operators). We have:

Hx_i = E_ix_i, x_i = Cx_i, i ≠ j ⇒ E_i ≠ E_j (1.82)

Using that H commutes with the operator product we get:

H(x_i · x_j) = E_ix_i · x_j = E_j x_i · x_j ⇒ (E_i − E_j)x_i · x_j = 0 (1.83)

Because E_i ≠ E_j for i ≠ j we conclude

x_i · x_j = 0 (1.84)

For i = j we see that x_i · x_i is an eigenvector with eigenvalue E_i and therefore proportional to x_i. It cannot be zero because of the above argument. So we have:

x_i · x_j = λ_ix_i λ_i ≠ 0 (1.85)

We now turn to the case of higher dimensional eigenspaces. All real states commute with the Hamiltonian and with each other. So they can be simultaneously diagonalized on the eigenspaces of H. There exists a basis of orthonormal eigenstates x_i of H and all real states. Let us determine the operator products between these states:

x_i · x_j = λ_{ij} x_j (1.86)

because x_j is an eigenstate of x_i . But we also have:

x_j · x_i = λ_{ji}x_i (1.87)

because x_i is also an eigenstate of x_j. If i ≠ j then x_i and x_j are linearly independent and x_i · x_j = x_j · x_i gives λ_{ij} = λ_{ji} = 0 . So the x_i have the following products:

x_i · x_j = δ_{ij}λ_jx_j, λ_j ≠ 0 (1.88)

The states form a basis of idempotents.

Our proof also holds for infinite dimensional Hilbert spaces if the eigenspaces of H are finite dimensional.(See section 1.3.4 for a discussion of infinite dimensional vector spaces.)

1.3.3 The Partition Function

If we have a basis of idempotents (1.88) it is easy to calculate the partition function of a surface of genus g, g ≥ 2. We first look at the topological case. We can cut a genus g surface into 2g − 2 three-holed spheres:

If we glue 2g − 2 three-holed spheres together (using the inner product/ duality pairing) we get: Z_g = ∑ i λ^{2g−2}_i (1.89)

For the area-preserving theory we can include a cylindrical piece containing the whole area. We get Z_g = ∑ i λ^{2g−2}_i e^{−tEi} (1.90)

where t is the area of the surface.

1.3.4 The Case of Infinite Dimensional Vector Spaces

To include theories with an infinite dimensional “vector space” we will have to make further modifications. It is for example a priori not clear what we mean by a dual space. A possibility is to require H to be a Hilbert space in the mathematical sense. Then, the Hermitian form has to be positive definite. By the dual space we mean then the topological dual space H^∗ of H. The Riesz lemma gives us the possibility to identify H^∗ and H by an isomorphism.(There is an antiisomorphism between H and H^∗.) We are then in a situation comparable to the finite dimensional case. But this might be a little bit too restrictive for the following reason: Often the space of physical states H_{phys} is only a subspace of a Hilbert space H. It consists for example only of states invariant under a certain symmetry. Then we have the inclusion: H_{phys} ⊂ H = H^∗ ⊂ H^∗_{phys} (1.91) We should also remember that in principle we are interested in calculating the partition function on closed manifolds. We want to do this by “cutting and gluing”. For this procedure it is most important that the “states” corresponding to manifolds with boundary make sense inside “inner products”, i.e. for a space consisting of wave functions under the integral sign. So we should accept to associate distribution-like objects to manifolds and not be afraid of delta functions etc. In concrete examples we have to see if we can find a “Hilbert space” such that calculations by “cutting and gluing” make sense.

A first regularity assumption for the morphisms of these Hilbert spaces is that they are bounded linear operators.

The next point to think about is then the convergence of partition functions. By the axioms given above we cannot exclude that the partition functions are divergent. Formula (1.90) holds in the infinite dimensional case if the eigenspaces of H are finite dimensional. We want to assume this in the following. Convergence depends on the coefficients λ_i, E_i in (1.90). What can we assume about these coefficients? The E_i are energy-eigenvalues. So they should be bounded from below. If the spectrum is not bounded from above (which makes sense physically) we have a good chance to get convergent partition functions. I will give two examples for how to get convergent partition functions.

• If we start with a convergent topological partition function and add an area-preserving perturbation, then the perturbed partition function is also convergent (if E is bounded from below).

• The partition function is convergent for t > 0 if the sequence λ_n is bounded and E_n grows faster than n. Z_g ≤ (maxλ_n) ∑ n (e^{−t})^n (1.92)

which is convergent because e^{−t} < 1 for t > 0. In this example the topological limit does not have to be convergent!

We see that the torus partition function

tr Φ_S1_{×I} = tr e^{−tH} (1.93)

always diverges in the limit t → 0. This is a divergence which can not be avoided. To get convergent partition functions guaranteed by axioms we could impose the condition that the Φ_M are trace-class. We can cut open any genus g surface and associate the corresponding operator. Gluing the surface together means to take the trace of this operator. If the trace is finite, the partition function is finite. “How many” of the Φ_M should be trace-class? We can postulate that all operators Φ^{v>0}_M are trace-class or even Φ^{v≥0}_M . (If M is not the torus.) We get theories with or without a topological limes. Our examples for convergent partition functions given above show that there are non-trivial examples for both kinds of theories. Taking a zero-area limit might be subtle. We have to add, in which sense these limits have to be taken. This is also important for the definition of the Hamiltonian, since its definition involves the zero-area limit of the cylinder. For semigroups of bounded linear operators in Banach spaces we know: Let P_t be uniformly continuous:

lim_{t→0} ‖P_t − 1‖ = lim_{t→0} ‖P_t − P_0‖ = 0 (1.94)

Then t → P_t (1.95)

is continuous in R^+_0 . One can show that these operators have a continuous generator H such that P_t = e^{−tH} (1.96)

As we want to have a continuous Hamiltonian H in our theory we have to demand that P_t is uniformly continuous. For theories with a topological limit we demand that the zero-area limit for other operators exists in the same sense.

1.4 Two-Dimensional Conformal Field Theory

The axiomatic treatment of conformal field theory (CFT) in two dimensions is due to Segal (see also the review in [16]). In this section I will review some aspects of his work. In two-dimensional CFT the manifolds M are equipped with a complex structure. It can be shown that there is a one-to-one correspondence between conformal classes of metrics and complex structures. We want to consider two manifolds as inequivalent if they differ in their complex structures. Therefore we wish to describe the space of all inequivalent complex structures. We start with the space of conformally equivalent metrics. Two metrics are called conformally equivalent if they are related by a rescaling:

g_1 = fg_2 (1.97)

for a smooth function f on M. So in principle we get all complex structures by dividing the space of metrics by the space of functions and we get all inequivalent complex structures by dividing this by the space of diffeomorphisms of the manifold. The diffeomorphisms do not act freely on the space of metrics (due to the existence of Killing vector fields) so that our quotient is highly singular. An alternative approach is to use the fact that one can choose in each conformal class of metrics a representative of constant gaussian curvature R_g. The Gauss-Bonnet theorem ∫ M R_gdA = 2πχ(M) = 2π(2 − 2g) (1.98)

shows that the curvature of this representative can be normalized to be 1, 0, −1 for genus g = 0, 1, ≥ 2. For genus 1 it imposes no normalization restriction on the area so that we normalize the area to one. In the next step we divide the space of constant curvature metrics by the group of diffeomorphisms continuously connected to the identity. This is a normal subgroup in the group of all diffeomorphisms which acts freely on the space of constant curvature metrics. The space we have obtained by dividing is a smooth manifold called the Teichmüller space. In the last step we obtain singularities due to fixed points. We now have to divide the Teichmüller space by the quotient of Diff(M) by our normal subgroup. We obtain the moduli space M. It is the space of inequivalent complex structures on M.

In CFT one further assumes that all surfaces with boundaries come with a parametrization of their boundary circles. Surfaces are only equivalent if they are isomorphic by a map which preserves the boundary parametrization. Again we consider a circle as outgoing if its parametrization agrees with the orientation induced by the complex structure on M, otherwise as incoming. Conjugation of the complex structure of a surface is related to taking the adjoint similar to section 1.2.2 .

One important class of surfaces consists of manifolds which are topologically annuli. The space of annuli A forms a semigroup where the composition of two annuli is given by sewing the outgoing boundary of one annulus to the incoming of the next. Every annulus (without boundary parametrization) can be mapped uniquely (up to rigid rotations T ) to a standard annulus A_r = {z ∈ C, r ≤| z |≤ 1} (1.99) So we have: A is diffeomorphic to

(0, 1) × (Diff^+ S^1 × Diff^+ S^1)/T (1.100)

where Diff^+ S^1 are the orientation preserving diffeomorphisms of S^1. A is furthermore a complex manifold as shown by Segal. The tangent space T_A to A at a particular element A consists of complex vector field along ∂A modulo those vector fields which extend holomorphically over A, in formulas: T_A = V ect∂A/V ectA = V ectS^1 ⊕ V ectS^1/V ectA (1.101) The axioms give us a representation of A on the Hilbert space. Segal shows that we can conclude from this that we also have a representation of Diff^+ S^1 in the following way: If A is an annulus write φA for the annulus obtained by changing the outgoing parametrization by φ. Φ_A is the operator associated to A. Then we get a representation of Diff^+ S^1 by

φ → Φ_{φA}Φ^{−1}_A (1.102)

If we look at a standard annulus A_r with induced parametrizations and write r = e^{−t} for t ∈ R we can relate the amplitude Φ_{Ar} to the Hamiltonian analogous to the area-preserving theory:

Φ_A = e^{−tH} (1.103)

In conformal field theory we have however a richer algebra which corresponds to the generators of infinitesimal changes of the complex structure of a surface. These changes correspond to elements of V ect∂M/V ectM as in (1.101).

To finish this section we mention that one usually looks at theories which depend slightly on the metric. (Theories with a “conformal anomaly”.) The transition amplitudes depend on the metric in the following way: If the metric is scaled by e^σ, σ a real smooth function on M vanishing near the boundary, the transition amplitude is changed by:

Φ_M → exp( ci 24π ∫ [ 1 2 ∂σ ∧ ∂σ + R_gσ]) Φ_M (1.104)

c is the central charge.

Chapter 2

Two-Dimensional Yang-Mills Theory

In this chapter we want to treat two-dimensional Yang-Mills theory (YM_2) in some detail.

The quantum field theory is exactly solvable as has first been pointed out by Migdal [21]. Here we will treat YM_2 in the context of area-preserving QFT and follow the lines given in the previous chapter to calculate the partition function. We first have to check that YM_2 is indeed an area-preserving QFT. The action of the theory is: S = 1 2e^2 ∫ Σ tr F ∧ ∗F (2.1)

where we take Σ to be a compact, orientable, two-dimensional manifold. F is the field strength, the curvature of a connection A. (F can locally be interpreted as a Lie-algebra valued two-form.) The gauge group is taken to be a compact Liegroup. tr denotes an invariant inner product on the Lie-algebra. ∗ is the Hodge-∗- operator. Altogether the action can be read as the square of a norm of F , where the norm is a combination of the norm on the Lie-algebra given by trace and the norm on the space of two-forms coming from the scalar product (α, β) = ∫ α ∧ ∗β (for closed manifolds). The definition of the Hodge-star between zero- and twoforms in two dimensions depends only on a measure, not on the full metric. This shows that the action is invariant under area-preserving diffeomorphisms.

To discuss the theory along the lines of area-preserving QFT we have to determine the topological limit of the theory, the Hilbert space corresponding to the circle and the morphisms associated to the spheres with one, two and three holes. Then we will be able to calculate the partition function and the expectation values of observables. A discussion of YM_2 in this sense can for example be found in [7].

2.1 A Related Topological Theory

Let us look at the integrand of the path-integral ∫ e^{−S[A]}DA: e^{−S} = exp − 1 2e^2 ∫ tr F ∧ ∗F (2.2)

We can perform a “functional Gaussian Fourier-transform” and obtain: ∫ Dϕ exp(−i ∫ tr ϕF − e^2 2 ∫ tr ϕ^2ω) (2.3)

where ϕ is a Lie-algebra valued function and ω the volume form of the manifold. So the action S = i ∫ tr ϕF + e^2 2 ∫ tr ϕ^2ω (2.4)

leads to the same partition function. The first part of this action is the action of a known topological field theory. This “ϕF -model” has been considered for example in [27], where also the topological nature of the quantum theory is shown. The second part of the action gives a perturbation of the topological theory that depends on the measure ω . In fact we see that the coupling constant e^2 and the measure ω always enter together so that the theory is invariant under the scaling e^2 → λe^2, ω →^ω_λ . The partition function Z will be a function of the invariant combination e^2a, a the total area. We will also write t as a shorthand for^{e2}_2 a. We see that the weak coupling limit e^2 → 0 is the same as letting the area of the surface shrink to zero. In this limit t → 0 we obtain the topological theory. The partition function of the topological theory can be seen to calculate the volume of the moduli space of flat connections on Σ: Z_{top} = ∫ DADϕe^i ∫_{tr} ϕF = ∫ DAδ(F ) (2.5)

This localizes the path-integral to connections which fulfill δ(F ) = 0. (Actually a one parameter ambiguity arises because of different regularization methods, see [27] ). In [27] the volume of the moduli space is studied from different points of views. It is found that the results coming from field theory agree with the results coming from mathematically more precise calculations. Other aspects of the geometry of the moduli space and its relation to gauge theories are studied in [28].

2.2 The Hilbert Space H_S1

According to the philosophy of the axioms given in the last chapter the Hilbert space associated to the circle S^1 can be obtained by canonical quantization on the cylinder. All other Hilbert spaces appearing in the theory are tensor products of this space. Yang-Mills on a cylinder has been studied in [22] . We refer the reader to this for a detailed treatment in the Hamiltonian formalism without using gauge conditions. We will give an argument to motivate the results obtained there.

The Hilbert space of our theory has to reflect the physical degrees of freedom in some way. So apart from an action of the Hamiltonian on the Hilbert space we have to consider the Wilson loop on the circle. The conjugacy class of the holonomy on the circle is the only gauge invariant quantity of a two-dimensional gauge-theory. So it seems natural to take as a Hilbert space the space of class functions on the gauge group. This space contains only gauge invariant states.

Let us also look at the action in temporal gauge A_0 = 0. This gauge can be imposed if space-time is a cylinder. S = i ∫ tr ϕ∂_0A_1 + e^2 2 ∫ tr ϕ^2ω (2.6)

This is of the form S = pq̇ − H (2.7)

We can read off that ϕ can be seen as the conjugate momentum to A_1. A_1 and ϕ therefore have canonical commutation relations. The Hamiltonian is proportional to the Laplacian on the group. We could now proceed canonically and look at wave functionals Ψ[A] and implement the action of the canonical momentum by 1 i δ δA1 . This space contains states that are not gauge invariant. We would have to implement the Gauß-law as an operator equation on the space. The physical states would have to solve the constraint equation. This approach can be seen as a “quantize first” procedure. The other possibility is to impose the constraints before quantization. This corresponds to working with class functions in our case. In general the two approaches can be nonequivalent. (The gauge transformations do not act freely on the space of connections. “Quantize first” and “reduce first” are equivalent if the action of the symmetry group is free.) In the following we work with the space of class functions. This space has a basis consisting of the characters of the irreducible unitary representations. We have an inner product on that space given by

< f_1, f_2 >= ∫ f^∗_1 (g)f_2(g)dg (2.8)

The measure appearing in this equation is the Haar-measure on the group. The characters are orthonormal with respect to this product. (The volume of the group is normalized to one.) The Laplacian acts on a character as the quadratic casimir, so the characters are eigenfunctions of the Hamiltonian.

Our states associated to surfaces with one boundary component can be seen as path-integrals as functionals of the boundary conditions. If we want to fix the boundary conditions in a gauge invariant way we only have to give the conjugacy class of the boundary holonomy. This kind of fixing boundary conditions fits with the reduce-first quantization procedure.

2.2.1 Operators, Bases

Let us discuss the operators of the theory (and the corresponding bases of eigenstates) more detailed on a slightly more abstract level. This discussion is copied from quantum mechanics, see e.g. [6] . We have two different kinds of operators:

• The Hamiltonian H with a discrete spectrum

• The conjugacy classes of the holonomies. The space of conjugacy classes can be parametrized by the maximal torus of the Lie-group modulo the Weyl group. This is a continuous set (with an orbifold singularity). In this sense the conjugacy classes can be compared with the position variable in ordinary quantum mechanics.

These operators form an algebra acting on a state space (which does not have to be further specified at the moment). If the operators correspond to physical observables we can apply the spectral theorem for self-adjoint operators. This states that it should be possible to give an eigenvector expansion of the states ϕ in the space of states. ϕ = ∑ |E_n >< E_n|ϕ > (2.9) ϕ = ∫ dΘ|Θ >< Θ|ϕ > (2.10) (The measure will be the Haar-measure on the Lie group.) The systems |E_n > , |Θ > (eigenvectors of the Hamiltonian/the loop operator) are (different types of) “basis systems”.< E_n|ϕ > and < Θ|ϕ > are components of ϕ “in direction” of the basis vectors. The < E_n|ϕ > are discrete components while < Θ|ϕ > depends continuously on Θ and is, thus, a function of the conjugacy class Θ : < Θ|ϕ >= ϕ(Θ). There is a difference between the systems |Θ >, |E_n > . The |E_n > are states in our space while the |Θ > correspond to linear functionals. (The word “basis” makes sense if we think of a basis expansion as an integration (2.10).) The “pairing” < Θ_1|Θ_2 > has an interpretation as a delta-function:

< Θ_1|ϕ >= ∫ dΘ_2 < Θ_1|Θ_2 >< Θ_2|ϕ > (2.11)

So < Θ_1|Θ_2 > maps the value of the function < Θ|ϕ > at the position Θ_2 to its value at another position Θ_1. I assume that the |E_n > (eigenvectors of a Hermitian operator) have been chosen such that:

< E_n|E_m >= δ_{n.m} (2.12)

So we have the choice between two different kinds of basis systems. We choose now the continuous basis system which means that we describe our states in terms of wave functions:

ϕ ↔< Θ|ϕ >= ϕ(Θ) (2.13)

Our space of states is now mapped to a space of wave functions. The eigenvectors |E_n > are particular elements of the space of states and thus must have an expansion |E_n >= ∫ dΘ|Θ >< Θ|E_n > (2.14)

< Θ|E_n >= E_n(Θ) are “eigenfunctions of H” since < Θ|H|E_n >= E_n < Θ|E_n >. The pairing between states is in terms of wave functions < ϕ|ψ >= ∫ dΘ < ϕ|Θ >< Θ|ψ >= ∫ dΘϕ^∗(Θ)ψ(Θ) (2.15)

which is of course the usual inner product on the space of class functions. This can also be seen by using the expansion |f >= ∫ f(Θ)|Θ > dΘ and the delta-function pairing between the Θ’s. We know already that the eigenfunctions on the space of class functions of H (which is represented by Δ on the space of class functions) are the characters of the irreducible unitary representations. The eigenvalues are the values of the quadratic casimir in the particular representation,

< Θ|E_n >= χ_R(Θ), E_n = c_2(R) (2.16)

For any wave function we have an expansion in energy eigenfunctions: ϕ(Θ) =< Θ|ϕ >= ∑ R < Θ|R >< R|ϕ >= ∑ R χ_R(Θ) < R|ϕ > (2.17)

< R|ϕ > is a representation representation of states. < R|ϕ > is the projection of the state ϕ along |R >. The formula relates the representation of the state in terms of the two basis systems. It is valid for states in the cylinder-Hilbert space and thus – if we return to our interpretation of surfaces as states associated to its own boundary – for surfaces with boundary S^1. We can also consider surfaces with more than one boundary circle. The corresponding states are functions of n conjugacy classes (for n boundary circles) ϕ(Θ_1, . . . , Θ_n). We can give a generalization of equation (2.17):

ϕ(Θ_1, . . . , Θ_n) = ∑ R1,...,Rn ϕ(R_1, . . . , R_n)χ_{R1}(Θ_1), . . . , χ_{Rn} (Θ_n) (2.18)

Here, ϕ(R_1, . . . , R_n) corresponds to the surface where the boundary circles are labeled by representations R_1, . . . , R_n. If one wants to treat certain boundary components as outgoing one has to label them by dual representations. In the following we will sometimes think in terms of conjugacy classes and sometimes in terms of representations. Thinking in terms of conjugacy classes is closer to the geometrical pictures. We can translate both formulations into each other using the above formulas.

2.3 The Basic Amplitudes

In this section we will study the morphisms associated to the spheres with one, two and three holes [7],[9],[28]. According to the observations in the previous chapter it is sufficient to determine the morphisms of the one and three-holed sphere in the ϕF -model. We can glue a cylindrical piece to them afterwards to include the area-dependence and find the morphisms of the Yang-Mills theory.

Let us start with the disk in the topological theory. The wave function should only be nonvanishing for flat connections on the disk. This means that the holonomy at the boundary must be conjugate to one, i.e. we can describe the state assigned to the disk by:

disk(Θ) = δ(Θ|1) =< Θ|1 > (2.19)

An expansion in the character basis gives:

disk(Θ) = ∑ R < Θ|R >< R|1 >= ∑ R χ_R(Θ) dim R (2.20)

For the two-holed sphere we have two possibilities to orient the boundary circles. This will give the bilinear form η or the propagator. We will first look at the propagator:

For a flat connection the holonomies should be conjugate to each other and the wave function becomes a delta-function on conjugacy classes.

cyl(Θ_1, Θ_2) = δ(Θ_1, Θ_2) =< Θ_1|Θ_2 > (2.21)

Again we expand:

< Θ_1|Θ_2 >= ∑ R < Θ_1|R >< R|Θ_2 >= ∑ R χ_R(Θ_1) χ^∗_R(Θ_2) (2.22)

For a propagator e^{−tH} in the area-preserving theory with H the Laplacian we get:

cyl(Θ_1, Θ_2) = ∑ R χ_R(Θ_1) χ^∗_R(Θ_2) e^{−tc2(R)} (2.23)

(Remember that we have absorbed the coupling^{e2}_2 into the factor t.) The other possibility to orient the boundary circles is:

We will look again at the topological case: This time we have:

η(Θ_1, Θ_2) = δ(Θ_1, Θ^{−1}_1 ) (2.24)

We also want to know which bilinear form is induced by this on class functions. A class function f can be expanded as a state: f = ∫ dΘf(Θ)|Θ > (2.25)

(| > indicates that Θ is to be read as a state.) We get :

η(f_1, f_2) = ∫ f_1(Θ_1)f_2(Θ_2) δ(Θ_1, Θ^{−1}_2 ) dΘ_1dΘ_2 = ∫ f_1(Θ_1)f_2(Θ^{−1}_2 ) dΘ_1 (2.26)

This form is bilinear in f_1, f_2 and symmetric by the properties of the Haar measure. In the previous chapter we have introduced a complex conjugation C relating the bilinear form η and the Hermitian form < , > as in equation (1.34 ). If we compare the Hermitian and the bilinear form in the Yang-Mills case we see that (Cf)(g) = f^∗(g^{−1}) (2.27) So the characters fulfill Cχ = χ (2.28) We come to the three-holed sphere and the product on the space of states.

We will see that this product corresponds on the space of class functions to the convolution product

(f_1 ∗ f_2)(g) = ∫ f_1(gh^{−1})f_2(h) dh (2.29)

If we want to use the same argument as in the other two cases we have to say: The wave function should be nonvanishing whenever the product of an element in the conjugacy class of Θ_1 with an element of the conjugacy class of Θ_2 is conjugate to an element in the conjugacy class of Θ_3. Unfortunately, I don’t know a definition of a product for conjugacy classes for general compact Lie groups. I will write symbolically:

pants(Θ_1, Θ_2, Θ_3) = δ(Θ_3, Θ_1 · Θ_2) (2.30) This should be read as explained above. All calculations with this expression should be read with care . . . To get another expression for this I transform formally to the representation basis. Using the expansion |R_i >= ∫ dΘ|Θ >< Θ|R_i > (2.31)

I get:

pants(R_1, R_2, R_3) = ∫ dΘ_1dΘ_2dΘ_3 χ_{R1} (Θ_1)χ_{R2}(Θ_2)χ^∗_{R3}(Θ_3) δ(Θ_3, Θ_1 · Θ_2) = ∫ dΘ_1dΘ_2 χ_{R1} (Θ_1)χ_{R2} (Θ_2)χ_{R3} ( (Θ_1Θ_2)^{−1} ) (2.32)

The characters diagonalize the convolution product:

χ_{R1} ∗ χ_{R2} = 1 dim R_1 χ_{R1} δ_{R1,R2} (2.33)

If we use this and the orthonormality property we get

pants(R_1, R_2, R_3) = 1 dim R_1 δ_{R1,R2,R3} (2.34)

This means that the pants represent the convolution product. If we label one of the states as outgoing we can write: |R_1 > ∗|R_2 >= 1 dim R_1 δ_{R1,R2} |R_1 > (2.35)

We can retransform this using formula (2.18). A short calculation gives:

pants(Θ_1, Θ_2, Θ_3) = ∑ R 1 dim R χ_R(Θ_1) χ_R(Θ_2) χ^∗_R(Θ_3) (2.36)

The arguments used in this description of the three-holed sphere were mathematically not too nice. Therefore, I will rederive (2.36) using a lattice calculation. We will also see that (2.36) has a precise meaning in terms of products between conjugacy classes for a theory with finite groups.

2.4 Lattice Calculation

We will look at YM_2 from a lattice point of view in this section [27], [21]. In lattice gauge theory one triangulates the space time Σ. A connection on a lattice is given by an assignment of a group element g_{ij} for every link L_{ij} connecting two vertices x_i and x_j of the lattice. This group element should describe parallel transport along a link. If we compare a lattice theory with the corresponding continuum theory we should regard the group element g_{ij} as the path-ordered exponential of the continuum connection along the link L_{ij}. A gauge transformation associates to every vertex x_i a group element g_i. The link variables g_{ij} transform under a gauge transformation as:

g_{ij} → g_ig_{ij} g^{−1}_j (2.37)

For any plaquette (=interior of a closed polygon of the lattice) one can calculate a group element g_p by multiplying the link variables. Suppose the vertices of the polygon are x_{i1} , . . . x_{in} , then g_p = g_{i1i2} · . . . · g_{in−1in} (2.38)

The conjugacy class of this group element is gauge invariant. We want to define a partition function for the lattice theory. The integrand exp (− ∫ Σ L) of the path-integral factorizes into factors corresponding to each plaquette: e^− ∫ ˚ L = ∏ p e^− ∫ p L = ∏ p e^{−Sp} = ∏ p Z_p (2.39)

So we have to associate a local factor Z_p to every plaquette. This local factor should depend on the conjugacy class of the group element g_p and the area of the plaquette. After we have chosen the local factors we can calculate the partition function by: Z = ∫ ∏ L_{ij} dg_{ij} ∏ p Z_p(g_p) (2.40)

Our considerations in the previous sections suggest the wave function associated to the disk as local factors. That is

Z_p(g_p) = ∑ R dim R χ_R(g_p) (2.41)

for a topological theory. For the nontopological case we glue a cylindrical piece containing the area to our disk.

Z_p (g_p, t) = ∫ dg ∑ R dim R χ_R (g) ∑ R^′ χ^∗_R′ (g) χ_R′ (g_p) e^{−tc2(R′)} = ∑ R dim R e^{−tc2(R)}χ_R (g_p) (2.42)

This is the local factor originally used by Migdal [21]. To get a well-defined partition function it is necessary to show that it is independent of the triangulation of the surface. For two triangulations it is always possible to find a finer triangulation that contains both triangulations. So it has to be shown that the local factors are invariant under subdivisions of the plaquettes. This can be shown by the following argument:

We divide the plaquette p into two parts p_1 and p_2. The group element associated to the dividing link is V . The group elements U, W fulfill UW = g_p. To establish invariance under subdivisions we have to show:

Z_p(g_p) = ∫ dV Z_{p1} (UV )Z_{p2} (V^{−1}W ) (2.43)

This follows immediately from ∫ dV χ_R(UV )χ_R′ (V^{−1}W ) = δ_{R,R}′ 1 dim R χ_R(UW ) (2.44)

As a first application we will once again calculate the partition function of the three-holed sphere. We cut the pair of pants the following way:

Gluing this disk together to a sphere again corresponds to the following calculation:

Z_3(U_1, U_2, U_3) = ∫ dV dW dX ∑ R dim R χ_R ( U_1V W^{−1}U_2W X^{−1}U_3XV^{−1} ) (2.45)

applying ∫ dV χ_R(UV BV^{−1}) = 1 dim R χ_R(U)χ_R(B) (2.46) for B = W^{−1}U_2W X^{−1}U_3X and U = U_1 gives

Z_3 = ∫ dW dX ∑ R χ_R(U_1) χ_R(W^{−1}U_2W X^{−1}U_3X) (2.47)

Remembering that χ_R is a class function and applying the same identity again gives for the W -integration

Z_3 = ∫ dX ∑ R 1 dim R χ_R(U_1)χ_R(U_2)χ_R(X^{−1}U_3X) = ∑ R 1 dim R χ_R(U_1)χ_R(U_2)χ_R(U_3) (2.48)

This verifies our result of the previous section.

2.5 Partition Functions

We are now ready to calculate the YM_2 partition function for any surface using gluing techniques.

1. The sphere.

We can for example cut the sphere into two one-holed spheres and give the whole area to one of the halves. Using the formula (2.42) for the disk with area we get:

Z = ∫ dg ∑ R dim R e^{−tc2(R)}χ_R(g) ∑ R^′ dim R^′ χ^∗_R′ (g) = ∑ R (dim R)^2 e^{−tc2(R)} (2.49)

This is divergent for t → 0. 2. The torus.

To calculate the torus partition function we can for example use Z = tr e^{−tH} (2.50) and obtain Z = ∑ R e^{−tc2(R)} (2.51) which is also divergent for t → 0. One can easily check that the same result is obtained if we cut the torus in the following way:

or if we glue the edges of a square:

To give an example, we calculate the torus partition function for SU(2). For a spin-j-representation the quadratic casimir is c_2 = j(j + 1) = 1 4 [(2j + 1)^2 − 1] = 1 4 (n^2 − 1) (2.52) where n is the dimension of the representation. Inserting this we get Z = e^{t4} ∑ n e^{− t4 n2} (2.53)

3. Genus g ≥ 2.

We have seen that the three-holed sphere corresponds to the convolution product on the space of class functions which is diagonalized by the characters. So we can simply use the result obtained in section 1.3.3. We have to plug in^1_{dim R} for the λ’s and the quadratic casimir values for the E_i and get: Z_g = ∑ R (dim R)^{2−2g} e^{−tc2(R)} (2.54)

Other possibilities to calculate this result by gluing techniques (different ways to cut a genus g surface) are discussed in [27].

The YM_2 partition function has also been computed using other methods. For example Fine [14], [15] discusses the continuum path-integral.

2.6 Expectation Values of Wilson Loops

In this section we will calculate the expectation values of the observables in our theory, the Wilson loops. See for example the review [7] for general formulas. There can be different kinds of non-self-intersecting loops on a manifold. We have contractible loops and noncontractible loops where the noncontractible loops can be divided into those which cut a surface into two disconnected pieces and those which leave the surface connected. We will explain how to calculate the three different types of loops by giving an easy example for each one.

We start with the Wilson loop on the sphere:

Take a loop γ on the sphere. This will always be contractible. We calculate the expectation value by cutting the sphere along the loop γ into two disks and then integrating the Wilson loop operator W^R_γ = tr_R exp ∮ γ A = χ_R(U) against the disk amplitudes

⟨W^R_γ ⟩ = ∫ dU ∑ R^′ e^{−t1c2(R′)} dim R^′ χ_R′ (U)χ_R(U) ∑ R^{′′} e^{−t2c2(R′′)} dim R^{′′} χ_R′′(U^{−1}) = ∑ R^′R^{′′} dim R^′ dim R^{′′} e^{−t1c2(R′)−t2c2(R′′)} N^{R′′}_R′_R (2.55)

where t_1 and t_2 are the areas of the two different disks. N^{R′′}_R′_R are the fusion numbers appearing in the reduction of the tensor product

R_1 ⊗ R_2 = ⨁ N^{R3}_{R1R2} R_3 (2.56)

In terms of characters this equation can be written as

χ_{R1} χ_{R2}(U) = ∑ R3 N^{R3}_{R1R2} χ_{R3}(U) (2.57)

This means that the fusion numbers fulfill:

N^{R3}_{R1R2} = ∫ dUχ_{R1} χ_{R2}χ^∗_{R3} (U) (2.58)

We have used this relation when integrating over the group.

We can easily generalize this calculation to a contractible loop on a more complicated manifold. If we cut along a contractible loop we get a disk and a manifold with one extra boundary circle. We do the same calculation as before replacing one of the disks by the more complicated manifold. For surfaces with boundaries the expectation value of our Wilson loop becomes a function of the boundary holonomies.

We will now look at Wilson loops on the cylinder. Here we have one nontrivial loop:

To calculate its expectation value we cut the cylinder into two pieces:

and calculate: ⟨W^R_γ ⟩(V, W ) = ∫ dU ∑ R^′ χ_R′(V^{−1})χ_R′(U) e^{−t1c2(R′)}χ_R(U) ∑ R^{′′} χ_R′′ (U^{−1})χ_R′′ (W ) e^{−t2c2(R′′)} = ∑ R^′R^{′′} N^{R′′}_R′_Re^{−t1c2(R′)−t2c2(R′′)}χ_R′(V^{−1})χ_R′′(W ) (2.59) Our next example is the torus. Here we have two homologically nontrivial loops. To calculate the expectation value of the Wilson loop along one of them, we simply identify the two ends of the cylinder. ∫ dW ∑ R^′R^{′′} N^{R′′}_R′_R e^{−t1c2(R′)−t2c2(R′′)}χ_R′(W^{−1}) χ_R′′ (W ) = ∑ R^′ e^{−tc2(R′)}N^{R′}_R′_R (2.60)

The calculations for each of the two different nontrivial loops on the torus are the same because cutting along each of them leads to an object which is topologically a cylinder. We see that the expectation value is only nonvanishing if there are representations R^′ such that the tensor product of R^′ and R contains R^′ again. In other words, R^′ has to appear on both sides of the equation: R^′ ⊗ R = ⨁ N^{R′′}_R′_R R^{′′} (2.61) Or: ∃R^′ : N^{R′}_R′_R ≥ 1 (2.62)

2.6.1 Wilson Loops on the Torus

In this section we want to answer the question for which representations the expectation value of the Wilson loop does not vanish. W^R_γ ≠ 0 (2.63) γ one of the two noncontractible loops on the torus. This reduces to the question for which R condition (2.62) can be fulfilled. We will start with the SU(2)-case and then go to the SU(n)-case.

SU(2) In the SU(2)-case we are able to give concrete formulas for the expectation values in all representations.

All representations can be labeled by their spin j. A tensor product of two representations can be decomposed as H^{j1} ⊗ H^{j2} = H^{j1+j2} ⊕ H^{j1 +j2−1} ⊕ . . . ⊕ H^{|j1−j2|} (2.64) We want to calculate ⟨W^{j1} ⟩ = ∑ j2 N^{j2}_{j1j2} e^{−tj2(j2+1)} (2.65) If j_1 is half-integer, j_1 =^n_2 , n ∈ 2N + 1 we have H^{n2} ⊗ H^{j2} = H^{n2 +j2} ⊕ . . . ⊕ H^{| n2 −j2|} (2.66) If j_2 is integer all Hilbert spaces on the rhs carry half-integer spin and if j_2 is halfinteger they carry integer spin. Thus, H^{j2} can never appear on the right handside. We conclude that the expectation value of a Wilson loop in a half-integer spin representation j_1 always vanishes. Now we take j_1 to be integer. H^{j1} ⊗ H^{j2} = H^{j1+j2} ⊕ . . . ⊕ H^{|j1−j2|} (2.67) The representations on the rhs are labeled by spins j_1 + j_2 − m, m ∈ {0, . . . , m_{max}} (2.68) where m_{max} = j_1 + j_2 − |j_1 − j_2| = 2 min (j_1, j_2) (2.69) This gives m_{max} = 2j_2 for j_1 ≥ j_2, m_{max} = 2j_1 for j_1 ≤ j_2 (2.70) For H^{j2} to appear on the right hand side we need m = j_1 for m ≤ m_{max}. j_2 ≥ j_1 ⇒ m = j_1 < 2j_1 = m_{max} j_1 ≥ j_2 ⇒ m = j_1 ≤ m_{max} = 2j_2 for j_2 ≥ 1 2 j_1

We conclude that H^{j1} ⊕ H^{j2} contains H^{j2} once for each j_2 ≥^1_2 j_1. Therefore, the expectation value is ⟨W^{j1} ⟩ = ∞∑ j2= 12 j1

1 · e^{−tj2(j2+1)} (2.71)

where the summation is in half-integer steps. We can rewrite this as a sum over dimensions n = 2j_2 + 1:

⟨W^{j1} ⟩ = ∞∑ n=j1 +1

e^{− t4 [n2−1]} (2.72)

We see that we have obtained “a piece” of the torus partition function Z: ⟨W^{j1} ⟩ = Z − j1∑ n=1 e^{− t4 [n2−1]} (2.73)

SU(n) The calculation of Wilson loop expectation values on the torus becomes more difficult for other groups. But for the groups SU(n) we can say which expectation values vanish and which do not. We proceed in two steps:

1. We will name irreducible representations (irreps) R for which the expectation value vanishes. In group theory language: We will find representations R for which N^{R′}_{RR}′ = 0 ∀R^′.

2. For all other representations we will see that the expectation value does not vanish. In group theory language: We will see that for these representations we can always find representations R^′ for which N^{R′}_{RR}′ ≠ 0.

First we have to say some things about the reduction of the tensor product of two irreducible representations R, R^′ of SU(n). An irrep R = D(k_1, . . . , k_{n−1}) of SU(n) is characterized by a highest weight λ = n−1∑ i=1 k_iλ^i k_i ∈ N (2.74)

n − 1 is the dimension of the Cartan subalgebra. λ_i are the fundamental weights. These are defined to be the unique weights fulfilling λ^i(h_j ) = δ^i_j (2.75) The h_j are the usual basis of the Cartan subalgebra of SU(n), in matrix form h_j = diag(0, . . . , 0, 1, −1, 0, . . . , 0) (2.76) where the 1 is at position j. To each irrep R = D(k_1, . . . , k_{n−1}) we can associate a Young tableau T_R.

It has r_i = k_i + . . . + k_{n−1} boxes in row i. Or: k_i gives the difference of the number of boxes in row i and row i + 1, k_i = r_i − r_{i+1}. Vice versa, we can associate an irrep of SU(n) to a Young tableau with ≤ n rows by reading off the appropriate highest weight from the tableau. It is important for us to note that Young tableaux with n rows also represent irreps of SU(n). They are equivalent to tableaux where the columns with n boxes are “crossed out”. Young tableaux with more than n rows do not represent SU(n) representations. By now I have also established some notation and I should add that for an irrep R^′ I call the corresponding quantities k^′_i, r^′_i, T_R′ etc.

There is a simple algorithm for the reduction of R⊗R^′ with the help of Young tableaux. I will give the algorithm without any proof.

• Find the Young tableaux T_R, T_R′ for R and R^′ as described above.

• Fill the Young tableau T_R with numbers in the following way: fill in a one into each box of the first row, a two in each box of the second row, a k in each box of the k’th row,. . . till n-1.

• Attach the boxes labeled one to the second Young tableau T_R′ in all possible ways but according to the following rules

– The resultant diagram is a Young tableau – No two one’s appear in the same column

If you get the same tableau in several ways cross out all except one.

• Repeat the process with the 2^′s, 3^′s, . . . , n − 1^′s.

• For each tableau obtained in this way read the sequence of numbers in the tableau from right to left starting in the first row. Kill the tableau if the sequence is not a “lattice permutation”. “Lattice permutation” means: Left of any number in the sequence there are no fewer 1’s than 2’s, no fewer 2’s than 3’s,..., i’s than i+1’s,... In other words: If m is a certain point of the sequence and h(i, m) is the number of i’s that have appeared in the sequence so far, then we have

h(i, m) ≥ h(i + 1, m) (2.77)

• For Young tableaux with n rows “cross out” the columns with n boxes.

• If there are diagrams that are exactly identical (including the numbers) cross out all except one.

• associate the corresponding SU(n) representations to the remaining diagrams.

The Young tableaus obtained by this procedure are characterized by the following properties:

1. No number appears twice in the same column

2. The sequence of numbers one obtains reading the rows from right to left starting with the first row is a lattice permutation.

3. The sequence in each row is increasing from left to right.

We have to decide now under which circumstances we can obtain a Young tableau which is identical to the tableau T_R′. By attaching boxes from T_R to T_R′ we “increase the number of boxes”. To get the tableau T_R′ back we necessarily have to make use of the rule that columns with n boxes can be crossed out. This means that the net effect of attaching the boxes T_R to T_R′ must be that we get z columns with n boxes. So the number of boxes Z of T_R must be a multiple of n, Z = nz. We can conclude:

A necessary condition for N^{R′}_{RR}′ ≥ 1 is that the number of boxes Z of the Young tableau T_R is a multiple of n, i.e. Z = n−1∑ i=1 r_i = n−1∑ i=1 ik_i = nz z ∈ N (2.78)

In the following we will look at irreps R which fulfill this basic condition. Next we show that for these representations we can always find an irrep R^′ such that N^{R′}_{RR}′ ≥ 1. This means that we have to find a tableau T_R′ which allows that we attach z boxes of T_R to each row such that the resulting diagram is a Young diagram with the characterizing properties 1,2,3 mentioned above. If we take T_R′ with k^′_i ≥ z for i = 1, . . . , n − 1 we can be sure that the diagram we obtain from gluing z boxes to each row is again a Young tableau. There is only one box with a number in each column, so it is also clear that no number appears twice in a column. Condition 1 is fulfilled. We have to check now that we can attach the boxes in a way such that also conditions 2 and 3 are fulfilled. This is equivalent to filling a rectangular diagram with n rows and z columns with the numbers in T_R such that 2 and 3 are fulfilled. We give an algorithm for this:

• Take the biggest numbers in T_R ( = the numbers j appearing in row j if T_R has j rows) and fill them in from right to left starting in the last row of the rectangle.

• Proceed with the numbers j − 1 of row j − 1 in the following way: Fill in a j − 1 on top of each j. (We have enough j − 1’s to do this because T_R is a Young tableau, r_{j−1} ≥ r_j.) If there are j − 1’s left go to the row nearest to the bottom of the rectangle and fill them in from right to left.

• Proceed like this with the other rows: Recursively: Suppose the numbers i are already filled in. Fill now in the i − 1’s: Put an i − 1 on top of each i and fill in the remaining i − 1’s from right to left starting with the row closest to the bottom.

This process will always give the desired result. So the Young-tableaux T_R′ with k^′_i ≥ z give N^{R′}_{RR}′ ≥ 1 (if R fulfills the basic condition Z = nz). Altogether we have obtained the following result:

Let R = D(k_1, . . . , k_n) be a representation of SU(n) with highest weight λ = ∑n_{−1} i=1 k_iλ^i. The expectation value of the Wilson loop W^R_γ does not vanish if and only if ∑n_{−1} i=1 ik_i = nz with z ∈ N.

2.6.2 Geometrical Pictures of the Products on the Algebra of Class Functions

On the algebra of class functions we have two different products: The convolution product (f ∗ g)(U) = ∫ dV f(UV^{−1})g(V ) (2.79)

and the pointwise product between functions

(fg)(U) = f(U)g(U) (2.80)

In the character basis we have

χ_{R1} ∗ χ_{R2} = δ_{R1R2} 1 dim R_1 χ_{R1} (2.81)

χ_{R1} χ_{R2} = ∑ R3 N^{R3}_{R1R2} χ_{R3} (2.82)

In the following we want to discuss the geometrical meaning of these algebraic structures in the context of YM_2 in the zero-area limit. We have already seen that the convolution product is connected to the zero-area three-holed sphere. We stress this once more by calculating the expectation values of three Wilson loops inserted at the three boundaries (all labeled incoming):

⟨W_{R1} W_{R2} W_{R3} ⟩ = . . . = ∫ dW dV dU ∑ R 1 dim R χ_R(U^{−1})χ_R(V^{−1})χ_R(W^{−1})χ_{R1}(U)χ_{R2} (V )χ_{R3} (W ) = 1 dim R_1 δ_{R1R2R3} (2.83)

Using our result for the expectation value of a Wilson loop on the cylinder we can now also calculate the fusion coefficients N^{R3}_{R1R2} as an expectation value of Wilson loops:

We have to integrate the amplitude of the Wilson loop on the cylinder with open ends against the boundary loops. If we label the R_3-boundary as “outgoing”.

⟨W_{R1} W_{R2} W_{R3} ⟩ = N^{R3}_{R1R2} (2.84)

We can give a one-to-one translation of the convolution product and the pointproduct in the character basis in the following way: The geometrical picture for a character is the expectation value of a Wilson loop at one boundary as a function of the holonomy of the other boundary:

⟨W_R⟩(V ) = χ_R(V ) (2.85)

So (2.81) is in pictures

and (2.82) is in pictures

Associativity of the convolution product is geometrically the possibility to decompose the four-holed sphere into two three-holed spheres in two different ways as discussed before. For the other product it reflects the fact that if we glue three cylinder pieces it does not matter if we first glue the first two pieces or the last two pieces:

The two different products give us the possibility to interpret states as operators in two different ways:

χ_{R1} ∗ |R_2 > ≡ χ_{R1} ∗ χ_{R2} (2.86) χ_{R1} |R_2 > ≡ χ_{R1} χ_{R2} (2.87)

where |R_2 > is to be interpreted as a state and χ_{R1} as an operator. If we let the characters act on the topological disk “in the *-way” we can “create” all basis states: χ_R ∗ |disk >= |R > (2.88) Another possibility to create the basis states is to let the characters act on the trivial representation character “in the · - way”

χ_R|R_0 >= |R > (2.89)

Note that in the area-preserving theory with Hamiltonian not equal to zero |R_0 > is an eigenstate of H of zero energy.

Chapter 3

Further Examples

In this chapter we will see some other examples of topological field theories and their area-preserving perturbations.

3.1 A Theory for Finite Groups

3.1.1 The Topological Theory

In this section I want to discuss a toy theory which is a two-dimensional gauge theory with finite gauge group. We will first look at the topological case. To define the theory one can simply use the lattice construction given in section 2.4. Integrations over the group have to be replaced by summations. To calculate the partition function we have to perform a summation over link variables. The inner product on the space of functions on a finite group is

< f_1, f_2 >= 1 |G| ∑ g∈G f^∗_1 (g)f_2(g) (3.1)

Using lattice arguments we can calculate all partition functions in essentially the same way as before. Note that our theory is invariant under subdivisions because of the same argument used before and therefore well-defined.

The Operator Algebra

We want to discuss the three-holed sphere once more in the finite group case. This time we have a well-defined product between conjugacy classes C:

C_iC_j = ∑ k N^k_{ij} C_k (3.2)

For an element g ∈ C_k the factor N^k_{ij} counts for how many combinations x, y, x ∈ C_i, y ∈ C_j the product xy gives g. N^k_{ij} is independent of the choice of g which makes the product well-defined. So N^k_{ij} does exactly what our partition function of the three-holed sphere is supposed to do. We can give formulas for N^k_{ij}. To do this we define an operator T_R for a representation R and a conjugacy class C_i by T_R = ∑ g∈C_i R(g) (3.3)

where R(g) is g in the representation R. This operator commutes with every operator R(h). By Schur’s lemma it is proportional to the identity: T_R = λ^{(R)}_i · 1 (3.4) Taking the trace gives n_i χ_R(g) = λ^{(R)}_i dim R (3.5) where n_i is the number of elements in C_i and g is an (arbitrary) element in C_i. We also write χ_R(g) = χ^R_i . We conclude

λ^{(R)}_i = n_i dim R χ^R_i (3.6)

The conjugacy classes C_i can be mapped into the center of the group algebra (= the algebra of formal linear combinations of group elements) by C → ∑ g∈C g (3.7)

These elements form a basis of the center of the group algebra. The multiplication of conjugacy classes reads in the group algebra ∑ g_i∈C_i g_i ∑ g_j∈C_j g_j = ∑ k N^k_{ij} ∑ g_k∈C_k g_k (3.8)

Any representation R extends canonically to a representation of the group algebra by R ( ∑ g λ_gg ) = ∑ g λ_g R(g) (3.9)

If we apply R to the multiplication law and use T_R = λ^{(R)}_i 1 we obtain: λ^{(R)}_i λ^{(R)}_j = ∑ k N^k_{ij} λ^{(R)}_k (3.10)

The λ^{(R)}_i form themselves a representation of the group algebra. We can now calculate the N^k_{ij} using the explicit formulas for the λ^{(R)}_i and the character orthogonality relations. We get:

N^k_{ij} = ∑ R n_in_j |G| χ^R_i χ^R_j χ^R_k^∗

dim R

(3.11)

So we obtained the partition function of the three-holed sphere as it was given before for a finite group. We have seen what it means mathematically.

Let us make some remarks about the numbers χ^R_i . For finite groups the number of conjugacy classes equals the number of irreducible representations. So the χ^R_i form a quadratic matrix ( χ^R_i ) Ri. We let this matrix act on the center of the group algebra. An application to one of the basis vectors ∑ g∈C_i g gives

ϕ_j = ∑ i χ_{Rj} (C_i) ∑ g∈C_i g = ∑ g∈G χ_{Rj} (g) g (3.12)

The product of two of these elements gives ϕ_j ϕ_k = δ_{jk} 1 dim R_j ϕ_j (3.13)

So the elements ϕ_j of the center of the group algebra diagonalize the product on the group algebra. The matrix (χ^R_i )_{Ri} transforms between these elements and the conjugacy-class-basis. The factor^1_{dim Ri} appearing in the operator product of the ϕ’s is the inverse of the matrix element which evaluates the character on the unit element of the group. The diagonalization of the operator product has been described for more general topological field theory in [8]. Of course we want to see how the ϕ_i are connected with the characters as functions on the group. There is an isomorphism between the space of functions R on the group and the group algebra given by: f → ∑ g∈G f(g)g (3.14)

The corresponding product on the space of functions is

f_1 ∗ f_2(g) = ∑ h∈G f_1(gh^{−1})f_2(h) (3.15)

So we have a map (functions, ∗) → (group algebra, ·) (3.16) The center of the group algebra is the image of the space of class functions: (class functions, ∗) → (center of group algebra, ·) (3.17) The characters and their ∗-products are mapped to the ϕ’s and their · -product. The concept of functions on the group can be generalized to infinite groups (and is isomorphic to the group algebra in terms of formal linear combinations in the case of finite groups). For finite groups we have the nice possibility to see the conjugacy classes and the characters as basis elements in the same algebra: the center of the group algebra. This is the algebra describing our topological field theory with finite groups.

3.1.2 Area-Preserving Perturbation

We can try to give an area-preserving perturbation of this theory. In the previous chapter the area dependence of the theory was encoded in the factor e^{−tc2(R)}. To preserve the invariance of the theory under subdivisions of the lattice it is important that the area dependence of the local factor is exponential. The quadratic casimir was chosen for YM_2 theory because it gives the right continuum limit. In principle it is possible to work with any function that depends only on the representation R. So for the theory with compact Lie groups other casimirs would be possible. Generally, we can look at plaquette actions of the form

Z_p(g_p) = ∑ R dim R e^{−tf (R)}χ_R(g_p) (3.18)

f a function of the representation only. The f(R) have an interpretation as energy eigenvalues in our theory so they should be real numbers and bounded from below. The latter condition is automatically satisfied for finite groups. Suitable functions f are for example real valued functions of the dimension of the representation.

f(R) = f(dim R) (3.19) (This idea is copied from the quadratic casimir for SU(2).) A different type of function is f(R) = ∑ C_i Re χ_R(C_i) (3.20)

(Note that this is a finite sum.)

3.2 Cohomological Field Theory

In the previous chapter we have seen an example for a topological theory: the ϕF - model. This model had an action which is invariant under all diffeomorphisms. From this action we got a topological quantum field theory. We will now look at a different kind of topological field theory, which is called cohomological field theory [32]. These theories are subsectors of a more general quantum field theory. The gauge theory discussed in [29] and topological sigma-models [30] are important examples of cohomological field theories. The two-dimensional theory has been discussed in [10],[11]. We will look at these two-dimensional models and then try to give area-preserving perturbations of the topological theory.

The crucial ingredient in a cohomological field theory is a nilpotent operator Q: Q^2 = 0 (3.21)

Q is anticommuting. The physical local observables ϕ_i(x) of the topological sector of the theory commute with Q:

{Q, ϕ_i} = 0 (3.22)

They are Q-closed. Quite generally we have the property that the expectation value of a Q-commutator vanishes: ⟨{Q, O}⟩ = 0 (3.23) it follows that if {Q, A} = 0 then ⟨A{Q, B}⟩ = ⟨{Q, AB}⟩ = 0 (3.24) Q-commutators do not contribute inside correlation functions with Q-closed states. So our physical observables should be defined only up to Q-commutators. It makes sense to define the physical Hilbert-space as the space of Q-cohomology classes. H_{phys} = kerQ imQ (3.25)

A topological field theory should have the property that the correlators of a set of local observables ⟨ϕ_{i1} (x) . . . ϕ_{in} (x)⟩_Σ (3.26) only depend on the topology of the surface Σ on which the fields are defined. They should be independent of the metric and the positions of the operators. To achieve this general covariance we claim that the stress energy tensor T_{μν} (which generates the diffeomorphisms, see section 4.1 for further explanations) is a Q-commutator T_{μν} = {Q, G_{μν}} (3.27) It vanishes inside correlation functions of physical observables. We can associate conserved charges P_μ, G_μ to the operators T_{μν} and G_{μν} . This gives a fermionic extension of the ordinary translation group generated by the P_μ generated by the G_μ.

P_μ = {Q, G_μ}, [P_μ, P_ν ] = {G_μ, G_ν } = 0 (3.28)

Recall the definition of the stress tensor in a theory given by an action S: T_{μν} = 1 √ g δS δg^{μν} (3.29)

We see that we automatically get a cohomologically trivial stress energy tensor if the Lagrangian is a Q-commutator: S = ∫ d^2z{Q, V } ⇒ T_{μν} = {Q, 1 √ g δV δg^{μν} } (3.30)

We should now be able to recover some of the features of the topological field theories discussed in Chapter 1 from an axiomatic point of view. So we have to look at the operator algebra. We can define a bilinear form η by the two-point functions on the sphere:

η(ϕ, ψ) = ⟨ϕψ⟩_0 (3.31) or for a basis ϕ_1, . . . , ϕ_n of the physical subspace:

η_{ij} = ⟨ϕ_iϕ_j⟩_0 (3.32)

η is nondegenerate on the cohomology classes. We will use this form to raise and lower indices (to identify “incoming” with “outgoing” states). Next we have to discuss the possibility to calculate correlation functions by cutting and gluing. To a set of observables ψ_1, . . . , ψ_n and a surface Σ we associate a state in the physical Hilbert space by η(ψ, |ψ_1, . . . ψ_n >_Σ) = ⟨ψ ψ_1 . . . ψ_n⟩_Σ ∀ψ ∈ H_{phys} (3.33) (| > indicates that the object is a state.)

If we look at operators ψ_1 . . . ψ_n on Σ_1 and ψ_{n+1} . . . ψ_m on Σ_2, and Σ_1 and Σ_2 such that Σ_1 ∪ Σ_2 = Σ we get

η(|ψ_1, . . . , ψ_n >_{Σ1} , |ψ_{n+1}, . . . , ψ_m >_{Σ2} ) = ⟨ψ_1 . . . ψ_nψ_{n+1} . . . ψ_m⟩_Σ (3.34)

This is a gluing property. We can also write ⟨ψ_1 . . . ψ_nψ_{n+1} . . . ψ_m⟩ = ∑ jk ⟨ψ_1 . . . ψ_nϕ_j⟩ η^{jk} ⟨ϕ_kψ_{n+1} . . . ψ_m⟩ (3.35) The three-point functions can be used to define an operator algebra

c_{ijk} = ⟨ϕ_iϕ_jϕ_k⟩ (3.36)

By raising one of the indices with η we can write an operator product

ϕ_iϕ_j = ∑ k c^k_{ij} ϕ_k (3.37)

We can apply our factorization procedure to the four-point function and get ⟨ϕ_iϕ_j ϕ_kϕ_l⟩ = ∑ mn ⟨ϕ_iϕ_jϕ_m⟩ η^{mn} ⟨ϕ_nϕ_kϕ_l⟩ = ∑ c^m_{ij} c_{mkl} (3.38)

There are two ways of factorizing, so we have the following property of the coefficients c_{ijk} ∑ c^m_{ij} c_{mkl} = ∑ c^m_{ik} c_{mjl} (3.39)

So we get an associative ring which is of course also commutative. This gives a connection with the axiomatic discussion. Note however that this ring might be nilpotent. This is the case in the chiral ring in superconformal field theory. For the diagonalization of the ring as discussed in Chapter 1 we made the assumptions that we have a C^∗-algebra with a positive definite Hermitian form and that the conjugation of the algebra relates η and the Hermitian form as in (1.34). In cohomological field theories one can have a positive definite Hermitian form, but then the complex conjugation relating η and the Hermitian form does not necessarily respect the algebra structure as in (1.78).

3.2.1 The Descent Equations and Nonlocal Observables

The independence of the correlation functions of the positions of the operators suggests a new class of nonlocal physical observables. If the differential of the correlation function vanishes the differential of a physical operator must be zero up to a Q-commutator.

dϕ^{(0)} = {Q, ϕ^{(1)}} (3.40) (We will also write ϕ^{(0)} for our local observables ϕ from now on.) The one form ϕ^{(1)} can be used to define a new observable

Φ(C) = ∫ C ϕ^{(1)} (3.41)

where C is a closed curve on Σ. Q-invariance is easily checked {Q, Φ(C)} = ∫ C {Q, ϕ^{(1)}} = ∫ C dϕ^{(0)} = 0 (3.42)

We can find another expression for ϕ^{(1)} if we look at the algebra spanned by the conserved charges again. If we identify P = d = {Q, G} and use {Q, ϕ^{(0)}} = 0 we find dϕ^{(0)} = {Q, {G, ϕ^{(0)}}} (3.43) thus ϕ^{(1)} = {G, ϕ^{(0)}} (3.44) (up to Q- commutators) This suggests to define also an operator ϕ^{(2)} = {G, ϕ^{(1)}} (3.45) for which we can also derive a descent equation dϕ^{(1)} = {Q, ϕ^{(2)}} (3.46) The operator ∫ Σ ϕ^{(2)} again gives a physical operator. The operators ϕ^{(0)}, ϕ^{(1)}, ϕ^{(2)} can be interpreted as components of one superfield.

3.2.2 Perturbations of the Theory

Topological perturbations In [10] the descendant fields ϕ^{(2)}_i are used to define a family of topological field theories by adding ∫ ϕ^{(2)}_i with coupling constants t_i to the action

S(t) = S(0) − ∑ n t_n ∫ Σ ϕ^{(2)}_n (3.47)

These perturbations preserve the topological properties of the theory. Thus all quantities can be calculated by factorization. The necessary information is encoded in the perturbed three-point functions

c_{ijk}(t) = ⟨ϕ_iϕ_jϕ_k exp (∑ t_n ∫ ϕ^{(2)}_n ) ⟩_{t=0} = ⟨ϕ_iϕ_j ϕ_k⟩_t (3.48)

area-preserving perturbations

We can introduce an area-dependence into these theories by adding ∫ Σ ϕ^{(0)}ω (ω volume element ) to the action.

S(e) = S(0) + e ∫ Σ ϕ^{(0)}ω (3.49)

e is a coupling constant which can be absorbed in the total area as discussed for the Yang-Mills case. If ϕ^{(0)} carries some indices of e.g. a target space these should be contracted. More generally, we can add any function of ϕ^{(0)} integrated over Σ. The perturbed theory depends only on the volume – not on the full metric – because ϕ^{(0)} is a physical operator of the topological theory. The stress-energy tensor gets a contribution from the volume dependent part of the action. If we use (see Chapter 4) ω = √ gd^2x and δ √ g = 1 2 √ gg^{μν} δg_{μν} (3.50) we get T_{μν} = {Q, G_{μν} } + 1 2 ϕ^{(0)}g_{μν} (3.51)

The last term is not Q-exact. So the theory gets some dynamics. The operator ϕ^{(0)} obtains the role of the Hamiltonian discussed in previous chapters. It is clear that it commutes with the operator product because the algebra of the topological theory is commutative.

3.2.3 YM_2 as a Perturbed Cohomological Field Theory

Two-dimensional topological Yang-Mills theory can also be described as a cohomological field theory [28]. The following explanations are taken from [9].

We introduce an extra field ψ in the Yang-Mills theory which is an anticommuting one form which takes values in the Lie algebra. Then we define the following transformation of fields

δA = ψ δψ = Dϕ δϕ = 0 (3.52)

This is nilpotent up to a gauge transformation

δ^2A = Dϕ (3.53) δ corresponds to the charge Q of the previous sections. Q should be thought of as the conserved charge associated to δ. We have to restrict to gauge invariant quantities because δ squares to zero only for these. A δ-invariant action containing the above multiplet of fields is S = i ∫ Σ tr (ϕF + 1 2 ψ ∧ ψ) (3.54)

which is an extension of the topological Yang-Mills action. We check the invariance: δS = ∫ Σ tr D(ϕψ) = ∫ ∂Σ tr ϕψ = 0 (3.55)

if Σ is a closed surface. The extra term ∫ tr ψ ∧ ψ has an interpretation as a symplectic form on the space of connections A. Observables of the theory have to be δ- closed and gauge invariant. The field ϕ is δ-closed and we can form gauge invariant polynomials:

tr ϕ^2, . . . . . . , tr ϕ^n (3.56)

The span of these invariant polynomials corresponds to the polynomial algebra spanned by the casimir operators. We can derive the nonlocal observables by differentiating the O’s. We will do so for the quadratic casimir element O^{(0)} = 1 2 tr ϕ^2: 1 2 ∂ ∂x^α tr ϕ^2 = tr ϕD_αϕ = δtr ϕψ (3.57)

We have found O^{(1)} = tr ϕψ (3.58)

Differentiating O^{(1)} gives

O^{(2)} = tr ϕF + 1 2 ψ ∧ ψ (3.59)

as we have seen before. ∫ O^{(2)} was our δ-invariant action. The action of physical Yang-Mills theory is of the form ∫ O^{(2)} + e^2 ∫ O^{(0)}ω (3.60)

and thus a perturbed topological cohomological theory as described in the last section. Of course we could also use other casimirs (instead of the quadratic casimir) to add an area-preserving perturbation to the topological theory.

Chapter 4

Action of Diffeomorphisms

In the first chapter we have studied three different QFT’s. The difference between these theories is that they have different symmetries. In the first chapter we only considered space-time symmetries, i.e. invariance under a certain diffeomorphism group. In our Y M_2-example we had an invariance under areapreserving diffeomorphisms and a gauge symmetry. These symmetries might be not unrelated, since our gauge invariant physical states were also invariant under area-preserving diffeomorphisms. In this chapter we will study some aspects of space-time symmetry and the action of diffeomorphisms groups and investigate possible connections with gauge invariance in the Y M_2-case.

4.1 The Stress-Energy Tensor

If a Lagrangian is invariant under a group of diffeomorphisms, we can apply Noether’s theorem. This states that we can associate a locally conserved current j to any one-parameter group of invariants. Integrating the time component of the current over a fixed time slice gives a conserved charge Q. This can be seen to generate infinitesimal transformations by δ_ϵA = ϵ[Q, A], where A is a field. Charges, that generate space-time transformations, are constructed from the stress-energy-tensor T_{μν}. Thus, we will study which properties the stresstensor has if the theory is invariant under a certain diffeomorphism group. The construction of the stress-tensor by the Noether procedure has the disadvantage that it gives as a first step only a stress-energy tensor, which is not symmetric and in the case of gauge theories not even gauge invariant. There is a recipe how one can get a symmetric, gauge invariant tensor by adding a total divergence as a second step. However, there is an alternative definition of the stress-tensor which might be more elegant in this respect. We will use it in the following.

The stress-tensor can also be defined as an object that describes the dependence of the action S on the metric g. In this context the action has to be interpreted as a function on the space of metrics M_M of a given manifold M.

This is the space of differentiable maps from the manifold into the space of positive definite symmetric bilinear forms P SBF . g : M → P SBF (4.1) P SBF is an open subset in the vector space of symmetric bilinear forms. The dependence of S on the metric is controlled by its derivative on a curve in the space of metrics: d dt S(g(t)) |_{t=0}= ∂S |_{g0} v, (4.2)

where g(.) is a curve in M_M through g_0 = g(0).

g(.) : M × I → P SBF, I an intervall ⊂ R g(t) : M → P SBF v =^d_{dt} g(t) |_{t=0} is a tangential vector to the space of metrics at the particular point g_0. v is a symmetric tensor field on the manifold M_{g0} (where M_{g0} denotes the manifold M equipped with a fixed metric g_0).

We want to define the stress-tensor T as a gradient of the action S seen as a function on the space of metrics. For this purpose we need an inner product G_g between tangential vectors of M_M for any point g ∈ M_M . Then we can use the usual definition of a gradient and write:

∂S |_{g0} v =: G_{g0} (T, v) ∀v ∈ T_{g0} M_M (4.3)

Thus, we have to look for a suitable G_g. We have seen that the tangential vectors v ∈ T_{g0} M_M are symmetric tensor fields on M_{g0} . A standard product between symmetric tensor fields on M_{g0} is obtained as follows: If we have two vector spaces equipped with inner products then an inner product on the tensor product is given canonically. For any point p ∈ M_{g0} we have: < v, w >_p= v_{μν} w^{μν} (4.4) which is a function on M_{g0} . We can connect this product with an L^2-product between functions on M and obtain a product between tensor fields: < v, w >= ∫ M √ g_0 d^dx < v, w >_p (4.5)

This is independent of the points p of M (of course), but it depends on the metric g_0 – that is, on the point g_0 ∈ M_M . We use this product as a metric on M_M .

G_{g0} (v, w) = ∫ M d^dx √ g_0 < v, w >_p (4.6)

T is defined by:

∂S |_{g0} v = G_{g0} (T, v) = ∫ M d^dx √ g_0 T_{μν}v^{μν} (4.7)

It is an element of T_{g0} M_M or a symmetric tensor field on M_{g0} . The definition (4.7) can equivalently be written as: T_{μν} = 1 √ g δS δg^{μν} (4.8)

We want to investigate its properties if the action is invariant under certain changes of the metric: S(g(t)) = const ⇒ ∂S |_{g0} v = 0 ⇒ ∫ M d^dx √ g_0 T_{μν}v^{μν} = 0 (4.9)

1. topological field theory In this case the action is invariant under arbitrary deformations of the metric. It follows that:

T = 0 (4.10)

2. volume-preserving theory Here, we have an invariance under changes of the metric which leave the volume element ω of the manifold invariant. For a point p ∈ M we have

ω_p = √ det g_pd^dx (4.11)

Volume-invariance means: 0 = d dt √ det g(t) |_{t=0} = 1 2 1 √ det g_0 d dt det(g_0 + tv) |_{t=0} = 1 2 1 √ det g_0 det g_0 d dt det(1 + tg^{−1}_0 v) |_{t=0} = 1 2 √ det g_0 tr g^{−1}_0 v = 1 2 √ det g_0 g^{μν} v_{μν} (4.12)

We conclude:

T ∼ g_0 (4.13) T is proportional to the metric. It can be fully expressed in terms of its trace.

3. conformal field theory Arguments similar to the following can be found in any introductory text on CFT, e.g. [17]. CFT’s are invariant under rescalings of the metric:

g_p(t) = λ_p(t)g_p(0) for arbitrary λ (4.14)

The corresponding tangential vectors are: v = d dt g_p(t) |_{t=0}= g_p(0) d dt λ_p(t) |_{t=0} (4.15) d dt λ_p(t) |_{t=0}= λ̇_p is an arbitrary function on M. So we have: 0 = G_{g0} (T, λ̇_pg_0) = ∫ d^dx √ g_0 < T, g_0 > λ̇_p Because λ̇_p is arbitrary, we can conclude that: < T, g_0 >= tr T = 0 (4.16) This time the trace vanishes –in contrast to the volume-preserving theory. Let’s look at the stress-energy tensor in two-dimensional CFT for a moment: If we are on a flat space-time, g_{μν} = δ_{μν} (4.17) we can transform to coordinates z = x + iy z̄ = x − iy (4.18) and calculate the stress-tensor in these coordinates. We get: T_{zz̄} = T_{z̄z} = 1 4 T^μ_μ = 0 (4.19) and two non vanishing components: T_{zz} = T, T_{z̄z̄} = T (4.20) The conservation law gives:

∂_{z̄}T = 0 ∂_zT = 0 (4.21) T is holomorphic, T is antiholomorphic. The conserved charges that generate local conformal transformations are given by: Q = 1 2πi ∮ (dzT (z)ϵ(z) + dz̄T (z̄)ϵ(z̄)) (4.22) If we look at the transformations ϵ(z) = z^{n+1} we get the modes of the stress-energy tensor: L_n = 1 2πi ∮ dz T (z)z^{n+1} T (z) = ∑ n∈Z L_nz^{−n−2} (4.23)

In a quantum theory, the L_n have the following commutation relations: [L_m, L_n] = (m − n)L_{m+n} + c 12 (m^3 − m)δ_{m+n} (4.24) This algebra is called the Virasoro algebra and plays a fundamental role in CFT.

4.2 Two-Dimensional Yang-Mills Theory

In the previous chapters we have associated states to surfaces in Y M_2. These states can be seen as a path-integral as a functional of boundary conditions. We picked gauge invariant boundary conditions in Chapter 2. Our Hilbert space consists of functions of the conjugacy classes of the holonomies. These conjugacy classes are also invariant under diffeomorphisms of the circle. The diffeomorphisms of S^1 arise as a restriction of area-preserving diffeomorphisms of a collar S^1 × I. If we want to see an action of the diffeomorphisms on states, we can try to pick non gauge invariant boundary conditions. This corresponds to extending the Hilbert space with non physical states. In the following we try to find an action of the diffeomorphisms on spaces which contain states that are not gauge invariant.

4.2.1 BRST-Quantization

Faddeev-Popov-BRST-quantization [13], [4], [26] is a quantization method frequently used in gauge theories. Let me briefly describe it.

The path-integral ∫ DAe^{−S[A]} over all connections is divergent because we integrate over gauge equivalent connections. One would like to extract the volume of the gauge group G = maps(Σ, G) (4.25) This means that we would like to integrate over only one representative of each class of gauge equivalent connections. Instead of our formal path-integral measure DA we would like to have a measure on the quotient space of all connections modulo gauge transformations. This aim can be achieved by the Faddeev-Popov procedure. One introduces a ghost field c, an antighost field c –these are anticommuting zero-forms– and a field w which is a commuting zero form. We define the following nilpotent BRST-transformation law:

δA_μ = −D_μc = −(∂_μc + [A_μ, c]) (4.26) δc = 1 2 [c, c] (4.27)

δc = iw (4.28) δw = 0 (4.29)

The BRST-transformation acts on A as a “fermionic gauge transformation”. The gauge parameter is simply replaced by the anticommuting ghost field. Let us now pick a gauge fixing condition G(A) = 0 (4.30) and add a term δV to the action, where V = ∫ dμ tr cG(A) (4.31)

For the variation δV we get: δV = i ∫ dμtr wG(A) + ∫ dμtr cδ[G(A)] (4.32)

The new action is S = S_{Y M} + δV (4.33) In the path-integral ∫ DADcDcDw e^{−S} the integration over w gives a delta function and enforces G(A) = 0. So we managed to fix the gauge. Because we added a BRST-variation to the action, the whole action is now BRST-invariant instead of gauge invariant. Gauge invariance is replaced by BRST-invariance [4], [26]. We can associate a charge Q to the transformation δ. The symmetry generator acts on the Hilbert space. The Hilbert space of a theory with the new action contains of course also ghost-states. Because the BRST-transformation encodes the gauge transformation the physical subspace of the ghost-extended space consists of states fulfilling Q|ψ >= 0 (4.34) Similar to the cohomological theories described in Chapter 3 we want to identify states that only differ by a Q-commutator. The physical Hilbert space consists of Q-cohomology classes.

If we want to say something about the action of the diffeomorphisms in this theory we can for example calculate the stress-energy tensor using T_{μν} = 1 √ g δS δg^{μν} (4.35)

The stress tensor consists of two parts: T_{μν} = 1 2 T g_{μν} + T^{ghost}_{μν} (4.36) The first part, which does not contain ghosts, is proportional to the metric as shown in the last section. We calculate the ghost contribution: T^{ghost}_{μν} = 1 √ g δ δg^{μν} {Q, V } = {Q, 1 √ g δV δg^{μν} } = {Q, Λ_{μν}} (4.37)

with Λ_{μν} = 1 2 cG(A)g_{μν} + c δG δg^{μν} (4.38)

Thus T^{ghost}_{μν} = 1 2 iwG(A)g_{μν} + 1 2 c (δG(A)) g_{μν} + cδ ( δG δg_{μν} ) + iw δG δg_{μν} (4.39)

The ghost contribution to the stress-energy tensor contains also nondiagonal parts. If it acts on a representative of a Q-cohomology class we get another element of the same cohomology class, because T^{ghost}_{μν} is a Q-commutator. So it acts as a very special kind of gauge transformation. Note that it depends on A.

4.2.2 Diffeomorphisms in the Classical Theory

Classical Yang-Mills theory has been treated in the beautiful paper [3]. From the action S = ∫ Σ tr F ∧ ∗F (4.40)

one can derive the classical equations of motion

D ∗ F = 0 (4.41)

where D is the covariant derivative. This is on Lie algebra valued functions ξ given by Dξ = dξ + [A, ξ] (4.42)

It extends to n-forms compatible with the wedge-product. In addition to the equations of motion we have the Bianchi-identity

DF = 0 (4.43)

Thus, the curvature of an extremal connection is a harmonic two-form. There are two different kinds of solution to the equations of motion:

1. f := ∗F = 0 ⇒ F = 0

2. f ≠ 0

Let us look at both types of solution:

1. If F = 0 the space of solutions is the space of flat connections. We want to see a relation between diffeomorphisms and gauge transformations acting on the flat connections. We might guess that any diffeomorphism can be made undone by a special gauge transformation because we could not see an action of diffeomorphisms on gauge invariant states. Let φ be a diffeomorphism. Our question is: Can we find a gauge transformation such that:

φ^∗A = A^g (4.44)

Here φ^∗A is the pullback of A by φ and A^g is the transformation of A by a gauge transformation g:

A^g = gAg^{−1} + g^{−1}dg (4.45)

An infinitesimal version of equation (4.44) is L_X A = Dλ (4.46) where L is the Lie derivative, X the generator of a diffeomorphism and λ the generator of a gauge transformation. Inserting Cartan’s identity L_X = di_X + i_X d (4.47) we get di_XA + i_XdA = Dλ (4.48) Because F = 0 we have 0 = i_XF = i_XdA + [i_XA, A] ⇒ i_XdA = [A, i_XA] (4.49) and thus D(i_X A) = Dλ (4.50) So λ = i_XA does the job. The action of a diffeomorphism generated by X on a particular connection can be made undone by a gauge transformation. Note that λ depends explicitly on A.

2. Let us study the case f ≠ 0. We will first look at the Abelian case, i.e.

Maxwell theory. Here we have as an equation of motion df = 0 (4.51) This means that f is a constant, f = c, c a real number. The field strength is accordingly F = ∗f = cω (4.52) This is manifestly invariant under area-preserving diffeomorphisms, but not under the full diffeomorphism group. In this case we can only expect a relation between area-preserving diffeomorphisms and gauge transformations. Area-preserving (or symplectic) vector fields have the property that L_X ω = 0 = i_Xdω + di_Xω = di_X ω (4.53) (ω is a two-form.) Since ω is nondegenerate, we have a one-to-one correspondence between closed one-forms α with dα = 0 and symplectic vector fields. We now assume that X is a hamiltonian vector field, i.e. there exists a function h such that i_X ω = dh (4.54) We want to find a gauge parameter λ for which L_XA = dλ (4.55)

We calculate: L_X A = di_X A + i_X dA = di_X A + i_X cω = d(i_X A + ch) Thus, λ = i_XA + ch (4.56) is a possible choice for a generator of a gauge transformation. To include the non-abelian case we rewrite this formula as

λ = ∗F h + i_X A (4.57)

and verify that this formula also holds for nonabelian groups. We have to compute the covariant derivative: Dλ = D(∗F h) + Di_X A = (D ∗ F ) h + ∗F dh + di_X A + [A, i_XA] = ∗F i_Xω + L_X A − i_XdA + [A, i_XA] = i_Xfω + L_XA − i_XF = L_XA (4.58)

Here we have used the equations of motion D ∗ F = 0. By this we have also solved the problem for the nonabelian case.

Summary

In this thesis we work out some aspects of area-preserving QFT. In Chapter 1 we give an axiomatic formulation of volume-preserving theories. We use the functorial approach suggested by Segal for two-dimensional conformal field theory and by Atiyah for topological field theory. We review some aspects of their work to enable a comparison in two dimensions between areapreserving, conformal and topological field theory. The two-dimensional case of area-preserving QFT is worked out. Explicit formulas for partition functions and the operator algebra are given. The relation with topological field theory is explained.

Chapter 2 contains a discussion of two-dimensional Yang-Mills gauge theory, a model, which has been discussed by many authors. Here, we stress its properties as an area-preserving QFT. We also review a lattice approach and general formulas for the calculation of expectation values of the physical observables of the theory, the Wilson loops. We apply these formulas to obtain some explicit results for nontrivial Wilson loops on the torus.

In Chapter 3 we study some further examples for area-preserving QFT. The first one starts with a formulation of topological Y M_2 with finite groups. We investigate the mathematical structure and give area-preserving perturbations. We then review cohomological topological field theories and perturb them to obtain area-preserving theories.

In Chapter 4 we discuss the action of diffeomorphisms. We describe the stressenergy tensor and its properties in theories with certain invariances. In areapreserving QFT it can be fully expressed in terms of its trace whereas the trace vanishes in CFT. In this sense area-preserving and conformal field theory are “orthogonal” to each other. We had a closer look at area-preserving diffeomorphisms in Y M_2. The diffeomorphisms act trivially on physical (gauge invariant) states. We looked at the action of the diffeomorphisms on non-physical states and on connections in the classical theory. We found that the action of area-preserving diffeomorphisms can be compared to certain gauge transformations. The results of this thesis might lead one to be interested in area-preserving QFT in more generality. What happens if we look at systems without gauge symmetry? Can we formulate geometrically motivated axioms such that an action of the symmetry algebra W_∞ can be derived? What happens in higher dimensions?

Volume-preserving symmetry plays an important role in many physical systems, e.g. the quantum Hall Effect. Further study of an axiomatic formulation and applications remain interesting projects.

Danksagung

I would like to thank Robbert Dijkgraaf for supervising this thesis, for giving instructions and for his interest. I am glad that I had the possibility to spend one year of my studies at the Mathematical Institute of the University of Amsterdam.

Werner Nahm danke ich für seine Unterstützung und sein Interesse an meiner Arbeit.

Weiterhin bin ich Frank Zwielich für viele e-mail Diskussionen dankbar. Gern denke ich auch an unsere Zusammenarbeit während der gesamten Studienzeit. Jan-Hein Cremers und Christoph Schweigert danke ich für Diskussion (nicht nur über Physik) und gute Tips zum Leben und Überleben in Amsterdam. Gefreut habe ich mich auch über Diskussionsbereitschaft und Interesse seitens der Arbeitsgruppe von W. Nahm bei jedem unserer Zusammentreffen. Der Dr. Carl Duisberg-Stiftung bin ich für finanzielle Unterstützung dankbar. Schließlich danke ich meinen Eltern für Unterstützung während meiner gesamten Studienzeit.

Bibliography

[1] M.F.Atiyah, Topological quantum field theories, Publ. Math. Inst. Hautes Etudes Sci. Paris 68 (1989) 175.

[2] M.F. Atiyah, The geometry and physics of knots, Cambridge University Press (1990).

[3] M.F. Atiyah and R. Bott, The Yang-Mills equations over Riemann surfaces, Phil. Trans. R. Soc. Lond. A 308 523.

[4] C. Becchi, A. Rouet and R. Stora, Renormalization of gauge theories Ann.

Phys. 98 (1976) 287.

[5] M. Blau and G. Thompson, Lectures on 2-d gauge theories: topological aspects and path integral techniques, Lectures presented at Summer School in High Energy Physics and Cosmology, Trieste 1993, published in Trieste HEP Cosmol. (1993) 175.

[6] A. Bohm, Quantum mechanics (Springer 1979).

[7] S. Cordes, G. Moore, S. Ramgoolam, Lectures on 2d Yang-Mills theory, equivariant cohomology and topological field theories, Preprint hep-th

/9411210 .

[8] R.Dijkgraaf, A geometrical approach to two-dimensional conformal field theory, Ph.D. Thesis (Utrecht 1989).

[9] R. Dijkgraaf, Introduction to topological field theory , lectures given at TASI, 1992

[10] R. Dijkgraaf, E. Verlinde, H. Verlinde, Notes on topological string theory and 2-d quantum gravity, Trieste Spring School (1990) 91.

[11] R. Dijkgraaf, E. Verlinde, H. Verlinde, Topological strings in d < 1 , Nucl.

Phys.B352 (1991) 59.

[12] M. Douglas, Conformal field theory techniques for large N group theory,

hep-th/9303159.

[13] L.D. Faddeev and V.N. Popov, Feynman diagrams for the Yang-Mills field, Phys. Lett. B25 (1967) 29.

[14] D. Fine, Quantum Yang-Mills on the two-sphere, Commun. Math. Phys.134 (1990) 273.

[15] D. Fine, Quantum Yang-Mills on a Riemann surface, Commun. Math.

Phys.140 (1991) 321.

[16] K. Gawedzki, Conformal field theory, in Séminaire Bourbaki, November 1988, Exposé 704.

[17] P. Ginsparg Applied conformal field theory, in Les Houches, Session XLIX, 1988, Fields, Strings and Critical Phenomena , E. Brézin and J. Zinn-Justin eds. (Elsevier, 1989).

[18] D. Gross and W. Taylor, Two-dimensional QCD is a string theory, Nucl.

Phys.B400 (1993) 181.

[19] D. Gross and W. Taylor, Twists and loops in the string theory of two dimensional QCD, Nucl. Phys.B403 (1993) 395.

[20] K. Jänich, Topologie (Springer 1980).

[21] A.Migdal, Recursion equations in gauge field theories, Zh. Eskp. Teor. Fiz.

(69), 810 (1975) (Sov.Phys. Jetp. 42 413).

[22] S.Rajeev, Yang-Mills theory on a cylinder, Phys. Lett. , B212 (1988) 203- 205.

[23] G. Segal The definition of conformal field theory, Oxford preprint.

[24] G. Segal The definition of conformal field theory, in Differential Geometric Methods in Theoretical Physics, K. Bleuler and M. Werner eds. (Kluwer Academic Publishers 1988).

[25] N. Seiberg and E. Witten, Electric-magnetic duality, monopole condensation, and confinement in N=2 supersymmetric Yang-Mills theory, Nucl. Phys.B426 (1994) 19.

[26] I.V. Tyutin, Lebedev Preprint FIAN 39 (1975), unpublished.

[27] E. Witten, On quantum gauge theories in two dimensions, Commun. Math.

Phys. 141 (1991) 153-209.

[28] E. Witten, Two dimensional gauge theories revisited , J. Geom. Phys. G9 (1992) 303.

[29] E. Witten, Topological quantum field theory, Commun. Math. Phys.117.

(1988) 353.

[30] E. Witten, Topological sigma models, Commun. Math. Phys.118 (1988) 411. [31] E. Witten, Quantum field theory and the Jones polynomial, Commun. Math.

Phys.121 (1989) 349.

[32] E. Witten, Introduction to cohomological field theory, Int. J. Mod. Phys A6 (1991) 2775.