UNIVERSIT . . AT BONN Physikalisches Institut

Feynman rules for Weyl spinors in supersymmetry

von Pascal Marc Vaudrevange

We give a brief introduction to Weyl spinors and show how to derive Feynman rules. We construct the Lagrangian density of the MSSM using the superfield formalism, derive the Feynman rules for this theory and perform some sample calculations.

Post address: Nussallee 12 53115 Bonn Germany

BONN-IB-2002-02 Bonn University Dezember 2001

2

UNIVERSIT . . AT BONN Physikalisches Institut

Feynman rules for Weyl spinors in supersymmetry

von Pascal Marc Vaudrevange

Dieser Forschungsbericht wurde als Diplomarbeit von der Mathematisch - Naturwissenschaftlichen Fakultät der Universität Bonn angenommen.

Angenommen am: 20. Dezember 2001 Referent: Prof. H. Dreiner Korreferent: Prof. H.-P. Nilles

2

Feynman Rules for Two-Dimensional Weyl Spinors in Supersymmetry

Pascal Vaudrevange

Diplomarbeit in Physik angefertigt im Physikalischen Institut

vorgelegt der Mathematisch-Naturwissenschaftlichen Fakultät der Rheinischen Friedrich-Wilhelms-Universität Bonn

im Dezember 2001

Ich versichere, dass ich diese Arbeit selbständig verfasst und keine anderen als die angegebenen Quellen und Hilfsmittel benutzt sowie die Zitate kenntlich gemacht habe.

Referent: Prof. Dr. H.K. Dreiner Koreferent: Prof. Dr. H.P. Nilles

First of all I would like to thank Prof. Herbert Dreiner for his advice and for the possibility to study a highly interesting area of theoretical physics in a delightful atmosphere. Further on I would like to thank Christoph Luhn, Marc Thormeier, Akın Wingerter and Maik Wolleben for proof-reading my thesis and many interesting discussions. I would also like to thank the rest of our group, namely Ulrich Langenfeld and Gregory Moreaux for the fruitful discussions. I would like to thank all my friends for being there when I needed help. Last but not least I would like to thank my parents and my brothers for their love and support.

4

Contents

Overview vii

1 Introduction to Weyl Spinors 1

2 How to Derive Feynman Rules 5 2.1 LSZ Reduction Formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.2 Wick Contractions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.2.1 Real Bosonic Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.2.2 Complex Bosonic Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.2.3 Real Vector Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.2.4 Fermionic Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.3 From the Lagrangian Density to the Feynman Rules . . . . . . . . . . . . . . . . 11 2.3.1 Using Wick’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 2.3.2 Using Path Integral Methods . . . . . . . . . . . . . . . . . . . . . . . . . 12

3 How to Define SUSY Generators 13

4 Supersymmetry and its Invariants 17 4.1 Superfields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 4.1.1 Chiral Superfields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 4.1.2 Vector Superfields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 4.2 Coupling Matter and Gauge Fields . . . . . . . . . . . . . . . . . . . . . . . . . . 19 4.3 Kinetic Energy of the Gauge Fields . . . . . . . . . . . . . . . . . . . . . . . . . . 19 4.3.1 Abelian Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 4.3.2 Non-Abelian Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 4.4 The Superpotential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 4.5 SUSY-Breaking Terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

5 The Lagrangian of the MSSM 23 5.1 Particle Content . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 5.2 Lagrangian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 5.2.1 Kinetic Terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 5.2.2 Superpotential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 5.2.3 Soft-Breaking Terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 5.2.4 Complete Lagrangian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 ii CONTENTS

6 Feynman Rules 35 6.1 External Particles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 6.2 Mass Eigenstates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 6.3 Propagators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 6.4 Vertex Factors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 6.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

7 Sample Calculations 53 7.1 The Process e^+e^{− Z0}→ μ^+μ^− . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 7.2 The Process t → b+W . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 7.3 The Process e^+e^{− Z0}→ χ̃^0_i χ̃^0_i . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

A Calculations 59 A.1 Weyl Spinors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 A.2 SUSY Invariants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 A.2.1 Chiral Superfield . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 A.2.2 Superfield Strength . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 A.2.3 Coupling Matter and Gauge Fields . . . . . . . . . . . . . . . . . . . . . . 62 A.3 Feynman Rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 A.3.1 Vertex Factors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 A.3.2 Propagators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 A.4 MSSM Lagrangian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 A.4.1 Kinetic Terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 A.4.2 Superpotential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82 A.4.3 Higgs Mechanism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

B Notation and Conventions 87 B.1 Indices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87 B.2 Fourier-Transform . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87 B.3 Gauge Covariant Derivative . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87 B.4 Definition of Green’s Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 B.5 Tools for Weyl Spinors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 B.6 Generators of SU(N) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89 B.7 Useful Formulae . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

Bibliography 92

List of Tables

1.1 Weyl spinors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 1.2 Dirac spinors in terms of Weyl spinors . . . . . . . . . . . . . . . . . . . . . . . . 3

5.1 Particle content of the MSSM for one generation . . . . . . . . . . . . . . . . . . 24 5.2 Gauge boson content of the MSSM . . . . . . . . . . . . . . . . . . . . . . . . . . 24 5.3 Vevs for the Higgses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 iv LIST OF TABLES

List of Figures

2.1 Graphical representation of a generic n-point Green’s function . . . . . . . . . . . 6 2.2 Some disconnected Feynman diagrams . . . . . . . . . . . . . . . . . . . . . . . . 6

7.1 Processes contributing to e^+e^− → μ^+μ^− . . . . . . . . . . . . . . . . . . . . . . . 54 7.2 The process t → b + W . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 7.3 Processes contributing to e^+e^− → χ̃^0χ̃^0 . . . . . . . . . . . . . . . . . . . . . . . 58

A.1 Contributions of the mass terms to the propagator . . . . . . . . . . . . . . . . . 74 vi LIST OF FIGURES

Overview

In this thesis we derive the Feynman rules for Weyl spinors in the MSSM. First we will begin with a brief introduction to free Weyl spinors, showing their explicit form and how to express Dirac spinors in terms of them. Next we will review the process of deriving Feynman rules both by path integral methods and by making use of Wick’s theorem. In the third chapter we will comment on the appropriate way to define SUSY generators as the (in)correct choice has been causing some confusion. In the fourth chapter we give a short introduction to supersymmetry and its invariants. The next chapter contains the derivation of the Lagrangian density of the MSSM which enables us to list the Feynman rules in chapter seven. Finally in the last chapter we present some sample calculations in the Weyl spinor formalism. For convenience we included most of the calculational details in the appendix which also contains a list of useful formulae in part B as well as the conventions used throughout this thesis.

viii OVERVIEW

Chapter 1

Introduction to Weyl Spinors

The proper Lorentz group SO(1, 3) is locally isomorphic to SU(2)_L ⊗ SU(2)_R. Spinors which transform under SU(2)_L are called left-chiral Weyl spinors and are represented by ψ_α, α = 1, 2. Those spinors transforming under SU(2)_R are called right-chiral. They are written as ψ̄^{α̇}, α̇ = ˙1, ˙2. Their renormalizable Poincaré invariant combinations are given by

ψ^αϕ_α, ψ̄_{α̇}ψ̄^{α̇}, ψ^ασ^μ_{αα̇}ϕ̄^{α̇}A_μ, ψ̄_{α̇}σ̄^{α̇α}_μ ϕ_αA^μ, (1.1)

where A_μ is some four-vector. We raise and lower dotted and undotted indices with ϵ_{αβ} = ( 0 1 −1 0 ) , ϵ^{αβ} = ( 0 −1 1 0 ) , ϵ_{α̇β̇} = ( 0 1 −1 0 ) , ϵ^{α̇β̇} = ( 0 −1 1 0 ) , (1.2)

respectively. Complex conjugation acts on Weyl spinors as

(ψ_α)^∗ = ψ̄_{α̇}. (1.3)

The Lagrangian density L for a free Weyl spinor is given by

L = iψσ^μ∂_μψ̄. (1.4)

Making the ansatz in analogy to the Dirac equation

ψ_α = ∫ d^3p (2π)^3 1 √ 2E_{⃗p} ( u_α(p)a_{⃗p}e^{−ipx} + v_α(p)b^†_{⃗p}e^{ipx} ) , ψ̄_{α̇} = ∫ d^3p (2π)^3 1 √ 2E_{⃗p} ( ū_{α̇}(p)a^†_{⃗p}e^{ipx} + v̄_{α̇}(p)b_{⃗p}e^{−ipx} ) , (1.5)

with p = (E_{⃗p}, ⃗p) and E_{⃗p} = √ m^2 + ⃗p^2 ≡ p_0 leads to the solution of the equations of motion (e.o.m.)

iσ^μ_{αα̇}∂_μψ̄^{α̇} = 0, ( p_0 + p_3 p_1 − ip_2 p_1 + ip_2 p_0 − p_3 ) ( ū^{˙1} ū^{˙2} ) = 0,

ū^{˙1} = − p_0 − p_3 p_1 + ip_2 ū^{˙2}. (1.6)

The solution for the antiparticle is

v̄^{˙1} = − p_0 − p_3 p_1 + ip_2 v̄^{˙2}. (1.7)

We could have also taken the functional derivative with respect to ψ̄ and we could have transformed L to L = iψ̄σ̄^μ∂_μψ. Those cases can be dealt with along similar lines (see appendix A.1) giving

ū^{α̇} = N^∗ ( −p_0 + p_3 p_1 + ip_2 ) , v̄^{α̇} = N^{′∗} ( −p_0 + p_3 p_1 + ip_2 ) , u^α = N ( −p_0 + p_3 p_1 − ip_2 ) , v^α = N^′ ( −p_0 + p_3 p_1 − ip_2 ) , u_α = N ( p_1 − ip_2 p_0 − p_3 ) , v_α = N^′ ( p_1 − ip_2 p_0 − p_3 ) , ū_{α̇} = N^∗ ( p_1 + ip_2 p_0 − p_3 ) , v̄_{α̇} = N^{′∗} ( p_1 + ip_2 p_0 − p_3 ) . (1.8)

We remark that these spinors satisfy ū^{α̇} = (u^α)^∗ = (ϵ^{αβ} u_β)^∗. To find the normalization N, N^′, we compare these results with the solutions of the Dirac equation. In the Dirac representation^1 the Dirac equation is solved by the following four component spinors^2 satisfying u^†_Du_D = 2E_{⃗p}

u^{(1)}_D = 1 √ p_0 p_0 0 −p_3 −p_1 − ip_2 , u^{(2)}D =^{1√}p0 0 p_0 −p_1 + ip_2 p_3 ,

v^{(1)}_D = 1 √ p_0 p_1 − ip_2 −p_3 0 p_0

, v^{(2)}D =^{1√}p0 −p_3 −p_1 − ip_2 −p_0 0 , (1.9)

where u^{(1)}_D is an electron with spin up, u^{(2)}_D corresponds to an electron with spin down, v^{(1)}_D represents a positron with spin down and v^{(2)}_D denotes a positron with spin up. To convert spinors from the Dirac to the chiral representation one has^3

ψ_{chiral} = Uψ_D = 1 √ 2 ( 1 −1 1 1 ) ψ_D. (1.10)

Therefore in the chiral representation the spinors are given by

u^{(1)}_{chiral} = 1 √ 2p_0 p_0 + p_3 p_1 + ip_2 p_0 − p_3 −p_1 − ip_2 , u^{(2)}chiral =^{1√}2p0 p_1 − ip_2 p_0 − p_3 −p_1 + ip_2 p_0 + p_3 ,

v^{(1)}_{chiral} = 1 √ 2p_0

−p_1 + ip_2 −p_0 + p_3 −p_1 + ip_2 p_0 + p_3

, v^{(2)}chiral =^{1√}2p_0 p_0 + p_3 p_1 + ip_2 −p_0 + p_3 p_1 + ip_2

. (1.11)

1In this representation the γ matrices are given by γ^0 = ( 1 0 0 −1 ) , ⃗γ = ( 0 ⃗σ −⃗σ 0 ) . 2C.f. eq.(7.46) and eq.(7.50) in [Gri87], assuming massless particles and remembering (⃗p)i = −pi. 3C.f.(A-26) in [IZ80].

u_α =^{1√}_{2p0} ( p_0 + p_3 p_1 + ip_2 ) ū_{α̇} =^{1√}_{2p0} ( p_0 + p_3 p_1 − ip_2 )

u^α =^{1√}_{2p0} ( −p_1 − ip_2 p_0 + p_3 ) ū^{α̇} =^{1√}_{2p0} ( −p_1 + ip_2 p_0 + p_3 )

v_α =^{1√}_{2p0} ( −p_1 + ip_2 −p_0 + p_3 ) v̄_{α̇} =^{1√}_{2p0} ( −p_1 − ip_2 −p_0 + p_3 )

v^α =^{1√}_{2p0} ( p_0 − p_3 −p_1 + ip_2 ) v̄^{α̇} =^{1√}_{2p0} ( p_0 − p_3 −p_1 − ip_2 )

Table 1.1: Weyl spinors

u^{(1)}_{chiral} = ( u_α v̄^{α̇} ) u^{(2)}_{chiral} = ( −v_α ū^{α̇} )

v^{(1)}_{chiral} = ( v_α ū^{α̇} ) v^{(2)}_{chiral} = ( u_α −v̄^{α̇} )

Table 1.2: Dirac spinors in terms of Weyl spinors

Now we can compare Dirac spinors and Weyl spinors. As an ansatz we choose

u^{(1)}_{chiral} = ( u_α v̄^{α̇} ) = N(p_1 − ip_2) N(p_0 − p_3) N^{′∗}(−p_0 + p_3) N^{′∗}(p_1 + ip_2)

, (1.12)

so that we have the following normalization from u^{(1)†}_{chiral}u^{(1)}_{chiral} = 2E_{⃗p} N = 1 √ 2p_0 p_1 + ip_2 p_0 − p_3 , N^{′∗} = − 1 √ 2p_0

. (1.13)

This gives the final form of the Weyl spinors (table (1.1)). We can then express the other Dirac spinors in terms of Weyl spinors which is useful for knowing what diagrams to compute for a given particle setup (table (1.2))

u^{(1)}_{chiral} = ( u_α v̄^{α̇} ) , u^{(2)}_{chiral} ( −v_α ū^{α̇} ) , v^{(1)}_{chiral} = ( v_α ū^{α̇} ) , v^{(2)}_{chiral} ( u_α −v̄^{α̇} ) . (1.14)

As a tool for calculations with Dirac spinors there are the completeness relations ∑ s u^{(s)}ū^{(s)} = /p + m = ( m σ^μp_μ σ̄^μp_μ m ) , ∑ s v^{(s)}v̄^{(s)} = /p − m = ( −m σ^μp_μ σ̄^μp_μ −m ) , (1.15) which can be expanded in terms of Weyl spinors ∑ s u^{(s)}_{chiral}ū^{(s)}_{chiral} = u^{(1)}_{chiral}ū^{(1)}_{chiral} + u^{(2)}_{chiral}ū^{(2)}_{chiral}

= ( u_αv^β − v_αu^β u_αū_{β̇} + v_αv̄_{β̇} v̄^{α̇}v^β + ū^{α̇}u^β v̄^{α̇}ū_{β̇} − ū^{α̇}v̄_{β̇} ) , ∑ s v^{(s)}_{chiral}v̄^{(s)}_{chiral} = ( v_αu^β − u_αv^β v_αv̄_{β̇} + u_αū_{β̇} ū^{α̇}u^β + v̄^{α̇}v^β ū^{α̇}v̄_{β̇} − v̄^{α̇}ū_{β̇} ) , (1.16)

and we note that indeed the diagonal elements vanish as Weyl spinors are massless. The offdiagonal entries give

u_αū_{β̇} =

(p_0 + p_3)(p_0 − p_3)

2p_0(p_0 − p_3) ( p_0 + p_3 p_1 − ip_2 p_1 + ip_2 p_0 − p_3 ) = p_0 + p_3 2p_0 σ^μ_{αβ̇}p_μ, v_αv̄_{β̇} = p_0 − p_3

2p_0 ( p_0 + p_3 p_1 − ip_2 p_1 + ip_2 p_0 − p_3 ) = p_0 − p_3 2p_0 σ^μ_{αβ̇}p_μ, ū^{α̇}u^β = p_0 + p_3

2p_0 ( p_0 − p_3 −p_1 + ip_2 −p_1 − ip_2 p_0 + p_3 ) = p_0 + p_3 2p_0 σ̄^{μα̇β}p_μ, v̄^{α̇}v^β = p_0 − p_3

2p_0 ( p_0 − p_3 −p_1 + ip_2 −p_1 − ip_2 p_0 + p_3 ) = p_0 − p_3 2p_0 σ̄^{μα̇β}p_μ. (1.17)

We obtain the completeness relations for Weyl spinors

u_αū_{α̇} + v_αv̄_{α̇} = σ^μ_{αα̇}p_μ, ū^{α̇}u^α + v̄^{α̇}v^α = σ̄^{μα̇α}p_μ. (1.18)

These formulae are helpful when calculating Feynman diagrams.

Chapter 2

How to Derive Feynman Rules

Feynman diagrams are a way of visualising n-point Green’s functions which are defined as Δ_{1,2,3,...,n} ≡ 1 i^n 1 Z[0] δ δJ_1 δ δJ_2 δ δJ_3 . . . δ δJ_n Z[J] | |_{J=0}, (2.1)

with the generating functional Z[J] = N ∫ Dϕ_1Dϕ_2Dϕ_3 . . . Dϕ_n e^i ∫ d^4x(L+J_xϕ_x). (2.2)

L is the Lagrange density, ϕ is a real field, J is an arbitrary source term. The lower index symbolizes the variable on which the field depends, e.g. ϕ_x = ϕ(x), J_1 = J(z_1). A n-point Green’s functions is represented by a blob diagram, e.g. figure (2.1). One can show that it corresponds to ⟨0|T ϕ_1ϕ_2ϕ_3 . . . ϕ_n|0⟩ = Δ_{1,2,3,...,n}, (2.3) with T the time-ordering operator. This time ordered product can be expanded via the use of Wick’s theorem^1

⟨0|T ϕ_1ϕ_2ϕ_3 . . . ϕ_n|0⟩ = ⟨0| : ϕ_1ϕ_2ϕ_3 . . . ϕ_n : |0⟩ + ⟨0| : ϕ_1ϕ_2 ϕ_3 . . . ϕ_n : |0⟩ + . . . +all possible contractions. (2.4)

One can interprete the n-point Green’s function as the amplitude for the creation and destruction of a total of n particles. A typical Green’s function contains also some so called disconnected pieces (e.g. figure (2.2)) which do not contribute to the non-trivial part of the S-matrix. To get rid of them one introduces another generating functional

W [J] ≡ −i ln Z[J] ⇔ Z[J] = e^{iW [J]}, (2.5)

which replaces Z[J] in eq.(2.1). In practice however we only compute the n-point function via the generator Z[J] and drop the disconnected pieces.

1: A : symbolizes a normal-ordered operator, i.e. all annihilation operators are standing right of the creation operators. The precise meaning of the contraction ϕϕ will be explained in section 2.2.

. . . . . . .

. . .

Figure 2.1: Graphical representation of a generic n-point Green’s function

(a) Bubble diagram

(b) Disconnected 4-point function

Figure 2.2: Some disconnected Feynman diagrams

2.1. LSZ REDUCTION FORMULA 7

2.1 LSZ Reduction Formula

The LSZ reduction formula connects the S-matrix S = ⟨ϕ_{out}|ϕ_{in}⟩ and n-point Green’s functions. The S matrix satisfies ϕ_{out,x} = S^†ϕ_{in,x}S

ϕ_{out,x} = lim_{t→∞} ϕ(x) ϕ_{in,x} = lim_{t→−∞} ϕ(x), with a real field ϕ. Its equation of motion is given by

(�_x + m^2)ϕ_x = δL_{int} δϕ_x , (2.6)

with the Green’s function Δ_{xy} ≡ Δ(x − y) solving

(�_x + m^2)Δ_{xy} = −iδ_{xy}, and δ_{xy} ≡ δ^{(4)}(x − y), �_x ≡ ∂ ∂x_μ ∂ ∂x^μ . L_{int} is the part of the Lagrange density containing the interactions. The solution ϕ_x is given by

ϕ_x = ϕ_{in,x} + i ∫ d^4yΔ^{ret}_{xy} δL_{int} δϕ_y = ϕ_{in,x} + i ∫ d^4yΔ^{ret}_{xy} (�_y + m^2)ϕ_y, (2.7)

ϕ_x = ϕ_{out,x} + i ∫ d^4yΔ^{adv}_{xy} δL_{int} δϕ_y = ϕ_{out,x} + i ∫ d^4yΔ^{adv}_{xy} (�_y + m^2)ϕ_y, (2.8)

with

Δ^{ret}_{xy} = 0 Δ^{adv}_{xy} = 0 } for { x^0 < y^0 x^0 > y^0 being the advanced and retarded propagator, respectively.

We define I[J] ≡ T e^i ∫ d^4xJ_xϕ_x ⇒ 1 i δI[J] δJ_x = T (ϕ_xI[J]) . (2.9)

From eq.(2.1) and eq.(2.3) it follows that ⟨0|I[J]|0⟩ = Z[J] Z[0]

. (2.10)

Multiplying eq.(2.7) by I[J] and T and using eq.(2.9)^2 we get 1 i δI[J] δJ_x = I[J]ϕ_{in,x} + i ∫ d^4yΔ^{ret}_{xy} (�_y + m^2) 1 i δI[J] δJ_y . (2.11)

2We recall that T (ϕin,xI[J]) = I[J]ϕin,x as ϕin ’happens’ before everything else.

The other solution, eq.(2.8), can be treated similarily 1 i δI[J] δJ_x = ϕ_{out,x}I[J] + i ∫ d^4yΔ^{adv}_{xy} (�_y + m^2) 1 i δI[J] δJ_y . (2.12)

Substracting both equations and noting that Δ_{xy} = Δ^{adv}_{xy} − Δ^{ret}_{xy} gives ϕ_{out,x}I[J] − I[J]ϕ_{in,x} = − ∫ d^4yΔ_{xy}(�_y + m^2) δI[J] δJ_y . (2.13)

Substituting ϕ_{out,x} = S^†ϕ_{in,x}S and multiplying by S from the left we get [ϕ_{in,x}, SI[J]] = − ∫ d^4yΔ_{xy}(�_y + m^2) δSI[J] δJ_y . (2.14)

A suitable ansatz for this equation is SI[J] = e^− ∫ d^4zϕ_{in,z} (�_z +m^2)^δ_{δJz} F [J], (2.15)

with a yet-to-be-determined function F [J]. We insert this into the left-hand side^3 [ϕ_{in,x}, SI[J]] = ∫ d^4zΔ_{xz}(�_z + m^2)e^− ∫ d^4zϕ_{in,z} (�_z +m^2)^δ_{δJz} δF [J] δJ_z , (2.16)

and the right-hand side gives − ∫ d^4yΔ_{xy}(�_y + m^2) δSI[J] δJ_y = − ∫ d^4yΔ_{xy}(�_y + m^2)e ∫ d^4zϕ_{in,z} (�_z +m^2)^δ_{δJz} δF [J] δJ_y .(2.17)

When we normal-order the expression eq.(2.15) for SI[J] we can use the fact that ⟨0| : e^A : |0⟩ = 1 for any operator A. So we get ⟨0|SI[J]|0⟩ = F [J]. (2.18) From eq.(2.10) we know that ⟨0|SI[J]|0⟩ = ⟨0|I[J]|0⟩ =^{Z[J]}_{Z[0]} and using I[J]^{J→0}−→ 1 we finally find the expression for S

S = : e^− ∫ d^4zϕ_{in,z}(�_z +m^2)^δ_{δJz} : Z[J]

Z[0] | | |_{J=0}. (2.19)

In other words: To compute a certain S-matrix element simply calculate the corresponding Green’s function and replace the external propagators by solutions of the free wave equation.

2.2 Wick Contractions

Despite its formal beauty the path integral formalism is not really convenient for deriving more than 2-point functions because the expressions of which one has to take the derivative become quite long. As already mentioned in eq.(2.4) there is also the possibility to make use of Wick’s theorem.

3We use [A, e^B ] = [A, B]e^B for operators A, B with [A, B] a c-number (this follows from the Baker-Campbell- Hausdorff formula) and [ϕin,x, ϕin,y ] = Δxy.

2.2. WICK CONTRACTIONS 9

2.2.1 Real Bosonic Fields For a real bosonic field ϕ the contraction is defined as ϕ_xϕ_y ≡ { [ϕ^+_x , ϕ^−_y ] for x^0 > y^0 [ϕ^+_y , ϕ^−_x ] for y^0 > x^0 = ∫ d^4p (2π)^4 ie^{−ip(x−y)} p^2 − m^2 + iϵ = Δ^ϕ_{xy}, (2.20)

with

ϕ_x ≡ ϕ^+_x + ϕ^−_x ≡ ∫ d^3p (2π)^3 a_{⃗p}e^{−ipx} √ 2E_{⃗p} + ∫ d^3p (2π)^3 a^†_{⃗p}e^{ipx} √ 2E_{⃗p} , (2.21)

and [a_{⃗p}, a^†_{⃗q}] = (2π)^3δ^{(3)}(⃗p − ⃗q), [a_{⃗p}, a_{⃗k}] = [a^†_{⃗p}, a^†_{⃗k}] = 0 and the ϕ on the Δ denoting the field the propagator belongs to.

2.2.2 Complex Bosonic Fields For a complex bosonic field ϕ the contraction is defined as ϕ_xϕ^†_y ≡ { [ϕ^+_x , ϕ^{−†}_y ] for x^0 > y^0 [ϕ^{+†}_y , ϕ^−_x ] for y^0 > x^0 = ∫ d^4p (2π)^4 ie^{−ip(x−y)} p^2 − m^2 + iϵ = Δ^ϕ_{xy}, (2.22)

with

ϕ_x ≡ ϕ^+_x + ϕ^−_x ≡ ∫ d^3p (2π)^3 a_{⃗p}e^{−ipx} √ 2E_{⃗p} + ∫ d^3p (2π)^3 b^†_{⃗p}e^{ipx} √ 2E_{⃗p} , ϕ^†_x ≡ ϕ^{−†}_x + ϕ^{+†}_x ≡ ∫ d^3p (2π)^3 a^†_{⃗p}e^{ipx} √ 2E_{⃗p} + ∫ d^3p (2π)^3 b_{⃗p}e^{−ipx} √ 2E_{⃗p} , (2.23)

and [a_{⃗p}, a^†_{⃗k}] = [b_{⃗p}, b^†_{⃗k}] = (2π)^3δ^{(3)}(⃗p − ⃗k), [a_{⃗p}, a_{⃗k}] = [b_{⃗p}, b_{⃗k}] = [a_{⃗p}, b^†_{⃗k}] = [a_{⃗p}, b_{⃗k}] = 0.

2.2.3 Real Vector Fields For a real vector field A_μ the contraction is defined as A_{xμ}A^†_{yν} ≡ { [A^+_{xμ}, A^−_{yν} ] for x^0 > y^0 [A^+_{yν} , A^−_{xμ}] for y^0 > x^0 = Δ^A_{μνxy}, (2.24) with A_{xμ} ≡ A^+_{xμ} + A^−_{xμ} ≡ ∫ d^3p (2π)^3 ϵ_μ(p) c_{⃗p}e^{−ipx} √ 2E_{⃗p} + ∫ d^3p (2pi)^3 ϵ^∗_μ(p) c^†_{⃗p}e^{ipx} √ 2E_{⃗p} , (2.25)

and [c_{⃗p}, c^†_{⃗q}] = (2π)^3δ^{(3)}(⃗p − ⃗q), [c_{⃗p}, c_{⃗k}] = [c^†_{⃗p}, c^†_{⃗k}] = 0. The explicit form of the propagator is derived in appendix A.3.2

2.2.4 Fermionic Fields

For a Weyl spinor field ψ_α(α = 1, 2) the contraction is defined as ψ_{αx}ψ̄_{α̇y} ≡ { {ψ^+_x , ψ̄^−_y } for x^0 > y^0 −{ψ̄^+_y , ψ^−_x } for y^0 > x^0 = ∫ d^4p (2π)^4 iσ^μ_{αα̇}p_μ p^2 + iϵ e^{−ip(x−y)} = Δ^ψ_{αα̇xy}, (2.26)

with (in analogy to the Dirac case) ψ_α ≡ ∫ d^3p (2π)^3 1 √ 2E_{⃗p} (u_αa^{(1)}_{⃗p} − v_αa^{(2)}_{⃗p} )e^{−ipx} + ∫ d^3p (2π)^3 1 √ 2E_{⃗p} (v_αb^{(1)†}_{⃗p} + u_αb^{(2)†}_{⃗p} )e^{ipx}

= ∫ d^3p (2π)^3 1 √ 2E_{⃗p} 2∑ r=1 u^{(r)}_{Lα}a^{(r)}_{⃗p} e^{−ipx} + ∫ d^3p (2π)^3 1 √ 2E_{⃗p} 2∑ s=1 v^{(s)}_{Lα}b^{(s)†}_{⃗p} e^{ipx} ≡ ψ^+_α + ψ^−_α ,

ψ̄_{α̇} ≡ ∫ d^3p (2π)^3 1 √ 2E_{⃗p} (ū_{α̇}a^{(1)†}_{⃗p} − v̄_{α̇}a^{(2)†}_{⃗p} )e^{ipx} + ∫ d^3p (2π)^3 1 √ 2E_{⃗p} (v̄_{α̇}b^{(1)}_{⃗p} + ū_{α̇}b^{(2)}_{⃗p} )e^{−ipx}

= ∫ d^3p (2π)^3 1 √ 2E_{⃗p} 2∑ r=1 ū^{(r)}_{α̇} a^{(r)†}_{⃗p} e^{ipx} + ∫ d^3p (2π)^3 1 √ 2E_{⃗p} 2∑ s=1 v̄^{(s)}_{α̇} b^{(s)}_{⃗p} e^{−ipx}

≡ ψ̄^−_{α̇} + ψ̄^+_{α̇} , (2.27) and {a^{(r)}_{⃗p} , a^{(s)†}_{⃗k} } = {b^{(r)}_{⃗p} , b^{(s)†}_{⃗k} } = (2π)^3δ^{rs}δ^{(3)}(⃗p − ⃗k), {a^{(r)}_{⃗p} , a^{(s)}_{⃗k} } = {b^{(r)}_{⃗p} , b^{(s)}_{⃗k} } = {a^{(r)}_{⃗p} , b^{(s)†}_{⃗k} } = {a^{(r)}_{⃗p} , b^{(s)}_{⃗k} } = 0, (2.28)

and u_α, v_α, ū_{α̇}, v̄_{α̇} as defined in table (1.1). Analogously we find for the spinors with upper indices

ψ̄^{α̇}_x ψ^α_u ≡ { {ψ̄^{α̇+}_x , ψ^{α−}}_y for x^0 > y^0 −{ψ^{α+}_y , ψ̄^{α̇−}_x } for y^0 > x^0 = ∫ d^4p (2π)^4 iσ̄^{αα̇}_μ p^μ p^2 + iϵ e^{−ip(x−y)} = Δ^{ψα̇α}_{xy} . (2.29)

2.3. FROM THE LAGRANGIAN DENSITY TO THE FEYNMAN RULES 11

2.3 From the Lagrangian Density to the Feynman Rules

2.3.1 Using Wick’s Theorem At the beginning of this chapter we showed how to calculate the n-point Green’s function as defined in eq.(2.1) by means of the a time ordered product. But as we already observed, these Green’s functions contain unwanted disconnected pieces. Connected Green’s functions can be calculated by means of time ordered products via ⟨Ω|T ϕ_1ϕ_2 . . . ϕ_n|Ω⟩ = ⟨0|T ϕ_1ϕ_2 . . . ϕ_ne^{i ∫ d4zL}|0⟩ ⟨0|T e^{i ∫ d4zL}|0⟩ , (2.30)

where |Ω⟩ is the vacuum of the theory including interactions and |0⟩ is the vacuum of the free theory. The effect of the denominator is to remove the disconnected diagrams, which we will gracefully neglect in our calculations, instead we simply drop the disconnected parts. In order to obtain a Feynman rule for a specific process, all we have to do is expanding the following expression to first order: ⟨0|T ϕ_{ext,1}, . . . , ϕ_{ext,n}e^i ∫ d^4zL_{int} |0⟩ ≈ ⟨0|T ϕ ext,1, . . . , ϕext,n ( 1 + i ∫ d^4zL_{int} ) |0⟩, (2.31)

and carry out the contractions. The result is then composed of the expressions for the external particles and the vertex factor. We note that we have two choices for treating the external (i.e. incoming and outgoing) particles ϕ_{ext}:

• Make use of Wick’s theorem and replace the contractions by propagators as derived in the previous sections. These can then be replaced by solutions to the free e.o.m. according to the LSZ reduction formula, so the vertex factor is rather easy to identify.

• Replace the ϕ_{ext} by appropriate creation and annihilation operators, then write everything in the correct temporal order. Then (anti-)commute the operators until everything is normal ordered. Finally identify the expressions for the external particles and the vertex factor.

Let us demonstrate the two possibilities: Suppose we have an interaction Lagrangian density

L_{int} = gψ^ασ^μ_{α,α̇}ψ̄^{α̇}A_μ, (2.32)

and would like to know the vertex factor for the process ψ → ψ̄A.

Possibility 1 The first way to go would be to evaluate

⟨0|T ψ^β_1 A_{ν2}ψ̄^{β̇}_3 e^i ∫ d^4zgψ^α_z σ^μ_{αα̇}ψ̄^{α̇}_z A_{zμ} |0⟩ = ⟨0|T ig ∫ d^4zψ^β_1 A_{ν2}ψ̄^{β̇}_3 ψ^α_z σ^μ_{αα̇}ψ̄^{α̇}_z A_{zμ}|0⟩

≈ ig ∫ d^4z(ψ^β_1 A_{ν2}ψ̄^{β̇}_3 ψ^α_z σ^μ_{αα̇}ψ̄^{α̇}_z A_{zμ} + ψ^β_1 A_ν 2ψ̄^{β̇}_3 ψ^α_z σ^μ_{αα̇}ψ̄^{α̇}_z A_{zμ}) = ig ∫ d^4z(Δ^{(ψ)β̇β}_{21} σ_{μαα̇}Δ^{(ψ)α̇α}_{zz} Δ^{(A)μν}_{z3}

−Δ^{(ψ)β̇α}_{2z} σ_{μαα̇}Δ^{(ψ)α̇β}_{z1} Δ^{(A)μν}_{z3} ), where the first term corresponds to a disconnected graph so that we are left with −ig ∫ d^4zΔ^{(ψ)β̇α}_{2z} σ^μ_{αα̇}Δ^{(ψ)α̇β}_{z1} Δ^{(A)μν}_{z3} .

Now if we remove the propagators we find the vertex factor −ig ∫ d^4zσ^μ_{αα̇}. (2.33)

Possibility 2 The other possibility would be to start with^4 ⟨0|T √ 2E_{p1} a^{(r)†}_{p1} √ 2E_{p2} a^{(s)}_{p2} √ 2E_{p2} c_{p3} e^{ig} ∫ d^4zψ_z σ^μψ̄_z A_{zμ} |0⟩ = ⟨0|T ig ∫ d^4z √ 2E_{p1} a^{(r)†}_{p1} √ 2E_{p2} a^{(s)}_{p2} √ 2E_{p2} c_{p3} ψ_zσ^μψ̄_zA_{zμ}|0⟩ = ⟨0|ig ∫ d^4z √ 2E_{p1} √ 2E_{p2} √ 2E_{p3} a^{(s)}_{p3} c_{p2} ψ_zσ^μψ̄_zA_{zμ}a^{(r)†}_{p1} |0⟩ (2.34)

where we already dropped the disconnected piece. We note that a^†_{p1} creates the incoming state so that they should happen before everything else. c_{p3} creates the outgoing photon, a_{p2} creates the outgoing fermion, so they happen after everything else. For simplicity we take r = s = 1 and obtain with eq.(2.24), ff −ig ∫ d^4z √ 2E_{p1} √ 2E_{p2} √ 2E_{p3} ⟨0|c_{p2} A_{μz}ψ_zσ^μa^{(1)}_{p3} ψ̄_za^{(1)†}_{p1} |0⟩ = −ig ∫ d^4z √ 2E_{p1} √ 2E_{p2} √ 2E_{p3} [c_{p2} , A_{μz} ] 1 √_{2Ep3} ϵ_μ(p_2)e^{−ip}2^z

{ψ_z , a^{(1)†}_{p1} } 1 √_{2Ep1} u(p_1)e^{−ip}1^z

σ^μ {a^{(1)}_{p3} , ψ̄_z} 1 √_{2Ep3} ū(p_3)e^{ip}3^z = −ig ∫ d^4ze^{−ip1z}e^{−ip2z}e^{ip3z}ϵ_μ(p_2)u(p_1)σ^μū(p_3). (2.35)

So we end up with the vertex factor −ig ∫ d^4zσ^μ_{αα̇}, (2.36)

after removing the external fields. In appendix A.3 we derive the vertex factors by using the first possibility, albeit in momentum space.

2.3.2 Using Path Integral Methods

The other possibility to derive the Feynman rules is to make use of the defining equation for the n-point Green’s function eq.(2.1). As already mentioned, this is a rather messy business for n > 2. For 2-point functions however it is quite convenient to use this method. We refer to appendix A.3.2 for an example to illustrate this.

4The various factors √ 2E occur because we want the incoming one-particle state < p1| = ⟨0| √ 2Ep_1 ap_1 to be normalized to < p1|p1 >= 2Ep.

Chapter 3

How to Define SUSY Generators

In the literature (e.g.[BL94], [KS97]) it often remains unclear which generators of the SUSY algebra were chosen. Although given explicitly they sometimes do not seem to match the presented calculational results. So it might be interesting to investigate this a little further.

The SUSY algebra is given by {Q_α, Q̄_{α̇}} = 2σ^μP_μ, {Q_α, Q_β } = 0, {Q̄_{α̇}, Q̄_{β̇} } = 0. (3.1)

It is important to note that P_μ and not ±i∂_μ is the defining operator on the right hand side^1 as we will see in a moment. It is not enough to find some operators satisfying the SUSY algebra with {Q_α, Q̄_{α̇}} = 2iσ^μ_{αα̇}∂_μ and defining P_μ = i∂_μ by hand. Instead one has to look carefully at what the generators do. In superspace (x^μ, θ, θ̄), a SUSY transformation e^i(^{ζQ+ζ̄Q̄}) with parameters ζ, ζ̄ should act as x^μ −→ x^μ + δx^μ(δθ, δθ̄, θ, θ̄), θ^α −→ θ^α + δθ^α, θ̄^{α̇} −→ θ̄^{α̇} + δθ̄^{α̇}, (3.2)

where we restricted ourselves to global SUSY. Therefore δθ, δθ̄ do not depend on x^μ. For our coordinates to remain real, δx^μ must be either of the form^2 δx^μ = ±i(δθσ^μθ̄ − θσ^μδθ̄) or δx^μ = ±(δθσ^μθ̄+θσ^μδθ̄). Another requirement to be fulfilled is that Q_α, Q̄_{α̇} should be conjugate to each other. We should first note that a suitable scalar product for superfields ϕ_1, ϕ_2 may be defined as

⟨ϕ_1, ϕ_2⟩ = ∫ d^4x d^2θ d^2θ̄ ϕ^†_1ϕ_2, (3.3)

where † means the complex conjugate. Let us prove its invariance under SUSY transformations:

⟨ϕ^′_1, ϕ^′_2⟩ = < e^i(^{ζQ+ζ̄Q̄})ϕ_1, e^i(^{ζQ+ζ̄Q̄})ϕ_2 > = ∫ d^4x d^2θ d^2θ̄ ( ϕ^†_1 e^{−i}(^{ζ†Q†+ζ̄†Q̄†}) this still acts on ϕ^†_1! ) e^i(^{ζQ+ζ̄Q̄})ϕ_2.

(3.4)

1Thanks to Christoph Luhn and Marc Thormeier for pointing me towards this. 2(δθσ^μθ̄)^† = θσ^μδθ̄

14 CHAPTER 3. HOW TO DEFINE SUSY GENERATORS

Integrating by parts and dropping the boundary terms which is also formally valid for Grassmann numbers gives

⟨ϕ^′_1, ϕ^′_2⟩ = ∫ d^4x d^2θ d^2θ̄ϕ^†_1e^i(^{ζ†Q†+ζ̄†Q̄†})e^i(^{ζQ+ζ̄Q̄})ϕ_2 = ∫ d^4x d^2θ d^2θ̄ϕ^†_1e^i(^{ζ̄Q†+ζQ̄†})e^i(^{ζQ+ζ̄Q̄})ϕ_2

!= ⟨ϕ_1, ϕ_2⟩. (3.5)

Now if the integrand contained e^{−iOperator}e^{iOperator} the invariance of the scalar product would be proven. Therefore we have to demand Q^† = −Q̄. Now if we perform a SUSY transformation on a function f(x^μ, θ, θ̄) we get f(x^μ, θ, θ̄) −→ f(x^μ + δx^μ, θ + δθ, θ̄ + δθ̄) = f(x^μ, θ, θ̄) + ( δθ ∂ ∂θ + δθ̄ ∂ ∂θ̄ + δx^μ ∂ ∂x^μ ) f(x^μ, θ, θ̄). (3.6) Let us consider all possible combinations for δx^μ,δθ,δθ̄ to see which ones satisfy the requirements^3:

• choosing δx^μ = i(ζσ^μθ̄ − θσ^μζ̄), δθ = ζ, δθ̄ = ζ̄ gives δf = ζ ∂ ∂θ f + ζ̄ ∂ ∂θ̄ f + i ( ζσ^μθ̄ ∂ ∂x^μ − θσ^μζ̄∂_μ ) f = i(ζQ + ζ̄Q̄)f. (3.7) So when we write our transformation as f −→ e^i(^{ζQ+ζ̄Q̄})f = e^{ζα ∂∂θα +ζ̄α̇ ∂∂θ}α̇^{+iζσμθ̄ ∂∂xμ −iθσμζ̄ ∂∂xμ} f, (3.8) we get Q_α = −i ∂ ∂θ^α + σ^μ_{αα̇}θ̄^{α̇}∂_μ

Q̄_{α̇} = i ∂ ∂θ̄^{α̇} − θ^ασ^μ_{αα̇}∂_μ ⇒ {Q_α, Q̄_{α̇}} = 2iσ^μ_{αα̇}∂_μ and Q^†_α = −Q̄_{α̇}. (3.9)

• choosing δx^μ = −i(ζσ^μθ̄ − θσ^μζ̄), δθ = ζ, δθ̄ = ζ̄ we get Q_α = −i ∂ ∂θ^α − σ^μ_{αα̇}θ̄^{α̇}∂_μ Q̄_{α̇} = i ∂ ∂θ̄^{α̇} + θ^ασ^μ_{αα̇}∂_μ ⇒ {Q_α, Q̄_{α̇}} = −2iσ^μ_{αα̇}∂_μ and Q^†_α = −Q̄_{α̇}. (3.10)

• choosing δx^μ = ±(ζσ^μθ̄ + θσ^μζ̄), δθ = ζ, δθ̄ = ζ̄ leads to {Q_α, Q̄_{α̇}} = 0.

3We use (_∂ ∂θα )_∗ = −^∂_{∂θ̄α̇} because of δ^β_α = (_∂ ∂θα θ^β )_† = θ̄^{β̇} (_∂ ∂θα )_† = − (_∂ ∂θα )_†¯ θ^{β̇ !}= δ^{β̇}_{α̇}.

So we are left with only two possibilities eq.(3.9) and eq.(3.10). We recall that the Minkowski space part of the transformations looks like a translation e^{aμ∂μ} with parameter a^μ = +i(ζσ^μθ̄ − θσ^μζ̄). Now there are two possibilities of defining the generator U(a) of a translation: • U(a^μ) = e^{−iaP} ⇒ P_μ = i∂_μ, • U(a^μ) = e^{iaP} ⇒ P_μ = −i∂_μ. So for eq.(3.9) we have to choose P_μ = i∂_μ, for eq.(3.10) we have to choose P_μ = −i∂_μ. This choice also fixes the generator of translations.

We think that [BL94] has started with the Q, Q̄ from eq.(3.10) which leads to a wrong sign between the kinetic term of a fermion and its mass term. By virtue of P_μ = i∂_μ this would have made the energy bounded from above instead of from below. Nevertheless their result is valid because in their notation P_μ = −i∂_μ must be chosen.

16 CHAPTER 3. HOW TO DEFINE SUSY GENERATORS

Chapter 4

Supersymmetry and its Invariants

The supersymmetry algebra is defined by {Q_α, Q_β } = {Q̄_{α̇}, Q̄_{β̇}} = 0 {Q_α, Q̄_{α̇}} = 2σ^μ_{αα̇}P_μ. (4.1) A possible choice of Q, Q̄, P is^1 Q_α = −i ∂ ∂θ^α + σ^μ_{αα̇}θ̄^{α̇}∂_μ, Q̄_{α̇} = i ∂ ∂θ̄^{α̇} − θ^ασ^μ_{αα̇}∂_μ, P_μ = i∂_μ. (4.2) To find SUSY invariants it is useful to introduce fermionic derivatives which anti-commute with the SUSY generators: D_α = ∂ ∂θ^α − iσ^μ_{αα̇}θ̄^{α̇}∂_μ D̄_{α̇} = − ∂ ∂θ̄^{α̇} + iθ^ασ^μ_{αα̇}∂_μ {D_α, Q_β } = {D_α, Q̄_{β̇} } = 0 D^∗_α = D̄_{α̇}. (4.3) For a more detailed introduction to supersymmetry we refer the reader to the literature, especially [KS97].

4.1 Superfields

Superfields are functions over superspace depending on the real variables x^μ and the Grassmann variables θ^α, θ̄^{α̇}. The most general form of a superfield Φ is

Φ = A(x) + θB(x) + θ^2C(x) + θ̄D(x) + θ̄^2E(x) + iθσ^μθ̄G_μ(x) + θ^2θ̄H(x) +θ̄^2θI(x) + θ̄^2θ^2J(x), (4.4) as all θ^n, θ̄^n vanish for n > 2. These fields can be subjected to different constraints.

1See chapter 3 for a more detailed discussion.

4.1.1 Chiral Superfields Superfields Φ(x^μ, θ, θ̄) which obey

D̄_{α̇}Φ = 0, (4.5)

are called chiral superfields. A nice way to handle them is by noting that D̄_{α̇}y^μ = 0 with y^μ = x^μ − iθσ^μθ̄. Therefore chiral superfields can be written as Φ(y^μ, θ).

Φ(y^μ, θ) = φ(y) + √ 2θψ(y) + θ^2F (y), ⇒ Φ(x^μ, θ, θ̄) = φ(x) + √ 2θψ(x) + θ^2F (x) − iθσ^μθ̄∂_μφ(x) + i √ 2 θ^2∂_μψ(x)σ^μθ̄ − 1 4 θ^2θ̄^2�φ(x). (4.6)

Under SUSY transformations δΦ = i(ζQ + ζ̄Q̄)Φ the component fields transform as^2 δφ = √ 2ζψ, δψ = √ 2ζF − i √ 2σ^μζ̄∂_μφ, δF = i √ 2∂_μψσ^μζ̄. (4.7)

We note that the F -term, the coefficient of θ^2, stays invariant up to a total derivative. The product of two chiral superfields is also a chiral superfield. Its D-term^3 is invariant under SUSY transformations up to a total divergence because θ^n = 0 for n > 2. The D-term of (Φ^†Φ) gives ( Φ^†Φ ) D = ∂_μφ^†∂^μφ + i∂_μψσ^μψ̄ + F^†F, (4.8)

which looks like the Lagrange density for a boson and a fermion. So this is a first hint as to how to write down a Lagrange density for a realistic SUSY model.

4.1.2 Vector Superfields Up to now we did not see how to include gauge fields in SUSY models. When examining the constraint to make a superfield real we will see that this introduces fields that transform like the usual vector potential under U(1).

V^† = V = C(x) + iθχ(x) − iθ̄χ̄(x) + i 2 θ^2 (M(x) + iN(x)) − i 2 θ̄^2 (M(x) − iN(x))

+θσ^μθ̄V_μ(x) + iθ^2θ̄ ( λ̄ + i 2 σ̄^μ∂_μχ(x) ) − iθ̄^2θ ( λ(x) + i 2 σ^μ∂_μχ̄(x) )

+ 1 2 θ^2θ̄^2 ( D(x) − 1 2 �C(x) ) . (4.9)

This is the so-called vector superfield which should transform under local U(1) transformations as^4

V −→ V + i(Λ − Λ^†), (4.10)

2See section A.2.1.

3The D-term is the coefficient of θ^2θ̄^2.

4This was proposed by Wess and Zumino in [WZ74].

4.2. COUPLING MATTER AND GAUGE FIELDS 19

with Λ being a chiral superfield and

i(Λ − Λ^†) = i(φ_Λ − φ^†_Λ) + i √ 2(θψ_Λ − θ̄ψ̄_Λ) + i(θ^2F_Λ − θ̄^2F^†_Λ) + θσ^μθ̄∂_μ ( φ_Λ + φ^†_Λ )

− 1 √ 2 θ^2∂_μψ_Λσ^μθ̄ − 1 √ 2 θ̄^2θσ^μ∂_μψ̄_Λ − 1 4 θ^2θ̄^2� ( φ_Λ − φ^†_Λ ) . (4.11)

In the Wess-Zumino gauge we choose ϕ_Λ, ψ_Λ, F_Λ such that the vector superfield can be written as V (x, θ, θ̄) = θσ^μθ̄V_μ(x) + iθ^2θ̄λ̄ − iθ̄^2λ(x) + 1 2 θ^2θ̄^2D(x). (4.12)

From now on we will work in this gauge. Comparing eq.(4.9) and eq.(4.11) we see that under U(1) transformations the fields λ, λ̄, D are invariant whereas V_μ transforms as the familiar U(1) gauge field. We note that V^n = 0 for n > 2.

4.2 Coupling Matter and Gauge Fields

Now that we found both matter and gauge fields we face the problem of how to produce interactions between them. This can be done by observing that a chiral field Φ should transform under U(1) as

Φ −→ e^{−2igΛ}Φ, (4.13)

with the same Λ as in the last section so that

(Φ^†e^{2gV} Φ)_D, (4.14)

with V = t^aV^a and t^a the generator of the corresponding symmetry group, is gauge invariant as well as SUSY invariant. When expanding this into component fields we get

(ϕ^†e^{2gtaV a} ϕ)_D = (D_μφ)^†(D^μφ) + ig √ 2(φ^†t^aλ^aψ − t^aφλ̄^aψ̄) − iD_μψσ^μψ̄ +gφ^†t^aD^aφ + F^†F, (4.15)

with the familiar covariant derivative D_μ = ∂_μ + igt^aV^a_μ .

4.3 Kinetic Energy of the Gauge Fields

4.3.1 Abelian Fields A SUSY invariant expression containing the field strength of the gauge fields is given by

(W^αW_α)_F = 32iλσ^μ∂_μλ̄ + 16D^2 − 8V_{μν} V^{μν} + total divergence, (4.16)

with the superfield strength

W_α = D̄^2D_αV. (4.17)

4.3.2 Non-Abelian Fields Next we have to incorporate the kinetic energy for the non-Abelian gauge fields. This is done by defining a supersymmetric gauge covariant derivative and comparing the resulting terms for Abelian and non-Abelian gauge theory. For the sake of brevity we define V = 2gV^at^a with t^a the generators of the gauge group. Let Λ be a chiral superfield. For the derivative ∇_A to be gauge covariant it has to satisfy (∇_Aϕ)^′ = e^{−iΛ}(∇_Aϕ), A ∈ {α̇, α}, ⇒ ∇^′_A = e^{−iΛ}∇_Ae^{iΛ}. (4.18)

Because of D̄_{α̇}Λ = 0 we choose

∇_{α̇} = D̄_{α̇}. (4.19)

Eq.(4.18) suggests ∇_α to be ∇_α = e^{−V} D_αe^V ⇒ ∇^′_A = e^{−V ′} D_αe^{V ′} = e^{−iΛ}e^V e^{iΛ†} D_αe^{−iΛ†} e^V e^{iΛ} D_αΛ^†=0= e−iΛe−V D αe^V e^{iΛ} = e^{−iΛ}∇_αe^{iΛ}. (4.20)

Let us inspect ∇_α a little further

∇_αΦ = e^{−V} D_αe^V Φ = D_αΦ + e^{−V} (D_αe^V )

=:Γ_α

Φ. (4.21)

In the Wess-Zumino gauge we have

Γ_α = (1 − V + 1 2 V^2) ( D_α(1 + V + 1 2 V^2) )

= D_α + 1 2 D_αV^2 − V (D_αV )

= D_α + 1 2 (D_αV )V + 1 2 V (D_αV ) − V (D_αV ) = D_α + 1 2 [D_αV, V ], (4.22)

which in the Abelian case reduces to

Γ_α = 2gD_αV. (4.23)

So a suitable ansatz for W_α is

W_α = 1 2g D̄^2Γ_α, (4.24)

4.4. THE SUPERPOTENTIAL 21

which leads to

W_α = 1 2g D̄^2Γ_α = 1 2g D̄^2D_αV + 1 4g D̄^2( [t^a, t^b] =if^{abc}t^c (D_αV^a)V^b)4g^2

= 1 2g D̄^2D_αV + igf^{abc}D̄^2((D_αV^b)V^c)t^a. (4.25)

Calculating (W^{aα}W^a_α )_F gives the usual expression for the kinetic energy of gauge fields plus some extra terms. So for each gauge group the Lagrangian density will contain a term L = 1 32 (W^αW_α)_F = − 1 4 V^a_{μν} V^{aμν} + iλ^aσ^μD̃^{ac}_μ λ̄^c + 1 2 D^aD^a, (4.26)

with

V^a_{μν} = ∂_μV^a_ν − ∂_ν V^a_μ − gf^{abc}V^b_μ V^c_ν D̃^{ac}_μ = ∂_μδ^{ac} − gf^{abc}V^b_μ . (4.27)

4.4 The Superpotential

As in a renormalizable Lagrangian density the mass dimension^5 of every product of fields should be ≤ 4, the most general expression for L is

L_{int} = − 1 2 W^{ij}(ϕ, ϕ^†)ψ_iψ_j + W^i(ϕ, ϕ^†)F_i + h.c., (4.28)

with W^{ij}(ϕ, ϕ^†) at most linear and W^i(ϕ, ϕ^†) at most quadratic in ϕ, ϕ^†. Under SUSY transformations^6 this changes to

δL_{int} = − 1 2 δW^{ij} δϕ_k δϕ_kψ_iψ_j − 1 2 W^{ij}(−i) √ 2(σ^μϵ̄)^α(∂_μϕ_i)ψ_{jα} − 1 2 √ 2F_iW^{ij}ϵψ_j − 1 2 δW^{ij} δϕ^†_k δϕ^†_kψ_iψ_j − 1 2 W^{ij}(−i) √ 2ψ_iσ^μϵ̄∂_μϕ_j − 1 2 √ 2W^{ij}ψ_iϵF_j + δW^i δϕ_k δϕ_kF_i + W^ii √ 2∂_μψ_iσ^μϵ̄ + δW^i δϕ^†_k δϕ^†_kF_i. (4.29)

For L to be invariant these terms have to vanish. − 1 2 δW^{ij} ϕ_k δϕ_kψ_iψ_j = − 1 √ 2 W^{ij} δϕ_k (ϵψ_k)(ψ_iψ_j )^!= 0. (4.30)

As there is no other term of this structure it can only vanish because of the Fierz identity

(ϵψ_k)ψ_iψ_j + (ϵψ_i)ψ_j ψ_k + (ϵψ_j )ψ_kψ_i = 0 (4.31)

5[ψ] =^3_2 , [ϕ] = 1, [F ] = 2 6δϕi = √ 2ϵψi, δψiα = √ 2ϵFi − i √ 2(σ^μϵ̄)α∂μϕi, δFi = i √ 2∂μψiσ^μϵ̄

Therefore^{δW ij}_{δϕk} must be symmetric in i, j. For the fourth term − 1 2 δW^{ij} δϕ^†_k (ϵ̄ψ̄_k)ψ_iψ_j (4.32)

there is no suitable Fierz identity. For this to vanish for arbitrary fields,^{δW ij}_{δϕ†k} = 0 has to hold, i.e. W^{ij} = W^{ij}(ϕ) does not depend on ϕ^†. Together with the symmetry in i, j it is clear that W^{ij} can be written as

W^{ij}(ϕ) = δ^2 δϕ_iδϕ_j W, (4.33)

with W = 1 2 M^{ij} ϕ_iϕ_j + 1 6 y^{ijk}ϕ_iϕ_j ϕ_k, (4.34)

and M^{ij} , y^{ijk} being totally symmetric. Now we inspect the sum of the terms number 2, 5 and 8:

0^!= iW^{ij} ψ_iσ^μϵ̄∂_μϕ_j + iW^i∂_μψ_iσ^μϵ̄ = i∂_μ ( δW^i δϕ_j ) ψ_iσ^μϵ̄ + iW^i∂_μψ_iσ^μϵ̄ = i ( ∂_μ δW^i δϕ_j ) ψ_iσ^μϵ̄ − i∂_μW^iψ_iσ^μϵ̄ ⇒ W^i = δW δϕ_i . (4.35)

In the second line we used ∂_μ (_{δW} δϕ_i ) =^{δ2W}_{δϕiδϕj} ∂_μϕ_j . The sum of the 3^{rd}, 6^{th}, 7^{th} terms vanishes again due to the symmetry in i ↔ j. The last term is automatically zero as W does not depend on ϕ^†. All in all the interaction Lagrangian density does only depend on the derivatives of the superpotential W given by eq.(4.34).

4.5 SUSY-Breaking Terms

As there are no supersymmetric particles of the same mass as the particles of the standard model observed in nature, SUSY has to be broken. Yet it would be highly desirable if this breaking happened in a way which still led to the cancellation of the quadratic infinities in loop diagrams (soft SUSY-breaking). This has been investigated by Girardello and Grisaru [GG82] who showed that all soft breaking terms are of the form^7

M̃_1Re(ϕ^2) + M̃_2Im(ϕ^2) + c(ϕ^3 + h.c.) + M̃_3(λ^2 + h.c.) + d^{ijk}(ϕ^∗_i ϕ_jϕ_k + h.c.) (4.36)

where the ϕ are the sfermions and the λ are the superpartners of the gauge fields. We note that we will neglect the last term as it is very difficult to construct a mechanism for spontaneous SUSY breaking in which this term is not very small and as it may also lead to quadratic divergences in case the bosons ϕ are complete gauge-singlets. We do not add mass terms for fermions because they can be absorbed by performing some redefinitions (c.f.[Mar97]).

7Re(x) is the real part of x, Im(x) its imaginary part.

Chapter 5

The Lagrangian of the MSSM

5.1 Particle Content

After having reviewed the terms which are invariant under SUSY transformations we now give the particle content of the MSSM in table 5.1. We choose to work only with spinors which transform left-chirally under Lorentz transformations so every right-chiral particle gets complex conjugated (denoted by X^∗_R for scalars and X̄_R for spinors) so that a Dirac spinor for e.g. an electron would be written as ψ_e = ( e_L e_R ) . Therefore the Weyl spinors for right-chiral fermions

get a dotted index, e.g. u^{α̇}_R, and the barred spinors have undotted indices, e.g.ē^α_R. The electric charge Q_{el} is given by Q_{el} =^{σ3}_2 + Y , with Y being the hypercharge. We note that unlike in the standard model, there are two Higgs doublets. Among others the reason for this is that it would not be possible to give masses to up and to down type quarks as the superpotential may not contain a superfield as well as its conjugate.

5.2 Lagrangian

5.2.1 Kinetic Terms For every particle we need a term of the form (4.15), giving for the leptons

L_{kin} = −iD_μLσ^μL̄ + i(D_μL̃)^†(D^μL) +i √ 2[L̃^†(g_Y B̃^0Y + g_LW̃^aτ^a)L − L̃(g_Y ¯B̃^0Y + g_L ¯W̃^aτ^a)L̄] +g_Y L̃^†D_Y Y L̃ + g_LL̃^†D^a_Lτ^aL̃ + F^†_{eL} F_{eL} + F^†_{νe} F_{νe}

−iD_μe_Rσ^μē_R + (D_μẽ_R)^∗(D^μẽ_R) + i √ 2[ẽ^∗_Rg_Y B̃^0Y e_R − ẽ_Rg_Y ¯B̃^0Y ē_R] +g_Y ẽ^∗_RD_Y Y ẽ_R + F^†_{eR} F_{eR} ,

for the quarks

−iD_μQ_Lσ^μQ̄_L + (D_μQ̃_L)^†(D^μQ̃_L) +i √ 2[Q̃^†_L(g_yB̃^0Y + g_LW̃^aτ^a + g_CG̃^at^a)Q_L − Q̃(g_Y ¯B̃^0Y + g_L ¯W̃^aτ^a + g_C ¯G̃^at^a)Q̄_L] +g_Y Q̃^†_LD_Y Y Q̃_L + g_LQ̃^†_LD^a_Lτ^aQ̃_L + g_CQ̃^†_LD^a_C t^aQ̃_L + F^†_{uL} F_{uL} + F^†_{dL} F_{dL} symbol spin 0 spin^1_2 SU(3)_C × SU(2)_L × U(1)_Y auxiliary field Q_L ( ũ_L d̃_L ) ( u_L d_L ) (3, 2,^1_6 ) F_{uL} F_{dL} ū_R ũ^∗_R ū_R (3, 1, −^2_3 ) F_{uR} d̄_R d̃∗_R d̄_R (3, 1,^1_3 ) F_{dR} L ( ν̃_e ẽ_L ) ( ν_e e_L ) (1, 2, −^1_2 ) F_{νe} F_e ē_R ẽ^∗_R ē_R (1, 1, 1) F_{eR} H_u ( H^+_u H^0_u ) (~ H^+_u H̃0_u ) (1, 2,^1_2 )

F_H+_u F_H0_u H_d ( H^0_d H^−_d ) (~ H^0_d H̃^−_d ) (1, 2, −^1_2 )

F_H0_d F_H−_d

Table 5.1: Particle content of the MSSM for one generation

gauge group generator spin^1_2 spin 1 field strength charge aux.field U(1)_Y 1 B̃^0 B^{0μ} B^{0μν} g_Y D_Y SU(2)_L τ^a =^{σa}_2 W̃^a W^{aμ} W^{μν} g_L D_L SU(3)_C t^a =^{λa}_2 G̃^a G^{aμ} G^{μν} g_C D_C SU(2)_L × U(1)_Y B̃^0 A^μ A^{μν} → U(1)_{em} W̃^±, W̃^3 W^{±μ}, Z^{0μ} W^{μν}

Table 5.2: Gauge boson content of the MSSM

−iD_μu_Rσ^μū_R + (D_μũ_R)^∗(D^μũ_R) +i √ 2[ũ^∗_R(g_Y B̃^0Y + g_CG̃^at^a)u_R − ũ_R(g_Y ¯B̃^0Y + g_CG̃^at^a)ū_R] +g_Y ũ^∗_RD_Y Y ũ_R + g_Cũ^∗_RD^a_C t^aũ_R + F^†_{uR} F_{uR} −iD_μd_Rσ^μd̄_R + (D_μd̃_R)^∗(D^μd̃_R) +i √ 2[d̃^∗_R(g_Y B̃^0Y + g_CG̃^at^a)d_R − d̃_R(g_Y ¯B̃^0Y + g_CG̃^at^a)d̄_R] +g_Y d̃^∗_RD_Y Y d̃_R + g_Cd̃^∗_RD^a_c t^ad̃_R + F^†_{dR} F_{dR} , (5.1)

and finally for the Higgses

−iD_μH̃_uσ^μ ¯H̃_u + (D_μH_u)^†(D^μH_u) +i √ 2[H^†_u(g_Y B̃^0Y + g_LW̃^aτ^a)H̃_u − H_u(g_Y ¯B̃^0Y + g_L ¯W̃^aτ^a) ¯H̃_u] +g_Y H^†_uD_Y Y H_u + g_LH^†_uD^a_Lτ^aH_u + F^†_{H+u} F_H+_u + F^†_{H0u} F_H0_u

−iD_μH̃_dσ^μ ¯H̃_d + (D_μH_d)^†(D^μH_d) + i √ 2[H^†_d(g_Y B̃^0Y + g_LW̃^aτ^a)H̃_d

−H_d(g_Y ¯B̃^0Y + g_L ¯W̃^aτ^a) ¯H̃_d] + g_Y H^†_dD_Y Y H_d + g_LH^†_dD^a_Lτ^aH_d + F^†_{H−d} F_H−_d + F^†_{H0d} F_H0_d .(5.2)

Further on we need the kinetic terms (4.26) of the gauge bosons of each gauge group:

L_{kin,gauge} = − 1 4 B^0_{μν} B^{0μν} + iB̃^0σ^μ∂_μ ¯B̃^0 + 1 2 D_Y D_Y − 1 4 W^a_{μν} W^{aμν} + iW̃^aσ^μD̃^{ac}_μ ¯W̃^c + 1 2 D^a_LD^a_L − 1 4 G^a_{μν} G^{aμν} + iG̃^aσ^μD̃^{ac}_μ ¯G̃^c + 1 2 D^a_C D^a_C . (5.3)

5.2.2 Superpotential Finally we add the term which comes from the superpotential (4.34)

L_{int} = − 1 2 W^{ij}(ϕ, ϕ^†)ψ_iψ_j + W^i(ϕ, ϕ^†)F_i + h.c., (5.4)

with F^†_i = −W^i from the Euler-Lagrange equations, W^i =^{∂W}_{∂ϕi} , W^{ij} correspondingly and the superpotential of the MSSM is given by

W = h^e_{ij}ẽ^∗_{Ri}L̃^r_j H^s_d ϵ^{rs} + h^u_{ij}ũ^∗_{Ri}Q̃^r_j H^s_uϵ^{rs} + h^d_{ij}d̃^∗_{Ri}Q̃^r_j H^s_dϵ^{rs} + μH^r_uH^s_dϵ^{rs}, (5.5)

with ϵ^{12} = 1. We note that we have written W in terms of the bosonic fields.

5.2.3 Soft-Breaking Terms We restrict ourselves to the following soft SUSY-breaking terms which conserve R-parity^1 and assume soft-breaking universality.^2

L_{soft} = − ( (M^2_{Q̃L} )_{ii}Q̃^r_{Li}Q̃^{s∗}_{Li}ϵ^{rs} + (M^2_{L̃})_{ii}L̃^r_i L̃^{s∗}_i ϵ^{rs} + (M^2_{ũR} )_{ii}ũ_{Ri}ũ^∗_{Ri} + (M^2_{d̃R} )_{ii}d̃_{Ri}d̃^∗_{Ri} +(M^2_{ẽR} )_{ii}ẽ_{Ri}ẽ^∗_{Ri} ) − m^2_{Hu} H^∗_uH_u − m^2_{Hd} H^∗_d H_d − ( BμH^r_uH^s_d ϵ^{rs} + h.c. ) − 1 2 M_1Ã^0Ã^0 − 1 2 M_2B̃^aB̃^a − 1 2 M_3G̃^aG̃^a + h.c −h^e_{ij}A^eL̃^r_i ẽ^∗_{Rj} H^s_d ϵ^{rs} − h^u_{ij} A^uQ̃^r_{Li}ũ^∗_{Rj} H^s_uϵ^{rs} − h^d_{ij} A^dQ̃^r_{Li}d̃^∗_{Rj} H^s_d ϵ^{rs} + h.c. 5.2.4 Complete Lagrangian

L_{susy} = L_{kin} + L_{int} + L_{soft} (5.6)

Now we add up all three contributions to the Lagrangian. We note that in L_{int} the term −W^†_i W_i occurs twice^3 so that the ∑ i F^†_i F_i = ∑ i W^†_i W_i term from L_{kin} is canceled and one term −W^†_i W_i survives. Furthermore we have to eliminate the auxiliary fields D_i by applying their equations of motion. A similar argument holds for these giving the remaining term −^1_2 ∑ i∈{Y,L,C} D 2 i . We break SU(2)_L × U(1)_Y → U(1)_{em} by giving vevs^4 to the Higgses (Table (5.3)). Defining tan θ_W =^{gY}_{gL} , c_W = cos θ_W , s_W = sin θ_W , W^± =^{1√}_2 (W^1 ∓ iW^2), Z^0_μ = c_W W^3_μ − s_W B_μ, A_μ = c_W B_μ + s_W W^3_μ , W̃^± =^{1√}_2 (W̃^1 ∓ iW̃^2) and writing out all the component fields, we finally

1This is the conservation of RP = (−1)^{3B+L+2S} with baryon number B, lepton number L and spin S. 2This means that the M^2_i do not mix different generations and that the coupling for the ternary terms is proportional to the coupling appearing in the superpotential with proportionality factor A^i, i ∈ {e, u, d}.

3This is due to h.c.

4Vev is shorthand for vacuum expectation value.

Higgs vev H_u ( H^{(+)}_u v_u + h^{(0)}_u )

H_d ( v_d + h^{(0)}_d H^{(−)}_d )

Table 5.3: Vevs for the Higgses

arrive at the complete Lagrangian density of the MSSM (cf. appendix A.4 for calculational details). The kinetic terms for the leptons are given by

L_{MSSM} = −i∂_μν_eσ^μν̄_e + 1 2 Z^0_μ(g_Y s_W + g_Lc_W )ν_eσ^μν̄_e + g_L √ 2 W^+_μ e_Lσ^μν̄_e + g_L √ 2 W^−_μ ν_eσ^μē_L

−i∂_μe_Lσ^μē_L − A_μg_Y c_W e_Lσ^μē_L + 1 2 Z^0_μ(g_Y s_W − g_Lc_W )e_Lσ^μē_L

+∂_μν̃^∗_e ∂^μν̃_e+ ( i 2 Z^0_μ(g_Y s_W + g_Lc_W )∂^μν̃^∗_e ν̃_e + ig_L √ 2 W^+_μ ẽ_L∂^μν̃^∗_e + h.c. )

+ 1 4 (g_Y s_W + g_Lc_W )^2 Z^0_μZ^{0μ}ν̃^∗_e ν̃_e + ( 1 2 √ 2 (g_Y s_W + g_Lc_W )g_LZ^{0μ}W^+_μ ν̃^∗_e ẽ_L + h.c. )

+ g^2_L 2 W^+_μ W^{−μ}ν̃^∗_e ν̃_e + g^2_L 2 W^+_μ W^{−μ}ẽ^∗_Lẽ_L

+(∂_μẽ^∗_L)∂^μẽ_L + g^2_Y c^2_W A_μA^μẽ^∗_Lẽ_L + 1 4 (−g_Y s_W + g_Lc_W )^2Z^0_μZ^{0μ}ẽ^∗_Lẽ_L + ( − ig_L √ 2 W^+_μ ν̃^∗_e ∂^μẽ_L − g_Lg_Y c_W √ 2 W^+_μ A^μν̃^∗_e ẽ_L + g_L 2 √ 2 (g_Y s_W − g_Lc_W ) W^+_μ Z^{0μ}ν̃^∗_e ẽ_L

− iA_μg_Y c_W (∂^μẽ^∗_L)ẽ_L + i 2 (g_Y s_W − g_Lc_W )Z^0_μ(∂^μẽ^∗_L)ẽ_L + 1 2 (−g_Y s_W + g_Lc_W )g_Y c_W Z^0_μA^μẽ^∗_Lẽ_L + h.c. )

+ ( i √ 2 ν̃^∗_e (g_LW̃^3 − g_Y B̃^0)ν_e +ig_Lν̃^∗_e W̃^+e_L +ig_Lẽ^∗_LW̃^−ν_e − i √ 2 ẽ^∗_L(g_LW̃^3 + g_Y B̃^0)e_L

+ h.c. ) −i∂_μē_Rσ^μe_R + g_Y ē_R(c_W A_μ − s_W Z^0_μ)σ^μe_R + ∂_μẽ^∗_R∂^μẽ_R

+g^2_Y c^2_W A_μA^μẽ^∗_Rẽ_R + g^2_Y s^2_W Z^0_μZ^{0μ}ẽ^∗_Rẽ_R + ( ig_Y c_W (∂^μẽ^∗_R)A_μẽ_R − ig_Y s_W (∂^μẽ^∗_R)Z^0_μẽ_R − g^2_Y c_W s_W A^μZ^0_μẽ^∗_Rẽ_R + h.c. )

+i √ 2 ( ẽ_Rg_Y B̃^0ē_R + h.c. ) . The kinetic terms for the quarks are given by −i∂_μu_Lσ^μū_L + 2 3 g_Y c_W A_μu_Lσ^μū_L + 1 2 (g_Lc_W − 1 3 g_Y s_W )Z^0_μu_Lσ^μū_L + 1 2 g_C λ^aG^a_μu_Lσ^μū_L + 1 √ 2 g_LW^+_μ d_Lσ^μū_L + 1 √ 2 g_LW^−_μ u_Lσ^μd̄_L

+∂_μd_Lσ^μd̄_L + 1 2 (−g_Ls_W + 1 3 g_Y c_W )A_μd_Lσ^μd̄_L − 1 2 (g_Lc_W + 1 3 g_Y s_W )Z^0_μd_Lσ^μd̄_L + 1 2 g_C λ^aG^a_μd_Lσ^μd̄_L + ∂_μũ^∗_L∂^μũ^∗_L + 4 9 g^2_Y c^2_W A_μA^μũ^∗_Lũ_L + 1 4 ( 1 3 g_Y s_W − g_Lc_W )^2Z^0_μZ^{0μ}ũ^∗_Lũ_L + 1 2 g^2_LW^−_μ W^{+μ}d̃^∗_Ld̃_L + 1 2 g^2_LW^−_μ W^{+μ}ũ^∗_Lũ_L + ∂^μd̃^∗_L∂_μd̃_L + 1 4 g^2_Cũ^∗_Lλ^{b†}λ^aũ_LG^b_μG^{aμ} − 1 3 g^2_Y c^2_W A_μA^μd̃^∗_Ld̃_L + 1 4 ( 1 3 g_Y s_W − g_Lc_W ) Z^0_μZ^{0μ}d̃^∗_Ld̃_L + 1 4 g^2_Cd̃^∗_Lλ^{b†}λ^ad̃_LG^b_μG^{aμ} + ( (∂_μũ^∗_L) 2i 3 g_Y c_W A^μũ_L + i 2 (g_Lc_W − 1 3 g_Y s_W )(∂^μũ^∗_L)Z^0_μũ_L + i √ 2 g_L(∂^μũ^∗_L)W^+_μ d̃_L + i 2 g_C G^a_μ(∂^μũ^∗_L)λ^aũ_L + 1 3 g_C g_Y c_W A^μG^a_μũ^∗_Lλ^aũ_L + 1 4 ( g_Lc_W − 1 3 g_Y s_W ) Z^0_μG^{aμ}ũ^∗_Lλ^aũ_L + 1 2 √ 2 W^−_μ G^{aμ}d̃^∗_Lλ^aũ_L + 1 3 g_Y c_W (g_Lc_W − 1 3 g_Y s_W )A_μZ^{0μ}ũ^∗_Lũ_L + √ 2 3 g_Lg_Y c_W ũ^∗_LA^μW^+_μ d̃_L + 1 2 √ 2 g_L(g_Lc_W − 1 3 g_Y s_W )ũ^∗_LZ^0_μW^{+μ}d̃_L − i √ 2 g_LW^+_μ ũ^∗_L(∂^μd̃_L) − 1 3 √ 2 g_Lg_Y c_W W^+_μ A^μũ^∗_Ld̃_L − 1 2 √ 2 g_L ( 1 3 g_Y s_W + g_Lc_W ) W^+_μ Z^{0μ}ũ^∗_Ld̃_L − i 3 g_Y c_W A_μ∂^μd̃^∗_Ld̃_L − i 2 ( 1 3 g_Y s_W + g_Lc_W ) Z^0_μ∂^μd̃^∗_Ld̃_L + 1 2 √ 2 g_Lg_C W^+_μ G^{aμ}ũ^∗_Lλd̃_L + 1 2 g_C G^a_μ(∂^μd̃^∗_L)λ^ad̃_L − 1 6 g_Lg_Y c_W A^μG^a_μd̃^∗_Lλ^ad̃_L − 1 4 g_C ( 1 3 g_Y s_W + g_Lc_W ) Z^0_μG^{aμ}d̃^∗_Lλ^ad̃_L + 1 2 g_Y c_W ( 1 3 g_Y s_W + g_Lc_W ) Z^0_μA^μd̃^∗_Ld̃_L + h.c. )

+ ( i 3 √ 2 g_Y ũ^∗_LB̃^0u_L + i √ 2 g_Lũ^∗_LW̃^3u_L + i √ 2 g_Cũ^∗_Lλ^aG̃^au_L + ig_Lũ^∗_LW̃^+d_L

+ ig_Ld̃^∗_LW̃^−u_L + i √ 2 d̃^∗_L ( 1 3 g_Y B̃^0 − g_LW̃^3 + g_C λ^aG̃^a ) d_L + h.c. )

−i∂_μū_Rσ^μu_R + 2 3 g_Y c_W A_μū_Rσ^μu_R − 2 3 g_Y s_W Z^0_μū_Rσ^μu_R + 1 2 g_Cū_Rλ^aG^a_μσ^μu_R +∂_μũ^∗_R∂^μũ_R + 4 9 g^2_Y c^2_W A_μA^μũ^∗_Rũ_R − 8 9 g^2_Y c_W s_W A_μZ^{0μ}ũ^∗_Rũ_R + 4 9 g^2_Y s^2_W Z^0_μZ^{0μ}ũ^∗_Rũ_R + 1 4 g^2_Cũ^∗_Rλ^{b†}λ^aũ_RG^a_μG^{bμ} + ( 2i 3 g_Y (∂_μũ^∗_R)c_W A^μũ_R − 2i 3 g_Y (∂_μũ^∗_R)s_W Z^{0μ}ũ_R + i 2 g_C G^a_μ(∂^μũ^∗_R)λ^aũ_R + 1 3 g_Y g_C c_W A^μũ^∗_Rλ^aG^a_μũ_R − 1 3 g_Y g_C s_W Z^{0μ}ũ^∗_Rλ^aG^a_μũ_R + h.c. )

+ ( i2 √ 2 3 g_Y ũ_RB̃^0ū_R + i √ 2 g_CG̃^aũ_Rλ^aū_R + h.c. )

−∂_μd̄_Rσ^μd_R − 1 3 g_Y c_W A_μd̄_Rσ^μd_R + 1 3 g_Y s_W Z^0_μd̄_Rσ^μd_R + 1 2 g_Cd̄_Rλ^aG^a_μσ^μd_R +∂_μd̃^∗_R∂^μd̃_R + 1 9 g^2_Y c^2_W A_μA^μd̃^∗_Rd̃_R − 2 9 g^2_Y c_W s_W A_μZ^{0μ}d̃^∗_Rd̃_R + 1 9 g^2_Y s^2_W Z^0_μZ^{0μ}d̃^∗_Rd̃_R + 1 4 g^2_Cd̃^∗_Rλ^{b†}λ^ad̃_RG^a_μG^{bμ} + ( − i 3 g_Y (∂_μd̃^∗_R)c_W A^μd̃_R + i 3 g_Y (∂_μd̃^∗_R)s_W Z^{0μ}d̃_R + i 2 g_C G^a_μ(∂^μd̃^∗_R)λ^ad̃_R − 1 6 g_Y g_C c_W A^μd̃^∗_Rλ^aG^a_μd̃_R + 1 6 g_Y g_C s_W Z^{0μ}d̃^∗_Rλ^aG^a_μd̃_R + h.c. )

+i √ 2 ( − 1 3 g_Y d̃_RB̃^0d̄_R + 1 2 g_Cd̃_RG̃^aλ^ad̄_R + h.c. ) . The kinetic terms for the Higgses are given by

−i∂_μH̃^{(+)}_u σ^μ ¯H̃^{(+)}_u + g_Y c_W A_μH̃^{(+)}_u σ^μ ¯H̃^{(+)}_u + 1 2 (g_Lc_W − g_Y s_W )Z^0_μH̃^{(+)}_u σ^μ ¯H̃^{(+)}_u + 1 √ 2 g_LW^+_μ H̃^{(0)}_u σ^μ ¯H̃^{(+)}_u + 1 √ 2 g_LW^−_μ H̃^{(+)}_u σ^μ ¯H̃^{(0)}_u − i∂_μH̃^{(0)}_u σ^μ ¯H̃^{(0)}_u − 1 2 (g_Y s_W + g_Lc_W )Z^0_μH̃^{(0)}_u σ^μ ¯H̃^{(0)}_u

+∂_μH^{(+)∗}_u ∂^μH^{(+)}_u + g^2_Y c^2_W A_μA^μH^{(+)∗}_u H^{(+)}_u + 1 4 (g_Y s_W − g_Lc_W )^2Z^{0μ}Z^0_μH^{(+)∗}_u H^{(+)}_u + 1 2 g^2_LW^−_μ W^{+μ} ( |v_u|^2 + |h^{(0)}_u |^2 + v^∗_uh^{(0)}_u + v_uh^{(0)∗}_u ) + 1 2 g^2_LW^−_μ W^{+μ}H^{(+)∗}_u h^{(+)}_u

+∂_μh^{(0)∗}_u ∂^μh^{(0)}_u + 1 4 (g_Y s_W + g_Lc_W )^2Z^0_μZ^{0μ}h^{(0)∗}_u h^{(0)}_u + ( ig_Y c_W (∂_μH^{(+)∗}_u )A^μH^{(+)}_u + i 2 (g_Lc_W − g_Y s_W )(∂_μH^{(+)∗}_u )Z^{0μ}H^{(+)}_u + ig_L √ 2 (∂_μH^{(+)∗}_u )W^{+μ}(v_u + h^{(0)}_u ) + 1 2 g_Lc_W (g_Lc_W − g_Y s_W )A_μZ^{0μ}H^{(+)∗}_u H^{(+)}_u + 1 √ 2 g_Lg_Y c_W A_μW^{+μ}H^{(+)∗}_u (v_u + h^{(0)}_u ) + 1 2 √ 2 g_L(g_Lc_W − g_Y s_W )Z^0_μW^{+μ}H^{(+)∗}_u (v_u + h^{(0)}_u ) − i √ 2 W^+_μ H^{(+)∗}_u ∂^μh^{(0)}_u − 1 2 √ 2 (g_Y s_W + g_Lc_W )W^+_μ Z^{0μ}H^{(+)∗}_u (v_u + h^{(0)}_u ) − i 2 (g_Y s_W + g_Lc_W )Z^{0μ}(∂_μh^{(0)∗}_u )(v_u + h^{(0)}_u ) + h.c. )

+ ( i √ 2 H^{(+)∗}_u ( g_Y B̃^0 + g_LW̃^3 ) H̃^{(+)}_u + ig_L(v^∗_u + h^{(0)∗}_u )W̃^−H̃^{(+)}_u + ig_LH^{(+)∗}_u W̃^+H̃^{(0)}_u + i √ 2 (v^∗_u + h^{(0)∗}_u )(g_Y B̃^0 − g_LW̃^3)H̃^{(0)}_u + h.c. )

−i∂_μH̃^{(0)}_d σ^μ ¯H̃^{(0)}_d + 1 2 (g_Y s_W + g_Lc_W )Z^0_μH̃^{(0)}_d σ^μ ¯H̃^{(0)}_d + 1 √ 2 g_LW^+_μ H̃^{(−)}_d σ^μ ¯H̃^{(0)}_d + 1 √ 2 g_LW^−_μ H̃^{(0)}_d σ^μ ¯H̃^{(−)}_d − i∂_μH̃^{(−)}_d σ^μ ¯H̃^{(−)}_d − g_Y c_W A_μH̃^{(−)}_d σ^μ ¯H̃^{(−)}_d − 1 2 (g_Lc_W − g_Y s_W )Z^0_μH̃^{(−)}_d σ^μ ¯H̃^{(−)}_d

+∂_μh^{(0)∗}_d ∂^μh^{(0)}_d + 1 4 (g_Y s_W + g_Lc_W )^2Z^0_μZ^{0μ}(|v_d|^2 + |h^{(0)}_d |^2 + v^∗_dh^{(0)}_d + v_dh^{(0)∗}_d ) + 1 2 g^2_LW^−_μ W^{+μ}H^{(−)∗}_d H^{(−)}_d + 1 2 g^2_LW^+_μ W^{−μ}(|v_d|^2 + |h^{(0)}_d |^2 + v^∗_dh^{(0)}_d + v_dh^{(0)∗}_d )

+∂_μH^{(−)∗}_d ∂^μH^{(−)}_d + g^2_Y c^2_W A_μA^μH^{(−)∗}_d H^{(−)}_d + 1 4 (g_Lc_W − g_Y s_W )^2Z^0_μZ^{0μ}H^{(−)∗}_d H^{(−)}_d + ( i 2 (g_Y s_W + g_Lc_W )Z^0_μ(∂^μh^{(0)∗}_d )(v_d + h^{(0)}_d ) + i √ 2 g_L(∂_μh^{(0)∗}_d )W^{+μ}H^{(−)}_d + 1 2 √ 2 g_L(g_Y s_W + g_Lc_W )Z^0_μW^{+μ}(v^∗_d + h^{(0)∗}_d )H^{(−)}_d − i √ 2 g_LW^+_μ (v^∗_d + h^{(0)∗}_d )(∂^μH^{(−)}_d ) − 1 √ 2 g_Lg_Y c_W W^+_μ A^μ(v^∗_d + h^{(0)∗}_d )H^{(−)}_d − 1 2 √ 2 g_L(g_Lc_W − g_Y s_W )W^+_μ Z^{0μ}(v^∗_d + h^{(0)∗}_d )H^{(−)}_d

− ig_Y c_W (∂_μH^{(−)∗}_d )A^μH^{(−)}_d − i 2 (g_Lc_W − g_Y s_W )Z^{0μ}(∂_μH^{(−)∗}_d )H^{(−)}_d + 1 2 g_Y c_W (g_Lc_W − g_Y s_W )A^μZ^0_μH^{(−)∗}_d H^{(−)}_d + h.c. )

+ ( i √ 2 (v^∗_d + h^{(0)∗}_d )(g_LW̃^3 − g_Y B̃^0)H̃^{(0)}_d + ig_LH^{(−)∗}_d W̃^−H̃^{(0)}_d

+ ig_L(v^∗_d + h^{(0)∗}_d )W̃^+H̃^{(−)}_d − i √ 2 H^{(−)∗}_d (g_Y B̃^0 + g_LW̃^3)H̃^{(−)}_d + h.c. ) . The kinetic terms of the gauge fields are given by (with f^{abc} the structure constant of SU(3)) − 1 4 (∂_μA_ν − ∂_ν A_μ) (∂^μA^ν − ∂^ν A^μ) − 1 4 ( ∂_μW^+_ν − ∂_ν W^+_μ ) ( ∂^μW^{−ν} − ∂^ν W^{−μ} ) − 1 4 ( ∂_μZ^0_ν − ∂_ν Z^0_μ ) ( ∂^μZ^{0ν} − ∂^ν Z^{0μ} ) +i g 2 ( s_W (∂_μW^+_ν )W^{μ−}A^ν + c_W (∂_μW^+_ν )W^{μ−}Z^{0ν} − s_W (∂_μW^+_ν )A^μW^{ν−}

− c_W (∂_μW^+_ν )Z^{0μ}W^{ν−} − s_W (∂_μW^−_ν )W^{μ+}A^ν − c_W (∂_μW^−_ν )W^{μ+}Z^{0ν}

+ s_W (∂_μW^−_ν )A^μW^{ν+} + c_W (∂_μW^−_ν )Z^{0μ}W^{ν+} − s_W (∂_μA_ν )W^{μ−}W^{ν+}

+ s_W (∂_μA_ν )W^{ν−}W^{μ+} − c_W (∂_μZ^0_ν )W^{μ−}W^{ν+} + c_W (∂_μZ^0_ν )W^{ν−}W^{μ+} )

+ g^2 2 ( W^+_μ W^{μ+}W^−_ν W^{ν−} − W^+_μ W^{μ−}W^+_ν W^{ν−} ) + g^2s^2_W ( W^+_μ A^μW^−_ν A^ν − W^+_μ W^{μ−}A_ν A^ν ) +g^2s_W c_W ( −2W^+_μ W^{μ−}A_ν Z^{0ν} + W^+_μ A^μW^−_ν Z^{0ν} + W^−_μ A^μW^+_ν Z^{0ν} ) +g^2c^2_W ( W^+_μ Z^{0μ}W^−_ν Z^{0ν} − W^+_μ W^{μ−}Z^0_ν Z^{0ν} ) − 1 4 ( ∂_μG^a_ν − ∂_ν G^a_μ ) (∂^μG^{aν} − ∂^ν G^{aμ}) − g 2 f^{abc}(∂_μG^a_ν )G^{bμ}G^{cν} − g^2 4 f^{abc}f^{ade}G^b_μG^c_ν G^{dμ}G^{eν} + iB̃^0σ^μ∂_μ ¯B̃^0 + iW̃^aσ^μ∂_μ ¯W̃^a +iG̃^aσ^μ∂_μ ¯G̃^a − ig_C f^{abc}G̃^aσ^μG^b_μ ¯G̃^c − ig_L (~ W^−σ^μ ¯W̃^3W^+_μ − W̃^3σ^μ ¯W̃^+W^+_μ

+s_W W̃^+σ^μ ¯W̃^+A_μ + c_W W̃^+σ^μ ¯W̃^+Z^0_μ − h.c ) The D-term contribution is given by − 1 8 (g^2_Y + g^2_L) ( (ν̃^∗_e ν̃_e)^2 + (ẽ^∗_Lẽ_L)^2 + 2ν̃^∗_e ν̃_eẽ^∗_Lẽ_L

)_2 − g^2_Y 2 (ẽ^∗_Rẽ_R)

− ( g^2_Y 72 + g^2_L 8 + g^2_C 6 ) ( (ũ^∗_Lũ_L)^2 + (d̃^∗_Ld̃_L)^2 + 2ũ^∗_Lũ_Ld̃^∗_Ld̃_L ) − ( 2g^2_Y 9 + g^2_C 6 ) (ũ^∗_Rũ_R)^2 − ( g^2_Y 18 + g^2_C 6 ) ( d̃^∗_Rd̃_R )_2 − ( g^2_Y 8 + g^2_L 8 ) ( (H^{(+)∗}_u H^{(+)}_u )^2 + (h^{(0)}_u h^{(0)}_u )^2

+ |v_u|^4 + v^{∗2}_u h_u(0)h^{(0)}_u + v^2_uh^{(0)∗}_u h^{(0)∗}_u + 2H^{(+)∗}_u H^{(+)}_u h^{(0)∗}_u h^{(0)}_u + 2|v_u|^2H^{(+)∗}_u H^{(+)}_u

+ 2|v_u|^2h^{(0)∗}_u h^{(0)}_u + 2v_u ∗ h^{(0)}_u H^{(+)∗}_u H^{(+)}_u + 2v_uh^{(0)∗}_u H^{(+)∗}_u H^{(+)}_u + 4|v_u|^2h^{(0)∗}_u h^{(0)}_u

+ 2v^∗_uh^{(0)}_u h^{(0)∗}_u h^{(0)}_u + 2v_uh^{(0)∗}_u h^{(0)∗}_u h^{(0)}_u + 2|v_u|^2v^∗_uh^{(0)}_u + 2|v_u|^2v_uh^{(0)∗}_u )

− ( g^2_Y 8 + g^2_C 8 ) ( (H^{(−)∗}_d H^{(−)}_d )^2 + (h^{(0)}_d h^{(0)}_d )^2

+ |v_d|^4 + v^{∗2}_d h^{(0)}_d h^{(0)}_d + v^2_dh^{(0)∗}_d h^{(0)∗}_d + 2H^{(−)∗}_d H^{(−)}_d h^{(0)∗}_d h^{(0)}_d + 2|v_d|^2H^{(−)∗}_d H^{(−)}_d

+ 2|v_d|^2h^{(0)∗}_d h^{(0)}_d + 2v^∗_dh^{(0)}_d H^{(−)∗}_d H^{(−)}_d + 2v_dh^{(0)∗}_d H^{(−)∗}_d H^{(−)}_d + 4|v_d|^2h^{(0)∗}_d h^{(0)}_d

+ 2v^∗_dh^{(0)}_d h^{(0)∗}_d h^{(0)}_d + 2v_dh^{(0)∗}_d h^{(0)∗}_d h^{(0)}_d + 2|v_d|^2v^∗_dh^{(0)}_d + 2|v_d|^2v_dh^{(0)∗}_d )

+ g^2_Y 2 ẽ^∗_Rẽ_R (ν̃^∗_e ν̃_e + ẽ^∗_Lẽ_L) + ( g^2_Y 12 − g^2_L 4 ) ν̃^∗_e ν̃_eũ^∗_Lũ_L + ( g^2_L 4 + g^2_Y 12 ) ν̃^∗_e ν̃_ed̃^∗_Ld̃_L + ( g^2_L 4 + g^2_Y 12 ) ẽ^∗_Lẽ_Lũ^∗_Lũ_L + ( g^2_Y 12 − g^2_L 4 ) ẽ^∗_Lẽ_Ld̃^∗_Ld̃_L − g^2_L 2 ν̃^∗_e ẽ_Ld̃^∗_Lũ_L − g^2_L 2 ẽ^∗_Lν̃_eũ^∗_Ld̃_L − g^2_Y 3 ũ^∗_Rũ_R (ν̃^∗_e ν̃_e + ẽ^∗_Lẽ_L) + g^2_Y 6 d̃^∗_Rd̃_R (ν̃^∗_e ν̃_e + ẽ^∗_Lẽ_L) + ( g^2_Y 4 − g^2_L 4 ) ν̃^∗_e ν̃_eH^{(+)∗}_u H^{(+)}_u + ( g^2_Y 4 + g^2_L 4 ) ν̃^∗_e ν̃_eh^{(0)∗}_u h^{(0)}_u + ( g^2_Y 4 + g^2_L 4 ) |v_u|^2ν̃^∗_e ν̃_e + ( g^2_Y 4 + g^2_L 4 ) v^∗_uν̃^∗_e ν̃_eh^{(0)}_u + ( g^2_Y 4 + g^2_L 4 ) v_uν̃^∗_e ν̃_eh^{(0)∗}_u + ( g^2_Y 4 + g^2_L 4 ) ẽ^∗_Lẽ_LH^{(+)∗}_u H^{(+)}_u + ( g^2_Y 4 − g^2_L 4 ) ẽ^∗_Lẽ_Lh^{(0)∗}_u h^{(0)}_u + ( g^2_Y 4 − g^2_L 4 ) |v_u|^2ẽ^∗_Lẽ_L + ( g^2_Y 4 − g^2_L 4 ) v^∗_uẽ^∗_Lẽ_Lh^{(0)}_u + ( g^2_Y 4 − g^2_L 4 ) v_uẽ^∗_Lẽ_Lh^{(0)∗}_u − g^2_L 2 v^∗_uν̃^∗_e ẽ_LH^{(+)}_u − g^2_L 2 ν̃^∗_e ẽ_Lh^{(0)∗}_u H^{(+)}_u − g^2_L 2 v_uẽ^∗_Lν̃_eH^{(+)∗}_u − g^2_L 2 ẽ^∗_Lν̃_eH^{(+)∗}_u h^{(0)}_u + ( − g^2_Y 4 − g^2_L 4 ) ẽ^∗_Lẽ_LH^{(−)∗}_d H^{(−)}_d + ( − g^2_Y 4 + g^2_L 4 ) ẽ^∗_Lẽ_Lh^{(0)∗}_d h^{(0)}_d + ( − g^2_Y 4 + g^2_L 4 ) |v_d|^2ẽ^∗_Lẽ_L + ( − g^2_Y 4 + g^2_L 4 ) v^∗_dẽ^∗_Lẽ_Lh^{(0)}_d + ( − g^2_Y 4 + g^2_L 4 ) v_dẽ^∗_Lẽ_Lh^{(0)∗}_d + ( − g^2_Y 4 + g^2_L 4 ) ν̃^∗_e ν̃_eH^{(−)∗}_d H^{(−)}_d + ( − g^2_Y 4 − g^2_L 4 ) ν̃^∗_e ν̃_eh^{(0)∗}_d h^{(0)}_d + ( − g^2_Y 4 − g^2_L 4 ) |v_d|^2ν̃^∗_e ν̃_e + ( − g^2_Y 4 − g^2_L 4 ) v^∗_dν̃^∗_e ν̃_Lh^{(0)}_d + ( − g^2_Y 4 − g^2_L 4 ) v_dν̃^∗_e ν̃_eh^{(0)∗}_d − g^2_L 2 v^∗_dẽ^∗_Lν̃_eH^{(−)}_d − g^2_L 2 ẽ^∗_Lν̃_eh^{(0)∗}_d H^{(−)}_d − g^2_L 2 v_dν̃^∗_e ẽ_LH^{(−)∗}_d − g^2_L 2 ν̃^∗_e ẽ_LH^{(−)∗}_d h^{(0)}_d − g^2_Y 6 ẽ^∗_Rẽ_R ( ũ^∗_Lũ_L + d̃^∗_Ld̃_L ) + 2g^2_Y 3 ẽ^∗_Rẽ_Rũ^∗_Rũ_R

+ g^2_Y 3 ẽ^∗_Rẽ_Rd̃^∗_Rd̃_R − g^2_Y 2 ẽ^∗_Rẽ_R ( H^{(+)∗}_u H^{(+)}_u + h^{(0)∗}_u h^{(0)}_u + |v_u|^2 + h^{(0)∗}_u v_u + h^{(0)}_u v^∗_u )

+ g^2_Y 2 ẽ^∗_Rẽ_R ( H^{(−)∗}_d H^{(−)}_d + h^{(0)∗}_d h^{(0)}_d + |v_d|^2 + h^{(0)∗}_d v_d + h^{(0)}_d v^∗_d )

+ ( g^2_Y 9 − g^2_C 3 ) ũ^∗_Rũ_R ( ũ^∗_Lũ_L + d̃^∗_Ld̃_L ) − ( g^2_Y 18 − g^2_C 3 ) d̃^∗_Rd̃_R ( ũ^∗_Lũ_L + d̃^∗_Ld̃_L )

+ ( − g^2_Y 12 − g^2_L 4 ) ũ^∗_Lũ_LH^{(+)∗}_u H^{(+)}_u + ( − g^2_Y 12 + g^2_L 4 ) ũ^∗_Lũ_Lh^{(0)∗}_u h^{(0)}_u + ( − g^2_Y 12 + g^2_L 4 ) |v_u|^2ũ^∗_Lũ_L + ( − g^2_Y 12 + g^2_L 4 ) v^∗_uũ^∗_Lũ_Lh^{(0)}_u + ( − g^2_Y 12 + g^2_L 4 ) v_uũ^∗_Lũ_Lh^{(0)∗}_u + ( − g^2_Y 12 + g^2_L 4 ) d̃^∗_Ld̃_LH^{(+)∗}_u H^{(+)}_u + ( − g^2_Y 12 − g^2_L 4 ) d̃^∗_Ld̃_Lh^{(0)∗}_u h^{(0)}_u + ( − g^2_Y 12 − g^2_L 4 ) |v_u|^2d̃^∗_Ld̃_L + ( − g^2_Y 12 − g^2_L 4 ) v^∗_ud̃^∗_Ld̃_Lh^{(0)}_u + ( − g^2_Y 12 − g^2_L 4 ) v_ud̃^∗_Ld̃_Lh^{(0)∗}_u − g^2_L 2 v^∗_uũ^∗_Ld̃_LH^{(+)}_u − g^2_L 2 ũ^∗_Ld̃_Lh^{(0)∗}_u H^{(+)}_u − g^2_L 2 v_ud̃^∗_Lũ_LH^{(+)∗}_u − g^2_L 2 d̃^∗_Lũ_LH^{(+)∗}_u h^{(0)}_u + ( g^2_Y 12 − g^2_L 4 ) d̃^∗_Ld̃_LH^{(−)∗}_d H^{(−)}_d + ( g^2_Y 12 + g^2_L 4 ) d̃^∗_Ld̃_Lh^{(0)∗}_d h^{(0)}_d + ( g^2_Y 12 + g^2_L 4 ) |v_d|^2d̃^∗_Ld̃_L + ( g^2_Y 12 + g^2_L 4 ) v^∗_dd̃^∗_Ld̃_Lh^{(0)}_d + ( g^2_Y 12 + g^2_L 4 ) v_dd̃^∗_Ld̃_Lh^{(0)∗}_d + ( g^2_Y 12 + g^2_L 4 ) ũ^∗_Lũ_LH^{(−)∗}_d H^{(−)}_d + ( g^2_Y 12 − g^2_L 4 ) ũ^∗_Lũ_Lh^{(0)∗}_d h^{(0)}_d + ( g^2_Y 12 − g^2_L 4 ) |v_d|^2ũ^∗_Lũ_L + ( g^2_Y 12 − g^2_L 4 ) v^∗_dũ^∗_Lũ_Lh^{(0)}_d + ( g^2_Y 12 − g^2_L 4 ) v_dũ^∗_Lũ_Lh^{(0)∗}_d − g^2_L 2 v^∗_dd̃^∗_Lũ_LH^{(−)}_d − g^2_L 2 d̃^∗_Lũ_Lh^{(0)∗}_d H^{(−)}_d − g^2_L 2 v_dũ^∗_Ld̃_LH^{(−)∗}_d − g^2_L 2 ũ^∗_Ld̃_LH^{(−)∗}_d h^{(0)}_d + ( 2g^2_Y 9 − g^2_C 3 ) ũ^∗_Rũ_Rd̃^∗_Rd̃_R + g^2_Y 3 ũ^∗_Rũ_R ( H^{(+)∗}_u H^{(+)}_u + h^{(0)∗}_u h^{(0)}_u + |v_u|^2 + h^{(0)∗}_u v_u + h^{(0)}_u v^∗_u )

− g^2_Y 3 ũ^∗_Rũ_R ( H^{(−)∗}_d H^{(−)}_d + h^{(0)∗}_d h^{(0)}_d + |v_d|^2 + h^{(0)∗}_d v_d + h^{(0)}_d v^∗_d )

− g^2_Y 6 d̃^∗_Rd̃_R ( H^{(+)∗}_u H^{(+)}_u + h^{(0)∗}_u h^{(0)}_u + |v_u|^2 + h^{(0)∗}_u v_u + h^{(0)}_u v^∗_u )

+ g^2_Y 6 d̃^∗_Rd̃_R ( H^{(−)∗}_d H^{(−)}_d + h^{(0)∗}_d h^{(0)}_d + |v_d|^2 + h^{(0)∗}_d v_d + h^{(0)}_d v^∗_d )

+ ( g^2_Y 4 + g^2_L 4 ) ( H^{(+)∗}_u H^{(+)}_u H^{(−)∗}_d H^{(−)}_d + h^{(0)∗}_u h^{(0)}_u h^{(0)∗}_d h^{(0)}_d + |v_d|^2h^{(0)∗}_u h^{(0)}_u + h^{(0)∗}_u h^{(0)}_u h^{(0)∗}_d v_d

+ h^{(0)∗}_u h^{(0)}_u h^{(0)}_d v^∗_d + |v_u|^2h^{(0)∗}_d h^{(0)}_d + |v_u|^2|v_d|^2 + |v_u|^2v_dh^{(0)∗}_d + |v_u|^2v^∗_dh^{(0)}_d + h^{(0)∗}_u v_uh^{(0)∗}_d h^{(0)}_d

+ |v_d|^2h^{(0)∗}_u v_u + v_dh^{(0)∗}_u v_uh^{(0)∗}_d + v^∗_dh^{(0)∗}_u v_uh^{(0)}_d + v^∗_uh^{(0)}_u h^{(0)∗}_d h^{(0)}_d + |v_d|^2v^∗_uh^{(0)}_u

+ v^∗_uv_dh^{(0)∗}_d h^{(0)}_u + v^∗_uv^∗_dh^{(0)}_u h^{(0)}_d )

+ ( g^2_Y 4 − g^2_L 4 ) ( H^{(+)∗}_u H^{(+)}_u h^{(0)∗}_d h^{(0)}_d + |v_d|^2H^{(+)∗}_u H^{(+)}_u + v_dh^{(0)∗}_d H^{(+)∗}_u H^{(+)}_u + v^∗_dh^{(0)}_d H^{(+)∗}_u H^{(+)}_u

+ h^{(0)∗}_u h^{(0)}_u H^{(−)∗}_d H^{(−)}_d + |v_u|^2H^{(−)∗}_d H^{(−)}_d + v_uh^{(0)∗}_u H^{(−)∗}_d H^{(−)}_d + v^∗_uh^{(0)}_u H^{(−)∗}_d H^{(−)}_d )

− g^2_L 2 ( v_uh^{(0)}_d H^{(+)∗}_u H^{(−)∗}_d + H^{(+)∗}_u h^{(0)}_u H^{(−)∗}_d h^{(0)}_d + v_uv_dH^{(+)∗}_u H^{(−)∗}_d + v_dh^{(0)}_u H^{(+)∗}_u H^{(−)∗}_d + h.c. )

The ternary couplings coming from the superpotential are given by − 1 2 ( h^e_{ij}ē_{Ri}ν_jH^{(−)}_d − h^e_{ij}ē_{Ri}e_{Lj} v_d − h^e_{ij}ē_{Ri}e_{Lj} h^{(0)}_d + h^e_{ij}ẽ^∗_{Ri}ν̃_jH^{(−)}_d − h^e_{ij}ē_{Ri}ẽ_{Lj}H̃^{(0)}_d + h^e_{ij}ẽ^∗_{Ri}ν_jH̃^{(−)}_d − h^e_{ij}ẽ^∗_{Ri}e_{Lj}H̃^{(0)}_d + h^u_{ij}ū_{Ri}u_{Lj}v_u + h^u_{ij}ū_{Ri}u_{Lj} h^{(0)}_u − h^u_{ij}ū_{Ri}d_{Lj} H^{(+)}_u + h^u_{ij}ū_{Ri}ũ_{Lj}H̃^{(0)}_u − h^u_{ij}ū_{Ri}d̃_{Lj}H̃^{(+)}_u + h^u_{ij}ũ^∗_{Ri}u_{Lj}H̃^{(0)}_u − h^u_{ij}ũ^∗_{Ri}d_{Lj}H̃^{(+)}_u + h^d_{ij}d̄_{Ri}u_{Lj} H^{(−)}_d − h^d_{ij}d̄_{Ri}d_{Lj} v_d − h^d_{ij}d̄_{Ri}d_{Lj} h^{(0)}_d + h^d_{ij}d̄_{Ri}ũ_{Lj}H̃^{(−)}_d − h^d_{ij}d̄_{Ri}d̃_{Lj}H̃^{(0)}_d + h^d_{ij}d̃^∗_{Ri}u_{Lj}H̃^{(−)}_d − h^d_{ij}d̃^∗_{Ri}d_{Lj}H̃^{(0)}_d + μH̃^{(+)}_u H̃^{(−)}_d − μH̃^{(0)}_u H̃^{(0)}_d + h.c ) .

The quartic couplings originating in the superpotential are given by − ( h^e_{ij} h^{e∗}_{il} ν̃_jν̃^∗_l H^{(−)∗}_d H^{(−)}_d − h^e_{ij} h^{e∗}_{il} ν̃_jH^{(−)}_d ẽ^∗_{Ll}v^∗_d − h^e_{ij} h^{e∗}_{il} ν̃_jH^{(−)}_d ẽ^∗_{Ll}h^{(0)∗}_d − h^e_{ij} h^{e∗}_{il} ẽ_{Lj}v_dν̃^∗_l H^{(−)∗}_d + h^e_{ij} h^{e∗}_{il} ẽ_{Lj} v_dẽ^∗_{Ll}v^∗_d + h^e_{ij} h^{e∗}_{il} ẽ_{Lj} v_dẽ^∗_{Ll}h^{(0)∗}_d − h^e_{ij} h^{e∗}_{il} ẽ_{Lj}h^{(0)}_d ν̃^∗_l H^{(−)∗}_d + h^e_{ij} h^{e∗}_{il} ẽ_{Lj} h^{(0)}_d ẽ^∗_{Ll}v^∗_d + h^e_{ij} h^{e∗}_{il} ẽ_{Lj} h^{(0)}_d ẽ^∗_{Ll}h^{(0)∗}_d + h^e_{ij} h^{e∗}_{jl} ẽ^∗_{Ri}ẽ_{Rl}v^∗_dv_d + h^e_{ij} h^{e∗}_{jl} ẽ^∗_{Ri}ẽ_{Rl}v_dh^{(0)∗}_d + h^e_{ij} h^{e∗}_{jl} ẽ^∗_{Ri}ẽ_{Rl}v^∗_dh^{(0)}_d + h^e_{ij} h^{e∗}_{jl} ẽ^∗_{Ri}ẽ_{Rl}h^{(0)∗}_d h^{(0)}_d + h^e_{ij} h^{e∗}_{jl} ẽ^∗_{Ri}ẽ_{Rl}H^{(−)∗}_d H^{(−)}_d + h^e_{ij} h^{e∗}_{kl} ẽ^∗_{Ri}ẽ_{Rk}ν̃_jν̃^∗_l + h^e_{ij} h^{e∗}_{kl} ẽ^∗_{Ri}ẽ_{Rk}ẽ_{Lj}ẽ^∗_{Ll} + h^u_{ij} h^{u∗}_{ik} ν̃_jv_uν̃^∗_k v^∗_u + h^u_{ij} h^{u∗}_{ik} ν̃_jv_uν̃^∗_k h^{(0)∗}_u − h^u_{ij} h^{u∗}_{ik} ν̃_j v_uẽ^∗_{Lk}H^{(+)∗}_u + h^u_{ij} h^{u∗}_{ik} ν̃_jh^{(0)}_u ν̃^∗_k v^∗_u + h^u_{ij} h^{u∗}_{ik} ν̃_jh^{(0)}_u ν̃^∗_k h^{(0)∗}_u − h^u_{ij} h^{u∗}_{ik} ν̃_jh^{(0)}_u ẽ^∗_{Lk}H^{(+)∗}_u − h^u_{ij} h^{u∗}_{ik} ẽ_{Lj}H^{(+)}_u ν̃^∗_k v^∗_u − h^u_{ij} h^{u∗}_{ik} ẽ_{Lj} H^{(+)}_u ν̃^∗_k h^{(0)∗}_u + h^u_{ij} h^{u∗}_{ik} ẽ_{Lj} H^{(+)}_u ẽ^∗_{Lk}H^{(+)∗}_u + h^u_{ij} h^{u∗}_{kj} ũ^∗_{Ri}ũ_{Rk}v^∗_uv_u + h^u_{ij} h^{u∗}_{kj} ũ^∗_{Ri}ũ_{Rk}v_uh^{(0)∗}_u + h^u_{ij} h^{u∗}_{kj} ũ^∗_{Ri}ũ_{Rk}v^∗_uh^{(0)}_u + h^u_{ij} h^{u∗}_{kj} ũ^∗_{Ri}ũ_{Rk}H^{(+)∗}_u H^{(+)}_u + h^u_{ij} h^{u∗}_{kl} ũ^∗_{Ri}ũ_{Rk}ũ_{Lj}ũ^∗_{Ll} + h^u_{ij} h^{u∗}_{kl} ũ^∗_{Ri}ũ_{Rk}d̃_{Lj}d̃^∗_{Ll} + h^d_{ij} h^{d∗}_{ik} ũ_{Lj} H^{(−)}_d ũ^∗_{Lk}H^{(−)∗}_d − h^d_{ij}h^{d∗}_{ik} ũ_{Lj}H^{(−)}_d d̃^∗_{Lk}v^∗_d − h^d_{ij} h^{d∗}_{ik} ũ_{Lj}H^{(−)}_d d̃^∗_{Lk}h^{(0)∗}_d

− h^d_{ij}h^{d∗}_{ik} d̃_{Lj}v_dũ^∗_{Lk}H^{(−)∗}_d + h^d_{ij} h^{d∗}_{ik} d̃_{Lj} v_dd̃^∗_{Lk}v^∗_d + h^d_{ij} h^{d∗}_{ik} d̃_{Lj} v_dd̃^∗_{Lk}h^{(0)∗}_d − h^d_{ij}h^{d∗}_{ik} d̃_{Lj}h^{(0)}_d ũ^∗_{Lk}H^{(−)∗}_d + h^d_{ij} h^{d∗}_{ik} d̃_{Lj} h^{(0)}_d d̃^∗_{Lk}v^∗_d + h^d_{ij} h^{d∗}_{ik} d̃_{Lj}h^{(0)}_d d̃^∗_{Lk}h^{(0)∗}_d + h^d_{ij}h^{d∗}_{kj}d̃^∗_{Ri}d̃_{Rk}v^∗_dv_d + h^d_{ij}h^{d∗}_{kj}d̃^∗_{Ri}d̃_{Rk}v_dh^{(0)∗}_d + h^d_{ij} h^{d∗}_{kj}d̃^∗_{Ri}d̃_{Rk}v^∗_dh^{(0)}_d + h^d_{ij}h^{d∗}_{kj}d̃^∗_{Ri}d̃_{Rk}h^{(0)∗}_d h^{(0)}_d + h^d_{ij} h^{d∗}_{kj}d̃^∗_{Ri}d̃_{Rk}H^{(−)∗}_d H^{(−)}_d + h^d_{ij} h^{d∗}_{kl} d̃^∗_{Ri}d̃_{Rk}ũ_{Lj}ũ^∗_{Lk} + h^d_{ij}h^{d∗}_{kl} d̃^∗_{Ri}d̃_{Rk}d̃_{Lj}d̃^∗_{Ll} + μ^2v^∗_uv_u + μ^2v^∗_uh^{(0)}_u + μ^2v_uh^{(0)∗}_u + μ^2h^{(0)}_u h^{(0)∗}_u + μ^2H^{(+)∗}_u H^{(+)}_u + μ^2v^∗_dv_d + μ^2v^∗_dh^{(0)}_d + μ^2v_dh^{(0)∗}_d + μ^2h^{(0)}_d h^{(0)∗}_d + μ^2H^{(−)∗}_d H^{(−)}_d + h^e_{ij}h^{d∗}_{kl} ẽ^∗_{Ri}d̃_{Rk}ν̃_jũ_{Ll} + h^e_{ij} h^{d∗}_{kl} ẽ^∗_{Ri}d̃_{Rk}ẽ_{Lj}d̃_{Ll} + ( h^e_{ij} μẽ^∗_{Ri}ν̃_jH^{(+)∗}_u + h^e_{ij} μv_uẽ^∗_{Ri}ẽ_{Lj} + h^e_{ij} μẽ^∗_{Ri}ẽ_{Lj} h^{(0)∗}_u + h^d_{ij} μd̃^∗_{Ri}ũ_{Lj} H^{(+)∗}_u + h^e_{ij} μv_ud̃^∗_{Ri}d̃_{Lj} + h^e_{ij} μd̃^∗_{Ri}d̃_{Lj} h^{(0)∗}_u + h^u_{ij} h^{d∗}_{kl} v^∗_dũ^∗_{Ri}d̃_{Rk}H^{(+)}_u + h^u_{ij} h^{d∗}_{kl} ũ^∗_{Ri}d̃_{Rk}H^{(+)}_u h^{(0)∗}_d + h^u_{ij} h^{d∗}_{kl} v_uũ^∗_{Ri}d̃_{Rk}H^{(−)∗}_d + h^u_{ij} h^{d∗}_{kl} ũ^∗_{Ri}d̃_{Rk}h^{(0)}_u H^{(−)∗}_d + h^u_{ij} μv_dũ^∗_{Ri}ũ_{Lj} + h^u_{ij} μũ^∗_{Ri}ũ_{Lj}h^{(0)∗}_d + h^u_{ij} μũ^∗_{Ri}ũ_{Lj}H^{(−)∗}_d + h.c. )) . The soft-breaking terms are given by − ( (M^2_{Q̃L} )_{ij}Q̃^r_{Li}Q̃^{s∗}_{Lj} ϵ^{rs} + (M^2_{L̃})_{ij}L̃^r_i L̃^{s∗}_j ϵ^{rs} + (M^2_{ũR} )_{ij}ũ_{Ri}ũ^∗_{Rj} + (M^2_{d̃R} )_{ij}d̃_{Ri}d̃^∗_{Rj} +(M^2_{ẽR} )_{ij}ẽ_{Ri}ẽ^∗_{Rj} + h.c. ) − m^2_{Hu} H^∗_uH_u − m^2_{Hd} H^∗_d H_d − ( BμH^r_uH^s_d ϵ^{rs} + h.c. ) − 1 2 M_1B̃^0B̃^0 − 1 2 M_2W̃^aW̃^a − 1 2 M_3G̃^aG̃^a + h.c − ( h^e_{ij} A^eν̃_iẽ^∗_{Rj} H^{(−)}_d − h^e_{ij} A^eẽ_{Li}ẽ^∗_{Rj} v_d − h^e_{ij} A^eẽ_{Li}ẽ^∗_{Rj} h^{(0)}_d + h^u_{ij} A^uũ_{Li}ũ^∗_{Rj} v_u + h^u_{ij} A^uũ_{Li}ũ^∗_{Rj} h^{(0)}_u − h^u_{ij}A^ud̃_{Li}ũ^∗_{Rj} H^{(+)}_u + h^d_{ij} A^dũ_{Li}d̃^∗_{Rj} H^{(−)}_d − h^d_{ij} A^dd̃_{Li}d̃^∗_{Rj} v_d − h^d_{ij} A^dd̃_{Li}d̃^∗_{Rj} h^{(0)}_d + h.c. ) .

34 CHAPTER 5. THE LAGRANGIAN OF THE MSSM

Chapter 6

Feynman Rules

From the Lagrangian density in the last chapter we can extract all possible interactions together with their corresponding Feynman rule. We refer the reader to appendix A.3 for the calculational details and just summarize the final results in momentum space here.

6.1 External Particles

From the standard Feynman rules for Dirac spinors we know which Dirac spinor to identify with which external particle. Combining this with table (1.2) we define

u^{(1)}_L = u, u^{(2)}_L = −v, u^{(1)}_R = v̄, u^{(2)}_R = ū, v^{(1)}_L = v, v^{(2)}_L = u, v^{(1)}_R = ū, v^{(2)}_R = −v̄, ū^{(1)}_L = ū, ū^{(2)}_L = −v̄, ū^{(1)}_R = v, ū^{(2)}_R = u, v̄^{(1)}_L = v̄, v̄^{(2)}_L = ū, v̄^{(1)}_R = u, v̄^{(2)}_R = −v,

(6.1)

and find the list of incoming and outgoing external particles:

particle incoming outgoing left-chiral fermion u^{(s)}_L ū^{(s)}_L right-chiral fermion u^{(s)}_R ū^{(s)}_R left-chiral anti-fermion v^{(s)}_L v̄^{(s)}_L right-chiral anti-fermion v^{(s)}_R v̄^{(s)}_R scalar boson 1 1 vector boson ϵ_μ ϵ^∗_μ

We recall the completeness relations: 2∑ s=1 ū^{(s)α̇}_L (p)u^{(s)α}_L (p) = σ̄^{μα̇α}p_μ, 2∑ s=1 v̄^{(s)α̇}_L (p)v^{(s)α}_L (p) = σ̄^{μα̇α}p_μ,

(6.2)

2∑ s=1 u^{(s)α̇}_R ū^{(s)α}_R = σ̄^{μα̇α}p_μ, 2∑ s=1 v^{(s)α̇}_R v̄^{(s)α}_R = σ̄^{μα̇α}p_μ, ∑ Pol ϵ_μ(p)ϵ^∗_ν (p) = −g_{μν} , for massless vector bosons, ∑ Pol ϵ_μ(p)ϵ^∗_ν (p) = ( −g_{μν} + p_μp_ν m^2 ) , for massive vector bosons. (6.3)

6.2 Mass Eigenstates

The physical mass eigenstates of the Higgses can be obtained by diagonalizing their mass matrices. We just quote the results from [Mar97]:

H^+ = −H^{(−)∗}_d sin β + H^{(+)}_u cos β, H^− = −H^{(−)}_d sin β + H^{(+)∗}_u cos β, A^0 = √ 2 ( −Im(h^{(0)}_d + v_d) sin β + Im(h^{(0)}_u + v_u) cos β ) , H^0 = √ 2 ( Reh^{(0)}_d cos α + Reh^{(0)}_u sin α ) , h^0 = √ 2 ( −Reh^{(0)}_d sin α + Reh^{(0)}_u cos α ) , (6.4)

with

tan β = v_u v_d , cos 2α cos 2β = − m^2_{A0} − m^2_Z m^2_{H0} − m^2_{h0} , m^2_A0 = 2Bμ sin 2β , m^2_H± = m^2_A0 + m^2_W ,

m^2_h0_{,H}0 = 1 2 ( m^2_A0 + m^2_Z ∓ √ (m^2_{A0} + m^2_Z )^2 − 4m^2_Z m^2_{A0} cos^2 2β ) . (6.5)

The mass eigenstates of the other particles are also mixtures of the interaction eigenstates (to be found e.g. in [HK85]) :

• the neutral gauginos and the neutral higgsinos mix to the neutralinos,

• the charged gauginos and the charged higgsinos mix to the charginos,

• the left- and right-chiral squarks mix,

• the left- and right-chiral sleptons mix.

6.3. PROPAGATORS 37

6.3 Propagators

f_L is a left-chiral fermion, f_R a right-chiral one, ϕ is a scalar boson and {A_μ, W_μ, G_μ} are the gauge bosons of the (broken) group {U(1), SU(2), SU(3)} respectively. Ǎ stands for the Fourier transform of A. The parameters ξ should be chosen to 0.

in out propagator f_{Lα} f̄_{Lα̇} Δ̌^l_{αα̇}(p) = i^{pμσμαα̇}_{p2−m2} f^{α̇}_R f̄^α_R Δ̌^{rα̇α}(p) = i^{pμσ̄α̇αμ}_{p2−m2} f_{Lα} f̄^β_R Δ̌^{lr β}_α (p) =^{−im}_{p2−m2} δ^β_α f^{α̇}_R f̄_{Lβ̇} Δ̌^{rl α̇}_{β̇} =^{−im}_{p2−m2} δ^{β̇}_{α̇}

in out propagator ϕ ϕ^∗ Δ̌(p) =^i_{p2−m2}

in out propagator Δ̌_{μν} (p) A_μ A_ν^{−i}_{p2} ( g_{μν} − (1 − ξ_Y )^{pμpν}_{p2} )

in out propagator Δ̌_{μν} (p) W_μ W^∗_ν^{−i}_{p2−m2} ( g_{μν} − (1 − ξ_L)^{pμpν}_{p2} )

in out propagator Δ̌_{μν} (p) G^a_μ G^b_ν^{−i}_{p2} ( g_{μν} − (1 − ξ_C )^{pμpν}_{p2} ) δ^{ab}

6.4 Vertex Factors

As we see in appendix A.3.1 the vertex factors enter the matrix element multiplied by i except in the case of a pure gauge boson vertex. {g_Y , g_L, g_C } are the coupling constants of {U(1)_Y , SU(2)_L, SU(3)_C } respectively. The weak mixing angle θ_W is defined by tan θ_W =^{gY}_{gL} and c_W = cos θ_W , s_W = sin θ_W correspondingly. The electric unit of charge is given by e =^{gY}_{cW} =^{gL}_{sW} . We note that the vertex factors are written down for the first generation only in case of no inter-generational mixing.

in out vertex factor ν^α_e Z^0_μ, ν̄^{α̇}_e −^1_2 (g_Y s_W + g_Lc_W ) σ^μ_{αα̇} ν^α_e W^−_μ , ē^{α̇}_L −^{gL√}_2 σ^μ_{αα̇} e^α_L W^+_μ , ν̄^{α̇}_e −^{gL√}_2 σ^μ_{αα̇} e^α_L A_μ, ē^{α̇}_L g_Y c_W σ^μ_{αα̇} e^α_L Z^0_μ, ē^{α̇}_L −^1_2 (g_Y s_W − g_Lc_W ) σ^μ_{αα̇} ē^α_R A_μ, e^{α̇}_R −g_Y c_W σ^μ_{αα̇} ē^α_R Z^0_μ, e^{α̇}_R g_Y s_W σ^μ_{αα̇} u^α_L A_μ, ū^{α̇}_L −^2_3 g_Y c_W σ^μ_{αα̇} u^α_L Z^0_μ, ū^{α̇}_L −^1_2 ( −g_Lc_W +^1_3 g_Y s_W ) σ^μ_{αα̇} u^α_L G^a_μ, ū^{α̇}_L −^1_2 g_C λ^aσ^μ_{αα̇} u^α_L W^−_μ , d̄^{α̇}_L −^{1√}_2 g_Lσ^μ_{αα̇} d^α_L W^+_μ , ū^{α̇}_L −^{1√}_2 g_Lσ^μ_{αα̇} d^α_L A_μ, d̄^{α̇}_L^1_3 g_Y c_W σ^μ_{αα̇} d^α_L Z^0_μ, d̄^{α̇}_L^1_2 ( g_Lc_W + g^1_3 g_Y c_W ) σ^μ_{αα̇} d^α_L G^a_μ, d̄^{α̇}_L −^1_2 g_C λ^aσ^μ_{αα̇} ū^α_R A_μ, u^{α̇}_R −^2_3 g_Y c_W σ^μ_{αα̇} ū^α_R Z^0_μ, u^{α̇}_R^2_3 g_Y s_W σ^μ_{αα̇} ū^α_R G^a_μ, u^{α̇}_R −^1_2 g_C λ^aσ^μ_{αα̇} d̄α_R A_μ, dα̇_R^1_3 g_Y c_W σ^μ_{αα̇} d̄α_R Z0_μ, dα̇_R −^1_3 g_Y s_W σ^μ_{αα̇} d̄α_R Ga_μ, dα̇_R −^1_2 g_C λaGa_μσ^μ_{αα̇} H̃^{(+)α}_u A_μ, ¯H̃^{(+)α̇}_u −g_Y c_W σ^μ_{αα̇}

H̃^{(+)α}_u Z0_μ, ¯H̃^{(+)α̇}_u −^1_2 (g_Lc_W − g_Y s_W ) σ^μ_{αα̇}

H̃^{(+)α}_u W −_μ , ¯H̃^{(0)α̇}_u −^1_{√2} g_Lσ^μ_{αα̇}

H̃^{(0)α}_u W +_μ , ¯H̃^{(+)α̇}_u −^1_{√2} g_Lσ^μ_{αα̇}

H̃^{(0)α}_u Z0_μ, ¯H̃^{(0)α̇}_u^1_2 (g_Y s_W + g_Lc_W ) σ^μ_{αα̇} continued below . . .

. . . continuation in out vertex factor H̃^{(0)α}_d Z0_μ, ¯H̃^{(0)α̇}_d −^1_2 (g_Y s_W + g_Lc_W ) σ^μ_{αα̇} H̃^{(0)α}_d W −_μ , ¯H̃^{(−)α̇}_d −^1_{√2} g_Lσ^μ_{αα̇} H̃^{(−)α}_d W +_μ , ¯H̃^{(0)α̇}_d −^1_{√2} g_Lσ^μ_{αα̇} H̃^{(−)α}_d A_μ, ¯H̃^{(−)α̇}_d g_Y c_W σ^μ_{αα̇} H̃^{(−)α}_d Z0_μ, ¯H̃^{(−)α̇}_d^1_2 (g_Lc_W − g_Y s_W ) σ^μ_{αα̇} W̃ −α W +_μ , ¯W̃^{3α̇} g_Lσ^μ_{αα̇} W̃ 3α W +_μ , ¯W̃^{+α̇} −g_Lσ^μ_{αα̇} W̃ +α A_μ, ¯W̃^{+α̇} ig_Ls_W σ^μ_{αα̇} W̃ +α Z0_μ, ¯W̃^{+α̇} ig_Lc_W σ^μ_{αα̇} G̃aα Gb_μ, ¯G̃^{cα̇} ig_C f abcσ^μ_{αα̇}

in out vertex factor ν^α_e ν̃^∗_e , W̃^3_α −^{i√}_2 g_L ν^α_e ν̃^∗_e , B̃^0_α^{i√}_2 g_L e^α_L ν̃^∗_e , W̃^+_α −ig_L ν^α_e ẽ^∗_L, W̃^−_α −ig_L e^α_R ẽ^∗_R, B̃^0_α −i √ 2g_Y u^α_L ũ^∗_L, B̃^0_α −^i_3^√_2 g_Y u^α_L ũ^∗_L, W̃^3_α −^{i√}_2 g_L u^α_L ũ^∗_L, G̃^a_α −^{i√}_2 g_C λ^a d^α_L ũ^∗_L, W̃^+_α −ig_L u^α_L d̃^∗_L, W̃^−_α −ig_L d^α_L d̃^∗_L, tildeB^0_α −^i_3^√_2 g_Y continued below . . .

. . . continuation in out vertex factor d^α_L d̃^∗_L, W̃^3_α^{i√}_2 g_L d^α_L d̃^∗_L, G̃^a_α −^{i√}_2 g_C λ^a ũ_R ū^α_R, B̃^0_α −^{i2} √ 2 3 g_Y ũ_R ū^α_R, G̃^a_α −^{i√}_2 g_C λ^a d̃_R d̄α_R, B̃0_α^1_3 g_Y d̃_R d̄α_R, G̃a_α −^1_2 g_C λa H̃^{(+)α}_u H^{(+)∗}_u , B̃0_α −^i_{√2} g_Y H̃^{(+)α}_u H^{(+)∗}_u , W̃ 3_α −^i_{√2} g_L H̃_u^{(+)α} h(0)∗, W̃ −_α −ig_L H̃(0)α H^{(+)∗}_u , W̃ +_α −ig_L H̃(0)α h^{(0)∗}_u , B̃0_α −^i_{√2} g_Y H̃(0)α h^{(0)∗}_u , W̃ 3_α^i_{√2} g_L H̃^{(0)α}_d h^{(0)∗}_d , B̃0_α^i_{√2} g_Y H̃^{(0)α}_d h^{(0)∗}_d , W̃ 3_α −^i_{√2} g_L H̃^{(0)α}_d H^{(−)∗}_d , W̃ −_α −ig_L H̃^{(−)α}_d h^{(0)∗}_d , W̃ +_α −ig_L H̃^{(−)α}_d H^{(−)∗}_d , B̃0_α^i_{√2} g_Y H̃^{(−)α}_d H^{(−)∗}_d , W̃ 3_α^i_{√2} g_L

in out vertex factor ν̃^∗_e , ν̃_e Z^0_μ, Z^{0μ 1}_4 (g_Y s_W + g_Lc_W )^2 ν̃^∗_e , ν̃_e W^+_μ , W^{−μ 1}_2 g^2_L ẽ^∗_L, ẽ_L W^+_μ , W^{−μ 1}_2 g^2_L ẽ^∗_L, ẽ_L A_μ, A^μ g^2_Y c^2_W continued below . . .

. . . continuation in out vertex factor ẽ^∗_L, ẽ_L Z^0_μ, Z^{0μ 1}_4 (−g_Y s_W + g_Lc_W )^2 ẽ^∗_L, ν̃_e W^−_μ , A^μ −^{1√}_2 g_Lg_Y c_W ν̃^∗_e , ẽ_L W^+_μ , A^μ −^{1√}_2 g_Lg_Y c_W ẽ^∗_L, ν̃_e W^−_μ , Z^{0μ 1√}_2 g_L (g_Y s_W − g_Lc_W ) ν̃^∗_e , ẽ_L W^+_μ , Z^{0μ 1√}_2 g_L (g_Y s_W − g_Lc_W ) ẽ^∗_L, ẽ_L Z^0_μ, A^μ g_Y c_W (g_Lc_W − g_Y s_W ) ẽ^∗_R, ẽ_R A_μ, A^μ g^2_Y c^2_W ẽ^∗_R, ẽ_R Z^0_μ, Z^{0μ} g^2_Y s^2_W ẽ^∗_R, ẽ_R Z^0_μA^μ −2g^2_Y c_W s_W ũ^∗_L, ũ_L A_μ, A^{μ 4}_9 g^2_Y c^2_W ũ^∗_L, ũ_L Z^0_μ, Z^{0μ 1}_4

(_1 3 g_Y s_W − g_Lc_W

)_2

d̃∗_L, d̃_L W −_μ , W +μ^1_2 g2_L ũ^∗_L, ũ_L W^−_μ , W^{+μ 1}_2 g^2_L ũ^∗_L, ũ_L G^a_μ, G^{bμ 1}_4 g^2_C λ^{b†}λ^a d̃∗_L, d̃_L A_μ, Aμ −^1_3 g2_Y c2_W d̃∗_L, d̃_L Z0_μ, Z0μ^1_4 (^1_3 g_Y s_W + g_Lc_W ) d̃∗_L, d̃_L Ga_μ, Gbμ^1_4 g2_C λb†λa ũ^∗_L, ũ_L Z^0_μ, A^{μ 2}_3 g_Y c_W ( g_Lc_W −^1_3 g_Y s_W ) ũ^∗_L, d̃_L W^+_μ , A^{μ 1}_3^√_2 g_Lg_Y c_W d̃∗_L, ũ_L W −_μ , Aμ^1_{3√2} g_Lg_Y c_W

ũ^∗_L, d̃_L W^+_μ , Z^{0μ 1√}_2 g_L ( g_Lc_W −^1_3 g_Y s_W ) d̃∗_L, ũ_L W −_μ , Z0μ^1_{√2} g_L (g_Lc_W −^1_3 g_Y s_W )

ũ^∗_L, d̃_L W^+_μ , A^μ −^1_3^√_2 g_Lg_Y c_W d̃∗_L, ũ_L W −_μ , Aμ −^1_{3√2} g_Lg_Y c_W d̃∗_L, d̃_L Z0_μ, Aμ g_Y c_W (^1_3 g_Y s_W + g_Lc_W ) ũ^∗_R, ũ_R A_μ, A^{μ 4}_9 g^2_Y c^2_W ũ^∗_R, ũ_R Z^0_μ, A^μ −^8_9 g^2_Y c_W s_W ũ^∗_R, ũ_R Z^0_μ, Z^{0μ 4}_9 g^2_Y s^2_W ũ^∗_R, ũ_R G^a_μ, G^{bμ 1}_4 g^2_C λ^{b†}λ^a ũ^∗_R, ũ_R G^a_μ, A^{μ 2}_3 g_C g_Y c_W λ^a ũ^∗_R, ũ_R G^a_μ, Z^{0μ} −^2_3 g_C g_Y s_W λ^a d̃∗_R, d̃_R A_μ, Aμ^1_9 g2_Y c2_W d̃∗_R, d̃_R Z0_μ, Aμ −^2_9 g2_Y c_W s_W d̃∗_R, d̃_R Z0_μ, Z0μ^1_9 g2_Y s2_W continued below . . .

. . . continuation in out vertex factor d̃∗_R, d̃_R Ga_μ, Gbμ^1_4 g2_C λb†λa d̃∗_R, d̃_R Ga_μ, Aμ −^1_3 g_C g_Y c_W λa d̃∗_R, d̃_R Ga_μ, Z0μ^1_3 g_C g_Y s_W λa H^{(+)∗}_u , H^{(+)}_u A_μ, A^μ g^2_Y c^2_W H^{(+)∗}_u , H^{(+)}_u Z^0_μ, Z^{0μ 1}_4 (g_Y s_W − g_Lc_W )^2 h^{(0)∗}_u , h^{(0)}_u W^−_μ , W^{+μ 1}_2 g^2_L H^{(+)∗}_u , H^{(+)}_u W^−_μ , W^{+μ 1}_2 g^2_L h^{(0)∗}_u , h^{(0)}_u Z^0_μ, Z^{0μ 1}_4 (g_Y s_W + g_Lc_W )^2 H^{(+)∗}_u , H^{(+)}_u Z^0_μ, A^μ g_Lc_W (g_Lc_W − g_Y s_W ) H^{(+)∗}_u , h^{(0)}_u W^+_μ , A^{μ 1√}_2 g_Lg_Y c_W h^{(0)∗}_u , H^{(+)}_u W^−_μ , A^{μ 1√}_2 g_Lg_Y c_W H^{(+)∗}_u , h^{(0)}_u Z^0_μ, W^{+μ} −^{1√}_2 g_Lg_Y s_W h^{(0)∗}_u , H^{(+)}_u Z^0_μ, W^{−μ} −^{1√}_2 g_Lg_Y s_W h^{(0)∗}_d , h^{(0)}_d Z^0_μ, Z^{0μ 1}_2 g^2_L H^{(−)∗}_d , H^{(−)}_d W^−_μ , W^{+μ 1}_2 g^2_L h^{(0)∗}_d , h^{(0)}_d W^−_μ , W^{+μ 1}_2 g^2_L H^{(−)∗}_d , H^{(−)}_d A_μ, A^μ g^2_Y c^2_W H^{(−)∗}_d , H^{(−)}_d Z^0_μ, Z^{0μ 1}_4 (g_Lc_w − g_Y s_W )^2 h^{(0)∗}_d , H^{(−)}_d W^+_μ , A^μ −^{1√}_2 g_Lg_Y c_W H^{(−)∗}_d , h^{(0)}_d W^−_μ , A^μ −^{1√}_2 g_Lg_Y c_W h^{(0)∗}_d , H^{(−)}_d Z^0_μ, W^{+μ 1}_2 g_Lg_Y s_W H^{(−)∗}_d , h^{(0)}_d Z^0_μ, W^{−μ 1}_2 g_Lg_Y s_W H^{(−)∗}_d , H^{(−)}_d Z^0_μ, A^μ g_Y c_W (g_Lc_W − g_Y s_W ) in out vertex factor ν̃^∗_e , ν̃_e ν̃^∗_e , ν̃_e −^1_8 ( g^2_Y + g^2_L ) ν̃^∗_e , ν̃_e ẽ^∗_L, ẽ_L −^1_4 ( g^2_Y + g^2_L ) ẽ^∗_L, ẽ_L ẽ^∗_L, ẽ_L −^1_8 ( g^2_Y + g^2_L ) ẽ^∗_R, ẽ_R ẽ^∗_R, ẽ_R −^1_2 g^2_Y ũ^∗_L, ũ_L ũ^∗_L, ũ_L −^1_2

(_1 36 g^2_Y +^1_4 g^2_L +^1_3 g^2_C ) ũ^∗_L, ũ_L d̃^∗_L, d̃_L −^1_2

(_1 18 g^2_Y +^1_2 g^2_L +^1_3 g^2_C ) d̃∗_L, d̃_L d̃∗_L, d̃_L −^1_2 (^1_{36} g2_Y +^1_4 g2_L +^1_3 g2_C ) ũ^∗_R, ũ_R ũ^∗_R, ũ_R −^1_3

(_2 3 g^2_Y +^1_2 g^2_C ) d̃∗_R, d̃_R d̃∗_R, d̃_R −^1_6 (^1_3 g2_Y + g2_C ) H^{(+)∗}_u , H^{(+)}_u H^{(+)∗}_u , H^{(+)}_u −^1_8 ( g^2_Y + g^2_L ) H^{(+)∗}_u , H^{(+)}_u h^{(0)∗}_u , h^{(0)}_u −^1_4 ( g^2_Y + g^2_L ) h^{(0)∗}_u , h^{(0)}_u h^{(0)∗}_u , h^{(0)}_u −^1_8 ( g^2_Y + g^2_L ) h^{(0)∗}_d , h^{(0)}_d h^{(0)∗}_d , h^{(0)}_d −^1_8 ( g^2_Y + g^2_L ) h^{(0)∗}_d , h^{(0)}_d H^{(−)∗}_d , H^{(−)}_d −^1_4 ( g^2_Y + g^2_L ) H^{(−)∗}_d , H^{(−)}_d H^{(−)∗}_d , H^{(−)}_u −^1_8 ( g^2_Y + g^2_L ) ν̃^∗_e , ν̃_e ẽ^∗_R, ẽ_R^1_2 g^2_Y ẽ^∗_L, ẽ_L ẽ^∗_R, ẽ_R^1_2 g^2_Y ν̃^∗_e , ν̃_e ũ^∗_L, ũ_L^1_4

(_1 3 g^2_Y − g^2_L ) ẽ^∗_L, ẽ_L d̃^∗_L, d̃_L^1_4

(_1 3 g^2_Y − g^2_L ) ν̃^∗_e , ν̃_e d̃^∗_L, d̃_L^1_4

(_1 3 g^2_Y + g^2_L ) ẽ^∗_L, ẽ_L ũ^∗_L, ũ_L^1_4

(_1 3 g^2_Y + g^2_L ) ν̃^∗_e , ẽ_L d̃^∗_L, ũ_L −^1_2 g^2_L ẽ^∗_L, ν̃_e ũ^∗_L, d̃_L −^1_2 g^2_L ν̃^∗_e , ν̃_e ũ^∗_R, ũ_R −^1_3 g^2_Y ẽ^∗_L, ẽ_L ũ^∗_R, ũ_R −^1_3 g^2_Y ν̃^∗_e , ν̃_e d̃^∗_R, d̃_R^1_6 g^2_Y ẽ^∗_L, ẽ_L d̃^∗_R, d̃_R^1_6 g^2_Y ν̃^∗_e , ν̃_e H^{(+)∗}_u , H^{(+)}_u^1_4 ( g^2_Y − g^2_L ) ν̃^∗_e , ν̃_e h^{(0)∗}_u , h^{(0)}_u^1_4 ( g^2_Y + g^2_L ) ẽ^∗_L, ẽ_L H^{(+)∗}_u , H^{(+)}_u^1_4 ( g^2_Y + g^2_L ) ẽ^∗_L, ẽ_L h^{(0)∗}_u , h^{(0)}_u^1_4 ( g^2_Y + g^2_L ) ν̃^∗_e , ẽ_L h^{(0)∗}_u , H^{(+)}_u −^1_2 g^2_L ẽ^∗_L, ν̃_e H^{(+)∗}_u , h^{(0)}_u −^1_2 g^2_L ẽ^∗_L, ẽ_L H^{(−)∗}_d , H^{(−)}_d −^1_4 ( g^2_Y + g^2_L ) ẽ^∗_L, ẽ_L h^{(0)∗}_d , h^{(0)}_d −^1_4 ( g^2_Y − g^2_L ) continued below . . .

. . . continuation in out vertex factor ν̃^∗_e , ν̃_e H^{(−)∗}_d , H^{(−)}_d −^1_4 ( g^2_Y − g^2_L ) ν̃^∗_e , ν̃_e h^{(0)∗}_d , h^{(0)}_d −^1_4 ( g^2_Y + g^2_L ) ẽ^∗_L, ν̃_e h^{(0)∗}_d , H^{(−)}_d −^1_2 g^2_L ν̃^∗_e , ẽ_L H^{(−)∗}_d , h^{(0)}_d −^1_2 g^2_L ũ^∗_L, ũ_L ẽ^∗_R, ẽ_R −^1_6 g^2_Y d̃∗_L, d̃_L ẽ∗_R, ẽ_R −^1_6 g2_Y ũ^∗_R, ũ_R ẽ^∗_R, ẽ_R^2_3 g^2_Y d̃∗_R, d̃_R ẽ∗_R, ẽ_R^1_3 g2_Y ẽ^∗_R, ẽ_R H^{(+)∗}_u , H^{(+)}_u −^1_2 g^2_L ẽ^∗_R, ẽ_R h^{(0)∗}_u , h^{(0)}_u −^1_2 g^2_L ẽ^∗_R, ẽ_R H^{(−)∗}_d , H^{(−)}_d^1_2 g^2_L ẽ^∗_R, ẽ_R h^{(0)∗}_d , h^{(0)}_d^1_2 g^2_L ũ^∗_L, ũ_L ũ^∗_R, ũ_R^1_3

(_1 3 g^2_Y − g^2_C ) d̃∗_L, d̃_L ũ∗_R, ũ_R^1_3 (^1_3 g2_Y − g2_C ) ũ^∗_L, ũ_L d̃^∗_R, d̃_R −^1_3

(_1 6 g^2_Y + g^2_C ) d̃∗_L, d̃_L d̃∗_R, d̃_R −^1_3 (^1_6 g2_Y + g2_C ) ũ^∗_L, ũ_L H^{(+)∗}_u , H^{(+)}_u −^1_4

(_1 3 g^2_Y + g^2_L ) ũ^∗_L, ũ_L h^{(0)∗}_u , h^{(0)}_u −^1_4

(_1 3 g^2_Y − g^2_L ) d̃∗_L, d̃_L H^{(+)∗}_u , H^{(+)}_u −^1_4 (^1_3 g2_Y − g2_L) d̃∗_L, d̃_L h^{(0)∗}_u , h^{(0)}_u −^1_4 (^1_3 g2_Y + g2_L) ũ^∗_L, d̃_L h^{(0)∗}_u , H^{(+)}_u −^1_2 g^2_L d̃∗_L, ũ_L H^{(+)∗}_u , h^{(0)}_u −^1_2 g2_L d̃∗_L, d̃_L H^{(−)∗}_d , H^{(−)}_d^1_4 (^1_3 g2_Y − g2_L) d̃∗_L, d̃_L h^{(0)∗}_d , h^{(0)}_d^1_4 (^1_3 g2_Y + g2_L) ũ^∗_L, ũ_L H^{(+)∗}_d , H^{(+)}_d^1_4

(_1 3 g^2_Y + g^2_L ) ũ^∗_L, ũ_L h^{(0)∗}_d , h^{(0)}_d^1_4

(_1 3 g^2_Y − g^2_L ) d̃∗_L, ũ_L h^{(0)∗}_d , H^{(−)}_d −^1_2 g2_L ũ^∗_L, d̃_L H^{(−)∗}_d , h^{(0)}_d −^1_2 g^2_L ũ^∗_R, ũ_R d̃^∗_R, d̃_R^1_3

(_2 3 g^2_Y − g^2_C ) ũ^∗_R, ũ_R H^{(+)∗}_u , H^{(+)}_u^1_3 g^2_Y ũ^∗_R, ũ_R h^{(0)∗}_u , h^{(0)}_u^1_3 g^2_Y ũ^∗_R, ũ_R H^{(−)∗}_d , H^{(−)}_d −^1_3 g^2_Y ũ^∗_R, ũ_R h^{(0)∗}_d , h^{(0)}_d −^1_3 g^2_Y continued below . . .

. . . continuation in out vertex factor d̃∗_R, d̃_R H^{(+)∗}_u , H^{(+)}_u −^1_6 g2_Y d̃∗_R, d̃_R h^{(0)∗}_u , h^{(0)}_u −^1_6 g2_Y d̃∗_R, d̃_R H^{(−)∗}_d , H^{(−)}_d^1_6 g2_Y d̃∗_R, d̃_R h^{(0)∗}_d , h^{(0)}_d^1_6 g2_Y H^{(+)∗}_u , H^{(+)}_u H^{(−)∗}_d , H^{(−)}_d^1_4 ( g^2_Y + g^2_L ) h^{(0)∗}_u , h^{(0)}_u h^{(0)∗}_d , h^{(0)}_d^1_4 ( g^2_Y + g^2_L ) H^{(+)∗}_u , H^{(+)}_u h^{(0)∗}_d , h^{(0)}_d^1_4 ( g^2_Y − g^2_L ) h^{(0)∗}_u , h^{(0)}_u H^{(−)∗}_d , H^{(−)}_d^1_4 ( g^2_Y − g^2_L ) H^{(+)∗}_u , h^{(0)}_u H^{(−)∗}_d , h^{(0)}_d −^1_2 g^2_L in addition to the couplings above there are those coming from the superpotential which mix among the different generations i, j, k, l ∈ {e, μ τ} or {u, c, t} resp. ν̃^∗_l ν̃_j H^{(−)∗}_d , H^{(−)}_d −h^e_{ij} h^{e∗}_{il} ẽ^∗_{Ll}, ν̃_j h^{(0)∗}_d , H^{(−)}_d h^e_{ij} h^{e∗}_{il} ν̃^∗_l ẽ_{Lj} H^{(−)∗}_d , h^{(0)}_d h^e_{ij} h^{e∗}_{il} ẽ^∗_{Ll}, ẽ_{Lj} h^{(0)∗}_d , h^{(0)}_d −h^e_{ij} h^{e∗}_{il} ẽ^∗_{Ri}, ẽ_{Rl} h^{(0)∗}_d , h^{(0)}_d −h^e_{ij} h^{e∗}_{jl} ẽ^∗_{Ri}, ẽ_{Rl} H^{(−)∗}_d , H^{(−)}_d −h^e_{ij} h^{e∗}_{jl} ẽ^∗_{Ri}, ẽ_{Rk} ν̃^∗_l , ν̃_j −h^e_{ij} h^{e∗}_{kl} ẽ^∗_{Ri}, ẽ_{Rk} ẽ^∗_{Ll}, ẽ_{Lj} −h^e_{ij} h^{e∗}_{kl} ν̃^∗_k , ν̃_j h^{(0)∗}_u , h^{(0)}_u −h^u_{ij} h^{u∗}_{ik} ẽ^∗_{Lk}, ν̃_j H^{(+)∗}_u , h^{(0)}_u h^u_{ij} h^{u∗}_{ik} ẽ^∗_{Lj}, ν̃_k H^{(+)∗}_u , h^{(0)}_u h^u_{ij} h^{u∗}_{ik} ẽ^∗_{Lk}, ẽ_{Lj} H^{(+)∗}_u , H^{(+)}_u −h^u_{ij} h^{u∗}_{ik} ũ^∗_{Ri}, ũ_{Rk} H^{(+)∗}_u , H^{(+)}_u −h^u_{ij} h^{u∗}_{kj} ũ^∗_{Ri}, ũ_{Rk} ũ^∗_{Ll}, ũ_{Lj} −h^u_{ij} h^{u∗}_{kl} ũ^∗_{Ri}, ũ_{Rk} d̃^∗_{Ll}, d̃_{Lj} −h^u_{ij} h^{u∗}_{kl} ũ^∗_{Lk}, ũ_{Lj} H^{(−)∗}_d , H^{(−)}_d −h^d_{ij} h^{d∗}_{ik} d̃∗_{Lk}, ũ_{Lj} h^{(0)∗}_d , H^{(−)}_d hd_{ij} hd∗_{ik} ũ^∗_{Lk}, d̃_{Lj} H^{(−)∗}_d , h^{(0)}_d h^d_{ij} h^{d∗}_{ik} d̃∗_{Lk}, d̃_{Lj} h^{(0)∗}_d , h^{(0)}_d −hd_{ij} hd∗_{ik} continued below . . .

. . . continuation in out vertex factor d̃∗_{Ri}, d̃_{Rk} h^{(0)∗}_d , h^{(0)}_d −hd_{ij} hd∗_{kj} d̃∗_{Ri}, d̃_{Rk} H^{(−)∗}_d , H^{(−)}_d −hd_{ij} hd∗_{kj} d̃∗_{Ri}, d̃_{Rk} ũ∗_{Lk}, ũ_{Lj} −hd_{ij} hd∗_{kl} d̃∗_{Ri}, d̃_{Rk} d̃∗_{Ll}, d̃_{Lj} −hd_{ij} hd∗_{kl} ẽ^∗_{Ri}, ν̃_j ũ^∗_{Ll}, d̃_{Rk} −h^e_{ij} h^{d∗}_{kl} ẽ^∗_{Ri}, ẽ_{Lj} d̃^∗_{Ll}, d̃_{Rk} −h^e_{ij} h^{d∗}_{kl} ũ^∗_{Ri}, d̃_{Rk} h^{(0)∗}_d , H^{(+)}_u −h^u_{ij} h^{d∗}_{kl} ũ^∗_{Ri}, d̃_{Rk} H^{(−)∗}_d , h^{(0)}_u −h^u_{ij} h^{d∗}_{kl}

in out vertex factor h^{(0)}_u , H^{(+)}_u H^{(+)∗}_u −^1_4 ( g^2_Y + g^2_L ) v^∗_u h^{(0)}_u , h^{(0)}_u h^{(0)∗}_u −^1_4 ( g^2_Y + g^2_L ) v^∗_u h^{(0)}_d , H^{(−)}_d H^{(−)}_d −^1_4 ( g^2_Y + g^2_L ) v^∗_d h^{(0)}_d , h^{(0)}_d h^{(0)∗}_d −^1_4 ( g^2_Y + g^2_L ) v^∗_d ν̃_e, h^{(0)}_u ν̃^∗_e^1_4 ( g^2_Y + g^2_L ) v^∗_u ẽ_L, h^{(0)}_u ẽ^∗_L^1_4 ( g^2_Y − g^2_L ) v^∗_u ẽ_L, H^{(+)}_u ν̃^∗_e −^1_2 g^2_L ẽ_L, h^{(0)}_d ẽ^∗_L −^1_4 ( g^2_Y − g^2_L ) v^∗_d ν̃_e, h^{(0)}_d ν̃^∗_e −^1_4 ( g^2_Y + g^2_L ) v^∗_d ν̃_e, H^{(−)}_d ẽ^∗_L −^1_2 g^2_Lv^∗_d ẽ_R, h^{(0)}_u ẽ^∗_R −^1_2 g^2_Y v^∗_u ẽ_R, h^{(0)}_d ẽ^∗_R^1_2 g^2_Y v^∗_d ũ_L, h^{(0)}_u ũ^∗_L −^1_4

(_1 3 g^2_Y − g^2_L ) v^∗_u d̃_L, h^{(0)}_u d̃∗_L −^1_4 (^1_3 g2_Y + g2_L) v∗_u d̃_L, H^{(+)}_u d̃∗_L −^1_2 g2_Lv∗_u continued below . . .

. . . continuation in out vertex factor d̃_L, h^{(0)}_d d̃∗_L^1_4 (^1_3 g2_Y + g2_L) v∗_d ũ_L, h^{(0)}_d ũ^∗_L^1_4

(_1 3 g^2_Y − g^2_L ) v^∗_d ũ_L, H^{(−)}_d d̃^∗_L −^1_2 g^2_Lv^∗_d ũ_R, h^{(0)}_u ũ^∗_R^1_3 g^2_Y v^∗_u ũ_R, h^{(0)}_d ũ^∗_R −^1_3 g^2_Y v^∗_d d̃_R, h^{(0)}_u d̃∗_R −^1_6 g2_Y v∗_u d̃_R, h^{(0)}_d d̃∗_R^1_6 g2_Y v∗_d h^{(0)}_u , h^{(0)}_d h^{(0)∗}_u^1_4 ( g^2_Y + g^2_L ) v^∗_d h^{(0)}_u , h^{(0)}_d h^{(0)∗}_d^1_4 ( g^2_Y + g^2_L ) v^∗_u h^{(0)}_d , H^{(+)}_u H^{(+)∗}_u^1_4 ( g^2_Y − g^2_L ) v^∗_d h^{(0)}_u , H^{(−)}_d H^{(−)∗}_d^1_4 ( g^2_Y − g^2_L ) v^∗_u H^{(+)}_u , H^{(−)}_d h^{(0)∗}_d −^1_2 g^2_Lv^∗_u H^{(+)}_u , H^{(−)}_d h^{(0)∗}_u −^1_2 g^2_Lv^∗_d

in addition to the couplings above there are those coming from the superpotential which mix among the different generations i, j, k, l ∈ {e, μ τ} or {u, c, t} resp. ẽ^∗_{Ri}, ν̃_j H^{(−)}_d −(A^e +^1_2 )h^e_{ij} ν̃_j , H^{(−)}_d ẽ^∗_{Ll}^1_2 h^e_{ij}h^{e∗}_{il} v^∗_d ẽ_{Lj} , h^{(0)}_d ẽ^∗_{Ll} −^1_2 h^e_{ij} h^{e∗}_{il} v^∗_d ẽ_{Rl}, h^{(0)}_d ẽ^∗_{Ri} −^1_2 h^e_{ij} h^{e∗}_{jl} v^∗_d ν̃_j , h^{(0)}_u ν̃^∗_k −^1_2 h^u_{ij} h^{u∗}_{ik} v^∗_u ẽ_{Lj} , H^{(+)}_u ν̃^∗_k^1_2 h^u_{ij}h^{u∗}_{ik} v^∗_u ũ_{Rk}, h^{(0)}_u ũ^∗_{Ri} −^1_2 h^u_{ij} h^{u∗}_{kj} v^∗_u ũ_{Lj} , H^{(−)}_d d̃^∗_{Lk}^1_2 h^d_{ij}h^{d∗}_{ik} v^∗_d d̃_{Lj} , h^{(0)}_d d̃∗_{Lk} −^1_2 hd_{ij} hd∗_{ik} v∗_d d̃_{Rk}, h^{(0)}_d d̃∗_{Ri} −^1_2 hd_{ij} hd∗_{kj} v∗_d ẽ_{Ri}, H^{(+)}_u ν̃^∗_j −^1_2 h^{e∗}_{ij} μ^∗ ẽ_{Ri}, h^{(0)}_u ẽ^∗_{Lj} −^1_2 h^{e∗}_{ij} μ^∗ d̃_{Ri}, H^{(+)}_u ũ∗_{Lj} −(Ad∗ +^1_2 )hd∗_{ij} μ∗ d̃_{Ri}, h^{(0)}_u d̃∗_{Lj} −^1_2 he∗_{ij} μ∗ d̃_{Rk}, H^{(+)}_u ũ∗_{Ri} −^1_2 hu_{ij} hd∗_{kl} v∗_d continued below . . .

. . . continuation in out vertex factor ũ_{Ri}, H^{(−)}_d d̃^∗_{Rk} −^1_2 h^{u∗}_{ij} h^d_{kl}v^∗_u ũ_{Ri}, h^{(0)}_d ũ^∗_{Lj} −(A^{u∗} +^1_2 )h^{u∗}_{ij} μ^∗ ũ_{Ri}, H^{(−)}_d ũ^∗_{Lj} −^1_2 h^{u∗}_{ij} μ^∗ ẽ_{Li}, h^{(0)}_d ẽ^∗_{Rj} h^e_{ij} A^e d̃_{Li}, h^{(0)}_u ũ∗_{Rj} hu_{ij} Au d̃_{Li}, h^{(0)}_d d̃∗_{Rj} hd_{ij} Ad

in out vertex factor these interactions all come from the superpotential and mix among the different generations i, j, k, l ∈ {e, μ τ} or {u, c, t} resp. ē^α_{Ri}, ν_{jα} H^{(−)}_d −^1_2 h^e_{ij} ē^α_{Ri}, e_{Ljα} h^{(0)}_d^1_2 h^e_{ij} ē^α_{Ri}, H̃^{(0)}_{dα} ẽ_{Lj}^1_2 h^e_{ij} ν^α_j , H̃^{(−)}_{dα} ẽ^∗_{Ri} −^1_2 h^e_{ij} e^α_{Lj} , H̃^{(0)}_{dα} ẽ^∗_{Ri}^1_2 h^e_{ij} ū^α_{Ri}, u_{Ljα} h^{(0)}_u −^1_2 h^u_{ij} ū^α_{Ri}, d_{Ljα} H^{(+)}_u^1_2 h^u_{ij} ū^α_{Ri}, H̃^{(0)}_{uα} ũ_{Lj} −^1_2 h^u_{ij} ū^α_{Ri}, H̃^{(+)}_{uα} d̃_{Lj}^1_2 h^u_{ij} u^α_{Lj} , H̃^{(0)}_{uα} ũ^∗_{Ri} −^1_2 h^u_{ij} d^α_{Lj} , H̃^{(+)}_{uα} ũ^∗_{Ri}^1_2 h^u_{ij} d̄α_{Ri}, u_{Ljα} H^{(−)}_d −^1_2 hd_{ij} d̄α_{Ri}, d_{Ljα} h^{(0)}_d^1_2 hd_{ij} continued below . . .

. . . continuation in out vertex factor d̄α_{Ri}, H̃^{(−)}_{dα} ũ_{Lj} −^1_2 hd_{ij} d̄α_{Ri}, H̃^{(0)}_{dα} d̃_{Lj}^1_2 hd_{ij} u^α_{Lj} , H̃^{(−)}_{dα} d̃^∗_{Ri} −^1_2 h^d_{ij} d^α_{Lj} , H̃^{(0)}_{dα} d̃^∗_{Ri}^1_2 h^d_{ij}

p_A with A ∈ {e, u, d, . . . } is the momentum of the corresponding particle in out vertex factor ν̃^{(1)}_e , ν̃^{(2)∗}_e Z^0_μ −^1_2 (g_Y s_W + g_Lc_W ) ( p^μ_{ν(1)} + p^μ_{ν(2)} ) ν̃^∗_e , ẽ_L W^+_μ^{1√}_2 g_L (p^μ_e − p^μ_ν ) ẽ^{(1)}_L , ẽ^{(2)∗}_L A_μ g_Y c_W ( p^μ_{e(1)} + p^μ_{e(2)} ) ẽ^{(1)}_L , ẽ^{(2)∗}_L Z^0_μ^1_2 (g_Lc_W − g_Y s_W ) ( p^μ_{e(1)} + p^μ_{e(2)} ) ẽ^{(1)}_R , ẽ^{(2)∗}_R A_μ −g_Y c_W ( p^μ_{e(1)} + p^μ_{e(2)} ) ẽ^{(1)}_R , ẽ^{(2)∗}_R Z^0_μ g_Y s_W ( p^μ_{e(1)} + p^μ_{e(2)} ) ũ^{(1)}_L , ũ^{(2)∗}_L A_μ −^2_3 g_Y c_W ( p^μ_{u(1)} + p^μ_{u(2)} ) ũ^{(1)}_L , ũ^{(2)∗}_L Z^0_μ^1_2

(_1 3 g_Y s_W − g_Lc_W ) ( p^μ_{u(1)} + p^μ_{u(2)} ) d̃_L, ũ∗_L W +_μ^1_{√2} g_L (p^μ_d − p^μ_u) d̃^{(1)}_L , d̃^{(2)∗}_L A_μ^1_3 g_Y c_W ( p^μ_{d(1)} + p^μ_{d(2)} ) d̃^{(1)}_L , d̃^{(2)∗}_L Z0_μ^1_2 (^1_3 g_Y s_W + g_Lc_W ) ( p^μ_{d(1)} + p^μ_{d(2)} ) ũ^{(1)}_L , ũ^{(2)∗}_L G^a_μ −^1_2 g_C λ^a ( p^μ_{u(1)} + p^μ_{u(2)} ) d̃^{(1)}_L , d̃^{(2)∗}_L Ga_μ −^1_2 g_C λa ( p^μ_{d(1)} + p^μ_{d(2)} ) ũ^{(1)}_R , ũ^{(2)∗}_R A_μ −^2_3 g_Y c_W ( p^μ_{u(1)} + p^μ_{u(2)} ) continued below . . .

. . . continuation in out vertex factor ũ^{(1)}_R , ũ^{(2)∗}_R Z^0_μ^2_3 g_Y s_W ( p^μ_{u(1)} + p^μ_{u(2)} ) ũ^{(1)}_R , ũ^{(2)∗}_R G^a_μ −^1_2 g_C λ^a ( p^μ_{u(1)} + p^μ_{u(2)} ) d̃^{(1)}_R , d̃^{(2)∗}_R A_μ^1_3 g_Y c_W ( p^μ_{d(1)} + p^μ_{d(2)} ) d̃^{(1)}_R , d̃^{(2)∗}_R Z0_μ −^1_3 g_Y s_W ( p^μ_{d(1)} + p^μ_{d(2)} ) d̃^{(1)}_R , d̃^{(2)∗}_R Ga_μ −^1_2 g_C λa ( p^μ_{d(1)} + p^μ_{d(2)} ) H^{(+)1}_u , H^{(+)2∗}_u A_μ −g_Y c_W ( p^μ_{H1} + p^μ_{H2} ) H^{(+)1}_u , H^{(+)2∗}_u Z^0_μ^1_2 (g_Y s_W − g_Lc_W ) ( p^μ_{H1} + p^μ_{H2} ) h^{(0)}_u , H^{(+)}_u W^+_μ^{1√}_2 g_L ( p^μ_h − p^μ_H ) h^{(0)1}_u , h^{(0)2∗}_u Z^0_μ^1_2 (g_Y s_W + g_Lc_W ) ( p^μ_{h1} + p^μ_{h2} ) h^{(0)1}_d , h^{(0)2∗}_d Z^0_μ −^1_2 (g_Y s_W + g_Lc_W ) ( p^μ_{h1} + p^μ_{h2} ) H^{(−)}_d , h^{(0)∗}_d W^+_μ^{1√}_2 g_L ( p^μ_h − p^μ_H ) H^{(−)1}_d , H^{(−)2∗}_d A_μ g_Y c_W ( p^μ_{H1} + p^μ_{H2} ) H^{(−)1}_d , H^{(−)2∗}_d Z^0_μ^1_2 (g_Lc_W − g_Y s_W ) ( p^μ_{H1} + p^μ_{H2} )

in out vertex factor W^+_μ , W^{−μ} h^{(0)∗}_u^1_2 g^2_Lv_u Z^0_μ, Z^{0μ} h^{(0)∗}_u^1_4 (g_Y s_W + g_Lc_W )^2 v_u W^+_μ , A_μ H^{(+)∗}_u^{1√}_2 g_Lg_Y c_W v_u W^+_μ , Z^{0μ} H^{(+)∗}_u −^{1√}_2 g_Lg_Y s_W v_u Z^0_μ, Z^{0μ} h^{(0)∗}_d^1_4 (g_Y s_W + g_Lc_W )^2 v_d W^+_μ , W^{−μ} h^{(0)∗}_d^1_2 g^2_Lv_u W^+_μ , Z^{0μ} H^{(−)}_d^1_2 g_Lg_Y s_W v^∗_d W^+_μ , A^μ H^{(−)}_d −^{1√}_2 g_Lg_Y c_W v^∗_d p_A with A ∈ {e, u, d, . . . } is the momentum of the corresponding particle in out vertex factor W^+_μ , W^−_ν A_ρ^1_2 g_Ls_W ( p^ν_{W +} g^{ρμ} − p^ρ_{W +} g^{μν} + p^ρ_{W −} g^{μν} − p^μ_{W −} g^{ρν} + p^μ_Ag^{ρν} − p^ν_Ag^{ρμ} ) W^+_μ , W^−_ν Z^0_ρ −^1_2 g_Lc_W ( p^ν_{W +} g^{ρμ} − p^ρ_{W +} g^{μν} + p^ρ_{W −} g^{μν} − p^μ_{W −} g^{ρν} + p^μ_Ag^{ρν} − p^ν_Ag^{ρμ} )

p_A with A ∈ {e, u, d, . . . } is the momentum of the corresponding particle in out vertex factor W^+_μ , W^+_ν W^−_ρ , W^−_σ^1_2 g^2 (g^{μν} g^{ρσ} − g^{μρ}g^{νσ} ) W^+_μ , W^−_ν A_ρ, A_σ g^2s^2_W (g^{μρ}g^{νσ} − g^{μν} g^{ρσ} ) W^+_μ , W^−_ν A_ρ, Z^0_σ g^2c^2_W (g^{μρ}g^{νσ} − g^{μν} g^{ρσ}) W^+_μ , W^−_ν A_ρ, Z^0_σ g^2s_W c_W (2g^{μν} g^{ρσ} − g^{μρ}g^{νσ} − g^{μσ} g^{νρ})

p_A with A ∈ {e, u, d, . . . } is the momentum of the corresponding particle in out vertex factor G^d_μ, G^e_ν G^f_ρ gf^{def} ( g^{μν} (p^ρ_{Gd} − p_Ge ) + g^{μρ}(p_Gf − p_Gd ) + g^{νρ}(p_Ge − p_Gf ) ) in out vertex factor G^h_μ, G^i_ν G^j_ρ, G^k_σ −g^2 ( f^{ihc}f^{ckj} (g^{μρ}g^{νσ} − g^{μσ} g^{νρ}) + f^{ijc}f^{chk} (g^{μν} g^{ρσ} − g^{μρ}g^{νσ}) + f^{ijc}f^{chk} (g^{μρ}g^{νσ} − g^{μσ}g^{νρ}) )

6.5 Summary

To calculate the matrix element for a given Feynman diagram write down the appropriate fields from section 6.1 for the external particles, attach the corresponding vertex factors from the tables in section 6.4 in the order given by the indices on the external particles and mulitply by i for every vertex except a pure gauge interaction. Invoke momentum conservation by multiplying with δ-functions. Finally insert the expression for the propagators from section 6.3 and integrate over every undetermined momentum.

Chapter 7

Sample Calculations

7.1 The Process e^+e^{− Z0}→ μ^+μ^−

For this process there are several different matrix elements contributing (fig. (7.1)). We begin by calculating the first matrix element, introducing q_μ =^{(k1+k2)μ}_m , g_l =^1_2 (g_Y s_W − g_Lc_W ), g_r = −g_Y s_W . When squaring the amplitude we average over the spins of the incoming particles and sum over the spins of the outgoing particles, giving

−iM_1 = ig^2_l ∫ d^4ku^{(r)}_L (p_1)σ^μv̄^{(s)}_L (p_2) g_{μν} −^{kμkν}_{m2} k^2 − m^2 v^{(t)}_L (k_2)σ^νū^{(u)}_L (k_1)

×δ^{(4)}(k_1 + k_2 − k)δ^{(4)}(p_1 + p_2 + k), 1 4 2∑ r,s,t,u=1 |M_1|^2 = 1 4 2∑ r,s,t,u=1 g^4_l (s − m^2)^2 u^{(r)}_L (p_1)σ^μv̄^{(s)}_L (p_2)[g_{μν} − q_μq_ν ]v^{(t)}_L (k_2)σ^νū^{(u)}_L (k_1)

×u^{(u)}_L (k_1)σ^ρv̄^{(t)}_L (k_2)[g_{ρσ} − q_ρq_σ]v^{(s)}_L (p_2)σ^σū^{(r)}_R (p_1) = g^4_l 4(s − m^2)^2 tr(σ^μσ̄^ησ^σσ̄^ω)p_{2η} p_{1ω}tr(σ^νσ̄^ϵσ^ρσ̄^χ)k_{1ϵ}k_{2χ}[g_{μν} − q_μq_ν ][g_{ρσ} − q_ρq_σ] = g^4_l 4(s − m^2)^2 (g^{μη} g^{σω} − g^{μσ} g^{ηω} + g^{μω}g^{ησ} − iϵ^{μησω} ) × (g^{νϵ}g^{ρχ} − g^{νρ}g^{ϵχ} + g^{νχ}g^{ρϵ} − iϵ^{νϵρχ}) (g_{μν} − q_μq_ν )(g_{ρσ} − q_ρq_σ)p_{1ω}p_{2η}k_{1ϵ}k_{2χ} = g^4_l (s − m^2)^2

(k_1p_2)(p_1k_2), (7.1)

where s is the Mandelstamvariable s = (p_1 + p_2)^2 and we chose the momenta to be incoming in the left and right vertex except for the Z whose momentum points from the right to the left. We note that ū_L(p) = v_R(p) and ū_R(p) = v_L(p), so we can easily calculate the remaining matrix elements.

The second matrix element differs from the first by replacing g^4_l ↔ g^2_l g^2_b and exchanging k_1 ↔ k_2: 1 4 ∑ spins

|M_2|^2 = g^2_l g^2_b (s − m^2)^2

(p_1k_1)(p_2k_2). (7.2) u_L(p_1) e

v̄_L(p_2) ē ig_l ig_l −i^{gμν −} kμkν m2 k^2−m^2

ū_L(k_1) μ

v_L(k_2) μ̄ M_1

u_L(p_1) e

v̄_L(p_2) ē ig_l ig_r −i^{gμν −} kμkν m2 k^2−m^2

ū_R(k_1) μ

v_R(k_2) μ̄ M_2

u_R(p_1) e

v̄_R(p_2) ē ig_r ig_l −i^{gμν −} kμkν m2 k^2−m^2

ū_L(k_1) μ

v_L(k_2) μ̄ M_3

u_R(p_1) e

v̄_R(p_2) ē ig_r ig_r −i^{gμν −} kμkν m2 k^2−m^2

ū_R(k_1) μ

v_R(k_2) μ̄ M_4

Figure 7.1: Processes contributing to e^+e^− → μ^+μ^−

7.2. THE PROCESS t → b+W 55

ū_L(p_1) t

ū_L(k_1) b ϵ^∗_μ(k_2) W

M

Figure 7.2: The process t → b + W

The third matrix element differs from the first by replacing g^4_l ↔ g^2_b g^2_l and exchanging p_1 ↔ p_2: 1 4 ∑ spins

|M_3|^2 = g^2_l g^2_b (s − m^2)^2

(p_1k_1)(p_2k_2). (7.3)

The fourth matrix element differs from the first by replacing g^4_l ↔ g^4_b and exchanging p_1 ↔ p_2 and k_1 ↔ k_2: 1 4 ∑ spins

|M_4|^2 = g^4_b (s − m^2)^2

(p_1k_2)(p_2k_1). (7.4)

Finally we add up all the terms giving 1 4 ∑ spins

|M|^2 = 1 4 ∑ spins ∑ i |M_i|^2 = 1 (s − m^2)^2

(k_1p_2)(p_1k_2)(g^4_l + g^4_r ) + 1 (s − m^2)^2

(k_1p_1)(k_2p_2)(2g^2_l g^2_r ) = g^4_Z 8(s − m^2)^2

(k_1p_2)(p_1k_2)(c^4_V + 6c^2_V c^2_A + c^4_A) + g^4_Z 8(s − m^2)^2

(p_1k_1)(p_2k_2)(c^2_V − c^2_A)^2. (7.5)

We note that there are no interference terms because these are processes with different particles in the initial and final state. This is due to the fact that we neglect the masses of the incoming and outgoing particles, i.e. at high energy. Therefore helicity equals chirality. As it is not possible to ’convert’ them into each other by performing a Lorentz-boost we can regard leftchiral and right-chiral fermions as a different particles.

7.2 The Process t → b+W

The Feynman diagram for this process is given in figure (7.2). The matrix element is given by −iM = ig_L 2 u^{(r)}_L (p_1)σ^μū^{(s)}_L (k_1)ϵ^{(t)∗}_μ (k_2).

Summing over the spins we obtain 1 2 ∑ spins

|M|^2 = g^2_L 4 ∑ r,s,t,P ol u^{(r)}_L (p_1)σ^μū^{(s)}_L (k_1)ϵ^{(t)∗}_μ (k_2)ϵ^{(t)}_ν (k_2)u^{(s)}_L (p_2)σ^νū^{(r)}_L (p_1)

= g^2_L 4 tr (σ^νσ̄^ρσ^μσ̄^σ) ( −g_{μν} + k_{2μ}k_{2ν} m^2_W ) p_{1ρ}k_{1σ} = g^2_L 2 (g^{νρ}g^{μσ} − g^{νμ}g^{ρσ} + g^{νσ}g^{ρμ} − iϵ^{νρμσ}) ( −g_{μν} + k_{2μ}k_{2ν} m^2_W ) (p_{1ρ}k_{1σ} ) = g^2_L 2 ( (p_1k_1) + 2

(p_1k_2)(k_1k_2) m^2_W ) , (7.6)

where we used ∑ pol ϵ^∗_μ(p)ϵ_ν (p) = −g_{μν} + p_μp_ν m^2_W

. (7.7)

7.3 The Process e^+e^{− Z0}→ χ̃^0_i χ̃^0_i

The neutralinos χ̃^0_i are mass eigenstates of {W̃^3, B̃^0, H̃^{(0)}_u , H̃^{(0)}_d }:

χ̃^0_i = N_{ij} B̃0 W̃ 3 H̃^{(0)}_u H̃^{(0)}_d j , i = 1 . . . 2, j = 1 . . . 4. (7.8)

As the Z^0 couples only to the H̃^{(0)}_{u,d} we have to consider the processes given in figure (7.3). Introducing q_μ =^{k1μ+k2μ}_m and

g_l = 1 2 (−g_Y s_W + g_Lc_W ) , g_r = g_Y s_W , g_u = 1 2 (g_Y s_W + g_Lc_W ) ,

g_d = − 1 2 (g_Y s_W + g_Lc_W ) , (7.9)

we find

−iM_1 = ig_lg_uu_L(p_1)σ^μv̄_L(p_2) g_{μν} − q_μq_ν s − m^2 v_L(k_2)σ^νū_L(k_1). (7.10)

This has the same structure as eq.(7.1), so we can take the result from there. After summing and averaging over the spins we have 1 4 ∑ spins

|M_1|^2 = g^2_l g^2_u (s − m^2)^2

(k_1p_2)(k_2p_1). (7.11)

7.3. THE PROCESS e^+e^{− Z0}→ χ̃^0_Iχ̃^0_I 57

The other diagrams give 1 4 ∑ spins

|M_2|^2 = g^2_l g^2_d (s − m^2)^2

(k_1p_2)(k_2p_1), 1 4 ∑ spins

|M_3|^2 = g^2_r g^2_u (s − m^2)^2

(k_1p_1)(k_2p_2), 1 4 ∑ spins

|M_4|^2 = g^2_r g^2_d (s − m^2)^2

(k_1p_1)(k_2p_2). (7.12)

The total matrix element is given by the ’weighted’ sum of the M_k

|M|^2 = |N_{i3}|^2|M_1|^2 + |N_{i4}|^2|M_2|^2 + |N_{i3}|^2|M_3|^2 + |N_{i4}|^2|M_4|^2, 1 4 ∑ spins

|M|^2 = 1 4(s − m^2)^2 ( |N_{i3}|^2 + |N_{i4}|^2 ) ( 1 4 (k_1p_2)(k_2p_1)(g^2_Y s^2_W − g^2_Lc^2_W )^2

+(k_1p_1)(k_2p_2)g^2_Y s^2_W (g_W s_W + g_Lc_W )^2 ) . (7.13)

We note that there are again no interference terms because there are different particles in the final state.

u_L(p_1) e

v̄_L(p_2) ē ig_l ig_u −i^{gμν −} kμkν m2 k^2−m^2

ū_L(k_1)

H̃^{(0)}_u

v_L(k_2)

¯H̃^{(0)}_u M_1

u_L(p_1) e

v̄_L(p_2) ē ig_l ig_d −i^{gμν −} kμkν m2 k^2−m^2

ū_R(k_1)

H̃^{(0)}_d

v_R(k_2)

¯H̃^{(0)}_d M_2

u_R(p_1) e

v̄_R(p_2) ē ig_l ig_u −i^{gμν −} kμkν m2 k^2−m^2

ū_L(k_1)

H̃^{(0)}_u

v_L(k_2)

¯H̃^{(0)}_u M_3

u_R(p_1) e

v̄_R(p_2) ē ig_r ig_d −i^{gμν −} kμkν m2 k^2−m^2

ū_R(k_1)

H̃^{(0)}_d

v_R(k_2)

¯H̃^{(0)}_d M_4

Figure 7.3: Processes contributing to e^+e^− → χ̃^0χ̃^0

Appendix A

Calculations

A.1 Weyl Spinors

The Lagrangian density of a free Weyl spinor is given by

L = iψ̄σ̄^μ∂_μψ. (A.1)

Writing the spinors in the form

ψ_α = ∫ d^3p (2π)^3 1 √ 2E_{⃗p} ( u_αa_{⃗p}e^{−ipx} + v_αb^†_{⃗p}e^{ipx} ) , ψ̄_{α̇} = ∫ d^3p (2π)^3 1 √ 2E_{⃗p} ( ū_{α̇}a^†_{⃗p}e^{ipx} + v̄_{α̇}b_{⃗p}e^{−ipx} ) , (A.2)

gives rise to the following solution of the equations of motion: iσ̄^{μα̇α}∂_μψ_α = 0. (A.3)

Writing this explicitly in terms of the spinors u, v we obtain ( p_0 − p_3 −p_1 + ip_2 −p_1 − ip_2 p_0 + p_3 ) ( u_1 u_2 ) = 0,

(p_0 − p_3)u_1 + (−p_1 + ip_2)u_2 = 0, (−p_1 − ip_2)u_1 + (p_0 + p_3)u_2 = 0,

u_1 = p_1 − ip_2 p_0 − p_3 u_2.

(A.4)

The solution for the anti-particle is given by

v_1 = p_1 − ip_2 p_0 − p_3 v_2. (A.5)

One can proceed analogously for the other equations giving the solutions for the different positions of the indices. i∂_μψ̄_{α̇}σ̄^{μα̇α} = 0, (ū_{˙1}, ū_{˙2}) ( p_0 − p_3 −p_1 + ip_2 −p_1 − ip_2 p_0 + p_3 ) = 0,

ū_{˙1} = p_1 + ip_2 p_0 − p_3 ū_{˙2},

v̄_{˙1} = p_1 + ip_2 p_0 − p_3 v̄_{˙2}, (A.6)

i∂_μψ^ασ^μ_{αα̇} = 0, ( u^1, u^2

) ( p_0 + p_3 p_1 − ip_2

p_1 + ip_2 p_0 − p_3 ) = 0,

u^1 = − p_0 − p_3 p_1 − ip_2 u^2,

v^1 = − p_0 − p_3 p_1 − ip_2 v^2. (A.7)

A.2 SUSY Invariants

A.2.1 Chiral Superfield

The effect of a SUSY transformation on a chiral superfield is δΦ = i ( ζ^αQ_α + Q̄_{α̇}ζ̄^{α̇} ) Φ = −iζ^α ( i √ 2ψ_α(x) + 2iθ_αF (x) − i^2σ^μ_{αα̇}θ̄^{α̇}∂_μφ(x) + i^2 √ 2θ_α∂_μψ(x)σ^μθ̄ − i 2 θ_αθ̄^2�φ(x) −σ^μ_{αα̇}θ̄^{α̇}∂_μφ(x) − √ 2σ^μ_{αα̇}θ̄^{α̇}∂_μ (θψ(x)) − θ^2σ^μ_{αα̇}θ̄^{α̇}∂_μF (x) + iσ^μ_{αα̇}θ̄^{α̇}θ^βσ^ν_{ββ̇}θ̄^{β̇}∂_ν ∂_μφ(x) − i √ 2 σ^μ_{αα̇}θ̄^{α̇}θ^2∂_μ∂_ν ψ^β(x)σ^ν_{ββ̇}θ̄^{β̇} )

−i ( − (−i)^2θ^βσ^μ_{βα̇}∂_μφ(x) +

(−i)^2 √ 2 θ^2∂_μψ^β(x)σ^μ_{βα̇} + i 2 θ^2θ̄_{α̇}�φ(x) + θ^ασ^μ_{αα̇}∂_μφ(x) + √ 2θ^ασ^μ_{αα̇}∂_μ(θ^βψ_β (x)) − iθ^ασ^μ_{αα̇}θ^βσ^ν_{ββ̇}θ̄^{β̇}∂_μ∂_ν φ(x) ) ζ̄^{α̇} = √ 2ζψ(x) + 2ζθF − iζσ^μθ̄∂_μφ(x) + i √ 2(ζθ)∂_μψ(x)σ^μθ̄ − 1 2 (ζθ)θ̄^2�φ(x) +iζσ^μθ̄∂_μφ(x) + i √ 2ζσ^μθ̄∂_μ(θψ(x)) + iθ^2ζσ^μθ̄∂_μF (x) − 1 2 θ̄^2ζσ^μσ̄^ν θ∂_μ∂_ν φ(x) + 1 2 √ 2 θ^2θ̄^2ζσ^μσ̄^ν ∂_μ∂_ν ψ(x) − iθσ^μζ̄∂_μφ(x) + i √ 2 θ^2∂_μψ(x)σ^μζ̄ + 1 2 θ^2θ̄ζ̄�φ(x) −iθσ^μζ̄∂_μφ(x) + i √ 2 ∂_μψ(x)σ^μζ̄θ^2 + 1 2 θ^2∂_μ∂_ν φ(x)θ̄σ̄^ν σ^μζ̄

!= δφ(x) + √ 2θδψ(x) + θ^2δF (x) − iθσ^μθ̄δφ(x) + i √ 2 θ^2∂_μδψ(x)σ^μθ̄ − 1 4 θ^2θ̄^2�δφ(x).(A.8)

We read off the transformations of the component fields δφ(x) = √ 2ζψ(x), δψ(x) = √ 2ζF (x) − i √ 2σ^μζ̄∂_μφ(x), δF (x) = i √ 2∂_μψ(x)σ^μζ̄, (A.9)

and see that F (x) only changes by a total derivative.

A.2.2 Superfield Strength First we calculate the superfield strength for an Abelian gauge field: D_αV = ( ∂ ∂θ^α − iσ^μ_{αα̇}θ̄^{α̇} ) ( θσ^μθ̄V_μ + iθ^2θ̄λ̄ − iθ̄^2θλ + 1 2 θ^2θ̄^2D )

= σ^μ_{αα̇}θ̄^{α̇}V_μ + 2iθ_αθ̄λ̄ − iθ̄^2λ_α + θ_αθ̄^2D − iσ^μ_{αα̇}θ̄^{α̇}∂_μθ^βσ^ν_{ββ̇}θ̄^{β̇}V_ν +σ^μ_{αα̇}θ̄^{α̇}∂_μλ̄_{β̇}θ̄^{β̇}θ^2

= σ^μ_{αα̇}θ̄^{α̇}V_μ + 2iθ_αθ̄λ̄ − iθ̄^2λ_α + θ_αθ̄^2D + i 2 θ̄^2(σ^μσ̄^ν )^γ_α θ_γ ∂_μV_ν − 1 2 σ^μ_{αα̇}∂_μλ̄^{α̇}θ̄^2θ^2,

D̄^2D_αV = ( ∂ ∂θ̄^{α̇} ∂ ∂θ̄^{β̇} ϵ^{α̇β̇} − 2iθ^ασ^μ_{αα̇}∂_μ ∂ ∂θ̄^{β̇} ϵ^{α̇β̇} − θ^2� ) D_αV = 4iλ_α − 4θ_αD − 2i(σ^μσ̄^ν )^γ_α θ_γ ∂_μV_ν + 2θ^2σ^μ_{αα̇}∂_μλ̄^{α̇} + 2i(σ^μσ̄^ν )^γ_α θ_γ ∂_μV_ν −4θσ^μ∂_μλ̄θ_α + 4∂_μλ_αθσ^μθ̄ + 4iθσ^μθ̄θ_α∂_μD − 2θσ^μθ̄∂_μ∂_ρV_ν (σ^ρσ̄^ν )^γ_α θ_γ −θ^2σ^μ_{αα̇}θ̄^{α̇}�V_μ + iθ^2θ̄^2�λ_α = 4iλ_α − 4θ_αD − 2i(σ^μσ̄^ν )^γ_α θ_γ V_{μν} + 4θ^2σ^μ_{αα̇}∂_μλ̄^{α̇} + 4∂_μλ_αθσ^μθ̄ +4iθσ^μθ̄θ_α∂_μD − 2θσ^μθ̄∂_μ∂_ρV_ν (σ^ρσ̄^ν )^γ_α θ_γ − θ^2σ^μ_{αα̇}θ̄^{α̇}�V_μ +iθ^2θ̄^2�λ_α, (A.10)

which gives the kinetic term

(W^αW_α)_F = 32iλσ^μ∂_μλ̄ + 16D^2 + 16iD(σ^μσ̄^ν )^γ_α 1 2 ϵ_{αγ} V_{μν} −4 ( (σ^μσ̄^ν )^β_α θ_β(σ^ρσ̄^η)^δ_γ θ_δV_{μν} V_{ρη} ) F = 32iλσ^μ∂_μλ̄ + 16D^2 + 4 ( − V_{μν} V^{μν} + V_{μν} V^{νμ} − i ϵ^{μνρη}V_{μν} V_{ρη} total divergence )

= 32iλσ^μ∂_μλ̄ + 16D^2 − 8V_{μν} V^{μν} . (A.11)

Now we turn to the superfield strength of a non-Abelian gauge field as described in section 4.3.2.

(D_αV^b)V^c = σ^μ_{αα̇}θ̄^{α̇}θ^βσ^ρ_{αα̇}θ̄^{β̇}V^b_μ V^c_ρ + σ^μ_{αα̇}θ̄^{α̇}V^b_μ iθ^2λ̄^c_{β̇}θ̄^{β̇} + 2iθ_αλ̄^b_{β̇}θ̄^{β̇}θ^βσ^ρ_{βγ̇}θ̄^{γ̇}V^c_ρ = − 1 2 (σ^μσ̄^ρ)^γ_α θ_γ V^b_μ V^c_ρ θ̄^2 − i 2 σ^μ_{αα̇}λ̄^{cα̇}V^b_μ θ^2θ̄^2 + i 2 σ^μ_{αβ̇}λ̄^{bβ̇}V^c_μ θ^2θ̄^2 = − 1 2 (σ^μσ̄^ν )^γ_α θ_γ V^b_μ V^c_ν θ̄^2 + i 2 σ^μ_{αα̇}(λ̄^{bα̇}V^c_μ − λ̄^{cα̇}V^b_μ )

D̄^2 (( D_αV^b ) V^c ) = 2(σ^μσ̄^ν )^β_α θ_βV^b_μ V^c_ν − 2iσ^μ_{αβ̇} ( λ̄^{bβ̇} V^c_μ − λ̄^{cβ̇}V^b_μ ) θ^2

−2iθ^γ σ^ρ_{γα̇}∂_ρθ̄_{β̇}(σ^μσ̄^ν )^β_α θ_βV^b_μ V^c_ν ϵ^{α̇β̇}

= 2(σ^μσ̄^ν )^β_α θ_βV^b_μ V^c_ν − 2iσ^μ_{αα̇} ( λ̄^{bα̇}V^c_μ − λ̄^{cα̇}V^b_μ ) θ^2

+iθ^2(σ^μσ̄^ν σ^ρ)_{αα̇}θ̄^{α̇}∂_ρ(V^b_μ V^c_ν )

W^a_α = D̄^2D_αV^a + igf^{abc}D̄^2 (( D_αV^b ) V^c ) = 4iλ^a_α − 4θ_αD^a − 2i(σ^μσ̄^ν )^β_α θ_β (V^a_{μν} − gf^{abc}V^b_μ V^c_ν ) =V^{′a}_{μν} +4θ^2σ^μ_{αα̇}∂_μθ̄^{aα̇}

+4∂_μλ^a_αθσ^μθ̄ +4iθσ^μθ̄θ_α∂_μD^a −2θσ^μθ̄∂_μ∂_ρV^a_ν (σ^μσ̄^ν )^β_α θ_β −θ^2σ^μ_{αα̇}θ̄^{α̇}�V^a_μ

+iθ^2θ̄^2�λ^a_α − 4gf^{abc}σ^μ_{αα̇}λ̄^{cα̇}V^b_μ θ^2 − gf^{abc}θ^2(σ^μσ̄^ν σ^ρ)_{αα̇}θ̄^{α̇}∂_ρ(V^b_μ V^c_ν ),(A.12)

which leads to the expression for the kinetic energy of the gauge field

(W^{aα}W^a_α )_F = 32iλ^aσ^μ∂_μλ̄^a − 32igλ^aσ^μλ^cV^b_μ f^{abc} + 16D^aD^a − 8V^{′a}_{μν} V^{′aμν}

+8iθ_αD^a(σ^μσ̄^ν )^β_α θ_βV^{′a}_{μν}

= 32iλ^aσ^μD̃^{ac}_μ λ̄^c + 16D^aD^a − 8V^{′a}_{μν} V^{′aμν} , (A.13)

with D̃^{ac}_μ = ∂_μδ^{ac} − gf^{abc}V^b_μ and V^{′a}_{μν} = ∂_μV^a_ν − ∂_ν V^a_μ − gf^{abc}V^b_μ V^c_ν .

A.2.3 Coupling Matter and Gauge Fields

The term containing the covariant derivative is given by

(ϕ^†e^{2gtaV a} ϕ)_D = ( (φ^† + √ 2θ̄ψ̄ + θ̄^2F^† + i∂_μφ^†θσ^μθ̄ − i √ 2 θ̄^2θσ^μ∂_μψ̄ − 1 4 �φ^†θ^2θ̄^2)

× (1 + 2gt^a(θσ^μθ̄V^a_μ + iθ^2θ̄λ̄^a − iθ̄^2θλ^a + 1 2 θ^2θ̄^2D^a)

+ 2g^2t^at^b(θσ^μθ̄V^a_μ + iθ^2θ̄λ̄^a − iθ̄^2θλ^a + 1 2 θ^2θ̄^2D^a)

× (θσ^νθ̄V^b_ν + iθ^2θ̄λ̄^b − iθ̄^2θλ^b + 1 2 θ^2θ̄^2D^b)) × (φ + √ 2θψ + θ^2F − iθσ^μθ̄∂_μφ + i √ 2 θ^2∂_ν ψσ^νθ̄ − 1 4 �φθ^2θ̄^2) ) D = ( (φ^† + √ 2θ̄ψ̄ + θ̄^2F^† + i∂_μφ^†θσ^μθ̄ − i √ 2 θ̄^2θσ^μ∂_μψ̄ − 1 4 �φ^†θ^2θ̄^2)

× (1 + 2gt^a(θσ^μθ̄V^a_μ + iθ^2θ̄λ̄^a − iθ̄^2θλ^a + 1 2 θ^2θ̄^2D^a)

+ 2g^2t^at^bθ^ασ^μ_{αα̇}θ̄^{α̇}V^a_μ θ^βσ^ν_{ββ̇}θ̄^{β̇}V^b_ν ) × (φ + √ 2θψ + θ^2F − iθσ^μθ̄∂_μφ + i √ 2 θ^2∂_ν ψσ^νθ̄ − 1 4 �φθ^2θ̄^2) ) D

= − 1 4 φ^†�φ − (φ^†2gt^aV^a_μ i∂_ν φ θσ^μθ̄θσ^νθ̄ 1 2 g^{μν} θ^2θ̄^2

)_D +(φ2gt^a(−i)θ̄^2θλ^a √ 2θψ)_D + φ^†gt^aD^aφ + φ^†g^2t^at^bV^a_μ V^{bμ}φ +( √ 2ψ̄θ̄ i √ 2 θ^2∂_μψσ^μθ̄)_D + ( √ 2ψ̄θ̄2gt^aθσ^μθ̄V^a_μ √ 2θψ)_D +( √ 2ψ̄θ̄2gt^aiθ^2λ̄θ̄φ)_D + F^†F + (i∂_μφ^†θσ^μθ̄2gt^aθσ^νθ̄V^a_ν φ)_D +(−i∂_μφ^†θσ^μθ̄i∂_ν φθσ^νθ̄)_D + ( −i √ 2 θ̄^2θσ^μ∂_μψ̄ √ 2θψ)_D − 1 4 (�φ^†)φ = − 1 4 φ^†�φ − igφ^†t^aV^a_μ ∂^μφ + igφ^†t^aλ^aψ √ 2 + gφ^†t^aD^aφ +g^2φ^†t^at^bV^a_μ V^{bμ}φ − i 2 ∂_μψσ^μψ̄ + gt^aV^a_μ ψσ^μψ̄ − i √ 2gt^aψ̄λ̄^aφ + F^†F +ig∂_μφ^†t^aV^{aμ}φ + 1 2 ∂_μφ^†∂^μφ + i 2 ψσ^μ∂_μψ̄ − 1 4 φ�φ^† = ∂_μφ^†∂^μφ + ig(−φ^†t^aV^a_μ ∂^μφ + ∂^μφ^†t^aV^a_μ φ) +g^2φ^†t^at^bV^a_μ V^{bμ}φ + ig √ 2(φ^†t^aλ^aψ − t^aψ̄λ̄^aφ) +gφ^†t^aD^aφ + F^†F + iψσ^μ∂_μψ̄ + gt^aV^a_μ ψσ^μψ̄ = [(∂_μ + igt^aV^a_μ ) =:D_μ φ]^†(∂^μ + igt^aV^{aμ})φ + ig √ 2(φ^†t^aλ^aψ − t^aφψ̄λ̄)

−i[(∂_μ + igt^aV^a_μ )ψ]σ^μψ̄ + gφ^†t^aD^aφ + F^†F = (D_μφ)^†(D^μφ) + ig √ 2(φ^†t^aλ^aψ − t^aφλ̄^aψ̄) − iD_μψσ^μψ̄ +gφ^†t^aD^aφ + F^†F (A.14)

A.3 Feynman Rules

Reminder: The factor i appearing when we calculate time-ordered products stems from the fact that we actually wish to evaluate

⟨0|T ϕ_1ϕ_2ϕ_3e^i ∫ d^4zL|0⟩ (A.15)

and when expanding the exponential function we get a factor of i.

A.3.1 Vertex Factors Four Non-Abelian Gauge Bosons

First we examine L to find the expression corresponding to the interaction of 4 gluons using G_μ = G^a_μt^a with group index a

L = − 1 2 tr[G_{μν} G^{μν} ] = − 1 2 tr[(∂_μG_ν − ∂_ν G_μ − ig[G_μ, G_ν ])(∂^μG^ν − ∂^ν G^μ − ig[G^μ, G^ν ])] = − 1 2 tr[t^a, t^d] ( ∂_μG^a_μ − ∂_ν G^a_μ + gf^{abc}G^b_μG^c_ν ) ( ∂^μG^{dμ} − ∂^ν G^{dμ} + gf^{def} G^{eμ}G^{fν} )

= − 1 4 ( ∂_μG^a_μ − ∂_ν G^a_μ + gf^{abc}G^b_μG^c_ν ) ( ∂^μG^{dμ} − ∂^ν G^{dμ} + gf^{def} G^{eμ}G^{fν} )

= − 1 4 ( 2(∂_μG^a_ν ∂^μGaν − ∂_μG^a_ν ∂^ν G^{aμ}) + 2g(∂_μG^a_ν − ∂_ν G^a_μ)f^{abc}G^{bμ}G^{cν} + g^2f^{abc}f^{ade}G^b_μG^c_ν G^{dμ}G^{eν} ) = − 1 2 (∂_μG^a_ν ∂^μGaν − ∂_μG^a_ν ∂^ν G^{aμ}) − gf^{abc}(∂_μG^a_ν )G^{bμ}G^{cν} − 1 4 g^2f^{abc}f^{cde}G^a_μG^b_ν G^{dμ}G^{eν} , (A.16) L = ∫ d^4xL = ∫ d^4k_5d^4k_6d^4k_7d^4k_8

(2π)^{12} δ^{(4)}(k_5 + k_6 + k_7 + k_8) −g^2 4 f^{abc}f^{cde}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{μd}_7 Ǧ^{νe}_8 . (A.17)

Because of ϕ(x)ϕ^∗(y) = ∫ d^4p_1d^4p_2 (2π)^8 ϕ̃(p_1)ϕ̃∗(p_2) eip1xe−ip2y Δ(x − y) = ∫ d^4p_1 (2π)^4

Δ̌(p_1)e^{ip}1^{(x−y)} (A.18)

we define for the sake of brevity

Δ̌^{ab}_{μν12} = (2π)^4Δ̌_{μν} (p_1)δ^{(4)}(p_1 − p_2)δ^{ab}, (A.19)

with Δ̌(p_1) the Fourier transform of the propagator. Now we turn to the evaluation of the time-ordered product.

− ig^2 4 ⟨0|T Ǧ^h_α(k_1)Ǧ^i_β (k_2)f^{abc}f^{cde}Ǧ^a_μ(k_5)Ǧ^b_ν (k_6)Ǧ^{dμ}(k_7)Ǧ^{eν} (k_8)Ǧ^j_γ (k_3)Ǧ^k_δ (k_4)|0⟩ = − ig^2 4 f^{abc}f^{cde} { Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4} + Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4}

+ Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4} + Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4}

+ Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4} + Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4}

+ Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4} + Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4}

+ Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4} + Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4}

+ Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4} + Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4}

+ Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4} + Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4}

+ Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4} + Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4}

+ Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4} + Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4}

+ Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4} + Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4}

+ Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4} + Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4}

+ Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4} + Ǧ^h_{α1}Ǧ^i_{β2}Ǧ^a_{μ5}Ǧ^b_{ν6}Ǧ^{dμ}_7 Ǧ^{eν}_8 Ǧ^j_{γ3}Ǧ^k_{δ4} = − g^2 4 i^4f^{abc}f^{cde} [ (Δ̌^{bh}_{16}Δ̌^{ej}_{83})_{αγ} (Δ̌^{ia}_{25}Δ̌^{dk}_{74} )_{βδ} + (Δ̌^{ha}_{15} Δ̌^{dk}_{74} )_{αδ}(Δ̌^{ib}_{26}Δ̌^{je}_{83})_{βγ} +(Δ̌^{hb}_{16}Δ̌^{ek}_{84})_{αδ}(Δ̌^{ia}_{25}Δ̌^{dj}_{73})_{βγ} + (Δ̌^{ha}_{15} Δ̌^{dj}_{73})_{αγ} (Δ̌^{ib}_{26}Δ̌^{ek}_{84})_{βδ} +(Δ̌^{hd}_{17} Δ̌^{ai}_{52})_{αβ} (Δ̌^{jb}_{36}Δ̌^{ek}_{84})_{γδ} + (Δ̌^{ha}_{15} Δ̌^{di}_{72})_{αβ}(Δ̌^{jb}_{36}Δ̌^{ek}_{84})_{γδ} +(Δ̌^{hd}_{17} Δ̌^{ia}_{52})_{αβ} (Δ̌^{je}_{38}Δ̌^{bk}_{64})_{γδ} + (Δ̌^{ha}_{15} Δ̌^{di}_{72})_{αβ} (Δ̌^{je}_{38}Δ̌^{bk}_{64})_{γδ} +(Δ̌^{hd}_{17} Δ̌^{aj}_{53})_{αγ} (Δ̌^{ib}_{26}Δ̌^{ek}_{84})_{βδ} + (Δ̌^{hb}_{16}Δ̌^{ek}_{84})_{αδ} (Δ̌^{id}_{28}Δ̌^{aj}_{53})_{βγ} +(Δ̌^{hd}_{17} Δ̌^{ak}_{54} )_{αδ}(Δ̌^{ib}_{26}Δ̌^{ej}_{83})_{βγ} + (Δ̌^{hb}_{16}Δ̌^{ej}_{83})_{αγ} (Δ̌^{id}_{27}Δ̌^{ak}_{54} )_{βδ} +(Δ̌^{he}_{18}Δ̌^{bj}_{63})_{αγ} (Δ̌^{ia}_{25}Δ̌^{dk}_{74} )_{βδ} + (Δ̌^{ha}_{15} Δ̌^{dk}_{74} )_{αδ}(Δ̌^{ie}_{28}Δ̌^{bj}_{63})_{βγ} +(Δ̌^{he}_{18}Δ̌^{bk}_{64})_{αδ}(Δ̌^{ia}_{25}Δ̌^{dj}_{73})_{βγ} + (Δ̌^{ha}_{15} Δ̌^{dj}_{73})_{αγ} (Δ̌^{ie}_{28}Δ̌^{bk}_{64})_{βδ} +(Δ̌^{he}_{18}Δ̌^{bi}_{62})_{αβ} (Δ̌^{ja}_{35}Δ̌^{dk}_{74} )_{γδ} + (Δ̌^{hb}_{16}Δ̌^{ei}_{82})_{αβ} (Δ̌^{ja}_{35}Δ̌^{dk}_{74} )_{γδ} +(Δ̌^{he}_{18}Δ̌^{bi}_{72})_{αβ} (Δ̌^{jd}_{37}Δ̌^{ak}_{54} )_{γδ} + (Δ̌^{hb}_{16}Δ̌^{ei}_{82})_{αβ} (Δ̌^{jd}_{37}Δ̌^{ak}_{54} )_{γδ} +(Δ̌^{he}_{18}Δ̌^{bk}_{64})_{αδ}(Δ̌^{id}_{27}Δ̌^{aj}_{53})_{βγ} + (Δ̌^{hd}_{17} Δ̌^{aj}_{53})_{αγ} (Δ̌^{ie}_{28}Δ̌^{bk}_{64})_{βδ} +(Δ̌^{he}_{18}Δ̌^{bj}_{63})_{αγ} (Δ̌^{id}_{27}Δ̌^{ak}_{54} )_{βδ} + (Δ̌^{hd}_{17} Δ̌^{ak}_{54} )_{αδ} (Δ̌^{ie}_{28}Δ̌^{bj}_{63})_{βγ} ] (A.20) in this expression each 2 rows differ by

• row 1/2 by a ↔ b and d ↔ e, • row 3/4 by a ↔ d and b ↔ e, • row 5/6 by a ↔ e and b ↔ d, • row 7/8 by a ↔ e and b ↔ d, • row 8/9 by b ↔ e and d ↔ a, • row 10/11 by a ↔ b and e ↔ d, and by exchanging the momenta k_5, k_6, k_7, k_8, but these are just integration variables. This leads to − g^2 2 f^{abc}f^{cde} [ (Δ̌^{bh}_{16}Δ̌^{ej}_{83})_{αγ} (Δ̌^{ia}_{25}Δ̌^{dk}_{74} )_{βδ} + (Δ̌^{ha}_{15} Δ̌^{dk}_{74} )_{αδ}(Δ̌^{ib}_{26}Δ̌^{je}_{83})_{βγ} +(Δ̌^{hd}_{17} Δ̌^{ai}_{52})_{αβ}(Δ̌^{jb}_{36}Δ̌^{ek}_{84})_{γδ} + (Δ̌^{ha}_{15} Δ̌^{di}_{72})_{αβ} (Δ̌^{jb}_{36}Δ̌^{ek}_{84})_{γδ} +(Δ̌^{hd}_{17} Δ̌^{aj}_{53})_{αγ} (Δ̌^{ib}_{26}Δ̌^{ek}_{84})_{βδ} + (Δ̌^{hb}_{16}Δ̌^{ek}_{z8})_{αδ} (Δ̌^{id}_{27}Δ̌^{aj}_{53})_{βγ} +(Δ̌^{he}_{18}Δ̌^{bj}_{63})_{αγ} (Δ̌^{ia}_{25}Δ̌^{dk}_{74} )_{βδ} + (Δ̌^{ha}_{15} Δ̌^{dk}_{74} )_{αδ} (Δ̌^{ie}_{28}Δ̌^{bj}_{63})_{βγ} +(Δ̌^{he}_{18}Δ̌^{bi}_{62})_{αβ} (Δ̌^{ja}_{35}Δ̌^{dk}_{74} )_{γδ} + (Δ̌^{hb}_{16}Δ̌^{ei}_{82})_{αβ} (Δ̌^{ja}_{35}Δ̌^{dk}_{74} )_{γδ} +(Δ̌^{he}_{18}Δ̌^{bk}_{64})_{αδ} (Δ̌^{id}_{27}Δ̌^{aj}_{53})_{βγ} + (Δ̌^{hd}_{17} Δ̌^{aj}_{53})_{αγ} (Δ̌^{ie}_{28}Δ̌^{bk}_{64})_{βδ} ] . (A.21) In this expression the rows again differ only by exchanging some indices and the momenta k_5, k_6, k_7, k_8

• row 1/6 by b ↔ d and a ↔ e, • row 2/5 by a ↔ b and d ↔ e, • row 1/6 by a ↔ b and d ↔ e.

Now we evaluate the δ_{ij} from eq.(A.19) for the color-indices: −g^2f^{abc}f^{cde} [ (Δ̌^{bh}_{16}Δ̌^{ej}_{83})_{αγ} (Δ̌^{ia}_{25}Δ̌^{dk}_{74} )_{βδ} + (Δ̌^{ha}_{15} Δ̌^{dk}_{74} )_{αδ} (Δ̌^{ib}_{26}Δ̌^{je}_{83})_{βγ} + (Δ̌^{hd}_{17} Δ̌^{ai}_{52})_{αβ} (Δ̌^{jb}_{36}Δ̌^{ek}_{84})_{γδ} +(Δ̌^{ha}_{15} Δ̌^{di}_{72})_{αβ} (Δ̌^{jb}_{36}Δ̌^{ek}_{84})_{γδ} + (Δ̌^{hd}_{17} Δ̌^{aj}_{53})_{αγ} (Δ̌^{ib}_{26}Δ̌^{ek}_{84})_{βδ} + (Δ̌^{hb}_{16}Δ̌^{ek}_{84})_{αδ}(Δ̌^{id}_{27}Δ̌^{aj}_{53})_{βγ} ]

= −g^2 [ f^{ihc}f^{ckj}(Δ̌^h_{16}Δ̌^j_{83})_{αγ} (Δ̌^i_{25}Δ̌^k_{74})_{βδ} + f^{hic}f^{ckj}(Δ̌^h_{15}Δ̌^k_{74})_{αδ} (Δ̌^i_{26}Δ̌^j_{83})_{βγ} +f^{ijc}f^{chk}(Δ̌^h_{17}Δ̌^i_{52})_{αβ} (Δ̌^j_{36}Δ̌^k_{84})_{γδ} + f^{hjc}f^{cik}(Δ̌^h_{15}Δ̌^i_{72})_{αβ} (Δ̌^j_{36}Δ̌^k_{84})_{γδ} +f^{jic}f^{chk}(Δ̌^h_{17}Δ̌^j_{53})_{αγ} (Δ̌^i_{26}Δ̌^k_{84})_{βδ} + f^{jhc}f^{cik}(Δ̌^h_{16}Δ̌^k_{84})_{αδ} (Δ̌^i_{27}Δ̌^j_{53})_{βγ} ] . (A.22) Finally we can permute the f^{ijk} and integrate over the momenta k_5, k_6, k_7, k_8 giving −(2π)^4g^2δ^{(4)}(k_1 + k_2 + k_3 + k_4) [ f^{ihc}f^{ckj} [ (Δ̌^h_1Δ̌^j_3)_{αγ} (Δ̌^i_2Δ̌^k_4 )_{βδ} − (Δ̌^h_1Δ̌^k_4)_{αδ} (Δ̌^i_2Δ̌^j_3)_{βγ} ] + f^{ijc}f^{chk} [ (Δ̌^h_1Δ̌^i_2)_{αβ} (Δ̌^j_3Δ̌^k_4)_{γδ} − (Δ̌^h_1Δ̌^j_3)_{αγ} (Δ̌^i_2Δ̌^k_4 )_{βδ} ] + f^{hjc}f^{cik} [ (Δ̌^h_1Δ̌^i_2)_{αβ} (Δ̌^j_3Δ̌^k_4)_{γδ} − (Δ̌^h_1Δ̌^k_4)_{αδ} (Δ̌^i_2Δ̌^j_3)_{βγ} ]] . (A.23)

Three Non-Abelian Gauge Bosons

We take the relevant part of the Lagrangian density eq.(A.16)

L = ∫ d^4x L = − g 2 f^{abc} ∫ d^4x ( ∂_ν ∫ d^4k_1 (2π)^4

Ǧ^a_μ(k_1)e^{ik}1^{·x} ) ∫ d4k_2 (2π)^4

Ǧ^{bμ}(k_2)e^{ik}2^{·x} ∫ d^4k_3 (2π)^4 Ǧ^{cν} e^{ik}3^{·x} = − g 2 f^{abc} ∫ d^4k_1 d^4k_2 d^4k_3 (2π)^8 δ^{(4)}(k_1 + k_2 + k_3)ik_{1ν}Ǧ^a_μ(k_1)Ǧ^{bμ}(k_2)Ǧ^{cν} (k_3). (A.24)

Now we evaluate ⟨0|T ǦǦǦL|0⟩, using again eq.(A.19)

⟨0|T Ǧ^d_{ρ4}Ǧ^e_{σ5}Ǧ^f_{η6}Ǧ^a_{μ1}Ǧ^{bμ}_2 Ǧ^{cν}_3 |0⟩

= Ǧ^d_{ρ4}Ǧ^e_{σ5}Ǧ^f_{η6}Ǧ^a_{μ1}Ǧ^{bμ}_2 Ǧ^{cν}_3 + Ǧ^d_{ρ4}Ǧ^e_{σ5}Ǧ^f_{η6}Ǧ^a_{μ1}Ǧ^{bμ}_2 Ǧ^{cν}_3 + Ǧ^d_{ρ4}Ǧ^e_{σ5}Ǧ^f_{η6}Ǧ^a_{μ1}Ǧ^{bμ}_2 Ǧ^{cν}_3

+ Ǧ^d_{ρ4}Ǧ^e_{σ5}Ǧ^f_{η6}Ǧ^a_{μ1}Ǧ^{bμ}_2 Ǧ^{cν}_3 + Ǧ^d_{ρ4}Ǧ^e_{σ5}Ǧ^f_{η6}Ǧ^a_{μ1}Ǧ^{bμ}_2 Ǧ^{cν}_3 + Ǧ^d_{ρ4}Ǧ^e_{σ5}Ǧ^f_{η6}Ǧ^a_{μ1}Ǧ^{bμ}_2 Ǧ^{cν}_3

+ Ǧ^d_{ρ4}Ǧ^e_{σ5}Ǧ^f_{η6}Ǧ^a_{μ1}Ǧ^{bμ}_2 Ǧ^{cν}_3 + Ǧ^d_{ρ4}Ǧ^e_{σ5}Ǧ^f_{η6}Ǧ^a_{μ1}Ǧ^{bμ}_2 Ǧ^{cν}_3 + Ǧ^d_{ρ4}Ǧ^e_{σ5}Ǧ^f_{η6}Ǧ^a_{μ1}Ǧ^{bμ}_2 Ǧ^{cν}_3

+ Ǧ^d_{ρ4}Ǧ^e_{σ5}Ǧ^f_{η6}Ǧ^a_{μ1}Ǧ^{bμ}_2 Ǧ^{cν}_3 + Ǧ^d_{ρ4}Ǧ^e_{σ5}Ǧ^f_{η6}Ǧ^a_{μ1}Ǧ^{bμ}_2 Ǧ^{cν}_3 + Ǧ^d_{ρ4}Ǧ^e_{σ5}Ǧ^f_{η6}Ǧ^a_{μ1}Ǧ^{bμ}_2 Ǧ^{cν}_3

+ Ǧ^d_{ρ4}Ǧ^e_{σ5}Ǧ^f_{η6}Ǧ^a_{μ1}Ǧ^{bμ}_2 Ǧ^{cν}_3 + Ǧ^d_{ρ4}Ǧ^e_{σ5}Ǧ^f_{η6}Ǧ^a_{μ1}Ǧ^{bμ}_2 Ǧ^{cν}_3 + Ǧ^d_{ρ4}Ǧ^e_{σ5}Ǧ^f_{η6}Ǧ^a_{μ1}Ǧ^{bμ}_2 Ǧ^{cν}_3 = [ˇ Δ^{da}_{ρμ41}Δ̌^{eb μ}_{σ 52}Δ̌^{fc ν}_{η 63} + Δ̌^{da}_{ρμ41}Δ̌^{ec ν}_{σ 53}Δ̌^{fb μ}_{η 62} + Δ̌^{db μ}_{ρ 42}Δ̌^{ea}_{σμ51}Δ̌^{fc ν}_{η 63} +Δ̌^{db μ}_{ρ 42}Δ̌^{ec ν}_{σ 53}Δ̌^{fa}_{ημ61} + Δ̌^{dc ν}_{ρ 43}Δ̌^{eb μ}_{σ 52}Δ̌^{fa}_{ημ61} + Δ̌^{dc ν}_{ρ 43}Δ̌^{ea}_{σμ51}Δ̌^{fb μ}_{η 62} ] . (A.25)

Combining this with eq.(A.24) we obtain ⟨0|iT ǦǦǦL|0⟩ = − ig 2 ∫ d^4k_1 d^4k_2 d^4k_3 (2π)^8 δ^{(4)}(k_1 + k_2 + k_3) [ f^{def} ik_{1ν}Δ̌^d_{ρμ41}Δ̌^{e μ}_{σ 52}Δ̌^{f ν}_{η 63} + f^{dfe}ik_{1ν}Δ̌^d_{ρμ41}Δ̌^{e ν}_{σ 53}Δ̌^{f μ}_{η 62}

+f^{edf} ik_{1ν}Δ̌^{d μ}_{ρ 42}Δ̌^e_{σμ51}Δ̌^{f ν}_{η 63} + f^{fde}ik_{1ν}Δ̌^{d μ}_{ρ 42}Δ̌^{e ν}_{σ 53}Δ̌^f_{ημ61} +f^{fed}ik_{1ν}Δ̌^{d ν}_{ρ 43}Δ̌^{e μ}_{σ 52}Δ̌^f_{ημ61} + f^{efd}ik_{1ν}Δ̌^{d ν}_{ρ 43}Δ̌^e_{σμ51}Δ̌^{f μ}_{η 62} −f^{def} ik_{1μ}Δ̌^d_{ρν41}Δ̌^{e μ}_{σ 52}Δ̌^{f ν}_{η 63} − f^{dfe}ik_{1μ}Δ̌^d_{ρν41}Δ̌^{e ν}_{σ 53}Δ̌^{f μ}_{η 62} −f^{edf} ik_{1μ}Δ̌^{d μ}_{ρ 42}Δ̌^e_{σν51}Δ̌^{f ν}_{η 63} − f^{fde}ik_{1μ}Δ̌^{d μ}_{ρ 42}Δ̌^{e ν}_{σ 53}Δ̌^f_{ην61}

−f^{fed}ik_{1μ}Δ̌^{d ν}_{ρ 43}Δ̌^{e μ}_{σ 52}Δ̌^f_{ην61} − f^{efd}ik_{1μ}Δ̌^{d ν}_{ρ 43}Δ̌^e_{σν51}Δ̌^{f μ}_{η 62} ] . (A.26)

The right and the left half of the addends differ by interchanging the indices 2 and 3 of the Δ̌ standing for the integration variables k_2 and k_3 which we are free to change. After permuting the f^{def} we get −i^2g ∫ d^4k_1 d^4k_2 d^4k_3 (2π)^8 δ^{(4)}(k_1 + k_2 + k_3)f^{def} [ k_{1ν}Δ̌^d_{ρμ41}Δ̌^{e μ}_{σ 52}Δ̌^{f ν}_{η 63} − k_{1ν}Δ̌^d_{ρμ41}Δ̌^{e ν}_{σ 53}Δ̌^{f μ}_{η 62} − k_{1ν}Δ̌^{d μ}_{ρ 42}Δ̌^e_{σμ51}Δ̌^{f ν}_{η 63}

+k_{1ν}Δ̌^{d μ}_{ρ 42}Δ̌^{e ν}_{σ 53}Δ̌^f_{ημ61} − k_{1ν}Δ̌^{d ν}_{ρ 43}Δ̌^{e μ}_{σ 52}Δ̌^f_{ημ61} + k_{1ν}Δ̌^{d ν}_{ρ 43}Δ̌^e_{σμ51}Δ̌^{f μ}_{η 62} ]

= g ∫ d^4k_1 d^4k_2 d^4k_3

(2π)^8 δ^{(4)}(k_1 + k_2 + k_3)f^{def} [ Δ̌^d_{ρμ41}Δ̌^{e μ}_{σ 52}Δ̌^{f ν}_{η 63}(k_{1ν} − k_{2ν} )

+Δ̌^{d μ}_{ρ 42}Δ̌^{e ν}_{σ 53}Δ̌^f_{ημ61}(k_{1ν} − k_{2ν} ) + Δ̌^{d ν}_{ρ 43}Δ̌^{e μ}_{σ 52}Δ̌^f_{ημ61}(k_{2ν} − k_{1ν} ) ]

= g ∫ d^4k_1 d^4k_2 d^4k_3

(2π)^8 δ^{(4)}(k_1 + k_2 + k_3)f^{def} [ Δ̌^d_{ρμ41}Δ̌^{e μ}_{σ 52}Δ̌^{f ν}_{η 63}(k_{1ν} − k_{2ν} )

+Δ̌^{d μ}_{ρ 41}Δ̌^{e ν}_{σ 52}Δ̌^f_{ημ63}(k_{3ν} − k_{1ν} ) + Δ̌^{d ν}_{ρ 41}Δ̌^{e μ}_{σ 52}Δ̌^f_{ημ63}(k_{2ν} − k_{3ν} ) ]

= g(2π)^4δ^{(4)}(k_1 + k_2 + k_3)f^{def} [ Δ̌^d_{ρμ}(k_1)Δ̌^{e μ}_σ (k_2)Δ̌^{f ν}_η (k_3)(k_{1ν} − k_{2ν} )

+Δ̌^{d μ}_ρ (k_1)Δ̌^{e ν}_σ (k_2)Δ̌^f_{ημ}(k_3)(k_{3ν} − k_{1ν} ) + Δ̌^{d ν}_ρ (k_1)Δ̌^{e μ}_σ (k_2)Δ̌^f_{ημ}(k_3)(k_{2ν} − k_{3ν} ) ] . (A.27)

Fermion-Fermion-Gauge Boson

The part of the Lagrangian density involving a fermion-fermion-gauge boson interaction is given by L = gG_{μz} χ_zσ^μψ̄_z, L = ∫ d^4zL = ∫ d^4z ∫ d^4k_1 d^4k_2 d^4k_3

(2π)^12 e^{−iz(k1+k2+k3)}gǦ_{μ1}χ̌_2σ^μ ˇ̄ψ_3 = ∫ d^4k_1 d^4k_2 d^4k_3 (2π)^8 δ^{(4)}(k_1 + k_2 + k_3)gt^aǦ_{μ1}χ̌_2σ^μ ˇ̄ψ_3, (A.28)

with fermions ψ, χ and gauge boson G_μ. The time-ordered product gives ⟨0|iT ∫ d^4k_1 d^4k_2 d^4k_3 (2π)^8 δ^{(4)}(k_1 + k_2 + k_3)gǦ^∗_{ν4}ψ̌^β_5 ˇ̄χ^{β̇}_6 Ǧ_{μ1}χ̌^α_2 σ^μ_{αα̇} ˇ̄ψ^{α̇}_3 |0⟩

= i ∫ d^4k_1 d^4k_2 d^4k_3 (2π)^8 δ^{(4)}(k_1 + k_2 + k_3)gǦ^∗_{ν4}ψ̌^β_5 ˇ̄χ^{β̇}_6 Ǧ_{μ1}χ̌^α_2 σ^μ_{αα̇} ˇ̄ψ^{α̇}_3 = −ig ∫ d^4k_1 d^4k_2 d^4k_3 (2π)^8 δ^{(4)}(k_1 + k_2 + k_3)Δ̌^G_{νμ41}Δ̌^{χβ̇}_{26} σ^μ_{αα̇}Δ̌^{ψα̇β}_{35}

= (2π)^4δ^{(4)}(k_4 + k_5 + k_6)(−ig)Δ̌^G_{νμ}(k_4) ( Δ̌^{χβ̇α}(k_6)σ^μ_{αα̇}Δ̌^{ψα̇β}(k_5) ) , (A.29)

with Δ̌^G_{νμ41} = (2π)^4δ^{(4)}(k_4 − k_1)Δ̌^G_{νμ} and Δ̌^{ψα̇β}_{35} analogously and external particles G_{ν4}, ψ_5, χ̄_6. We note that the additional contractions would give only disconnected diagrams if both fermions were identical.

Fermion-Sfermion-Gaugino

The relevant part of the Lagrangian density is given by

L = gϕ̃_zψ_zG̃_z, L = ∫ d^4zL = ∫ d^4z ∫ d^4k_1 d^4k_2 d^4k_3 (2π)^12 e^{−iz(k1+k2+k3)}g ( ˇ̃ϕ_2ψ̌_1 ˇ̃G_3 + h.c. )

= ∫ d^4k_1 d^4k_2 d^4k_3

(2π)^8 δ^{(4)}(k_1 + k_2 + k_3)g ( ˇ̃ϕ_2ψ̌_1 ˇ̃G_3 + h.c. ) , (A.30)

(A.31)

with fermion ψ, sfermion ϕ̃ and gaugino G̃. The time-ordered product gives ⟨0|iT ∫ d^4k_1 d^4k_2 d^4k_3 (2π)^8 δ^{(4)}(k_1 + k_2 + k_3)gψ̌_1 ˇ̃ϕ_2 ˇ̃G_3 ˇ̃ϕ^∗_5 ˇ̄ψ_4 ˇ̃¯ G_6|0⟩

= i ∫ d^4k_1 d^4k_2 d^4k_3

(2π)^8 δ^{(4)}(k_1 + k_2 + k_3)g ψ̌_1 ˇ̃ϕ_2 ˇ̃G_3 ˇ̃ϕ^∗_5 ˇ̄ψ_4 ˇ̃¯ G_6 = ∫ d^4k_1 d^4k_2 d^4k_3 (2π)^8 δ^{(4)}(k_1 + k_2 + k_3)(−ig)Δ̌^ψ_{14}Δ̌^{ϕ̃}_{25}Δ̌^{G̃}_{36}

= (2π)^4δ^{(4)}(k_4 + k_5 + k_6)(−ig)Δ̌^ψ (k_4)Δ̌^{ϕ̃}(k_5)Δ̌^{G̃}(k_6), (A.32)

with external particles ψ_4, ϕ̃_5, G̃_6.

Two Sfermions-Two Gauge Bosons

The relevant part of the Lagrangian density is L = gϕ^∗_z χ_zA_{μz}G^μ_z , L = ∫ d^4k_1 d^4k_2 d^4k_3 d^4k_4 (2π)^12 δ^{(4)}(k_1 + k_2 + k_3 + k_4)ϕ̌^∗_1χ̌_2Ǎ_{μ3}Ǧ^μ_4 ,

(A.33)

with sfermions ϕ, χ and gauge bosons A_μ, G_μ. The time-ordered product gives ⟨0|T ∫ d^4k_1 d^4k_2 d^4k_3 d^4k_4 (2π)^12 δ^{(4)}(k_1 + k_2 + k_3 + k_4)ϕ̌_5χ̌^∗_6Ǎ^∗_{ρ7}Ǧ^{∗ν}_8 ϕ̌^∗_1χ̌_2Ǎ_{μ3}Ǧ^μ_4 |0⟩

= ig ∫ d^4k_1 d^4k_2 d^4k_3 d^4k_4

(2π)^12 δ^{(4)}(k_1 + k_2 + k_3 + k_4) ϕ̌_5χ̌^∗_6Ǎ^∗_{ρ7}Ǧ^{∗ν}_8 ϕ̌^∗_1χ̌_2Ǎ_{μ3}Ǧ^μ_4

= (2π)^4δ^{(4)}(k_5 + k_6 + k_7 + k_8)igΔ̌^ϕ(k_5)Δ̌^χ(k_6)Δ̌^A_{μρ}(k_7)Δ̌^{Gνμ}, (A.34)

with external particles ϕ_5, χ_6, A_{ν7}, G^ν_8 . We note that an additional factor 2 appears in case the gauge bosons are real and identical.

Four Sfermions The relevant part of the Lagrangian density is given by L = gϕ^∗_zχ_zξ^∗_z λ_z, L = ∫ d^4k_1 d^4k_2 d^4k_3 d^4k_4 (2π)^{12} δ^{(4)}(k_1 + k_2 + k_3 + k_4)gϕ̌^∗_1χ̌_2ξ̌^∗_3λ̌_4, (A.35) with sfermions ϕ, χ, ξ, λ The time-ordered product gives ⟨0|iT ∫ d^4k_1 d^4k_2 d^4k_3 d^4k_4 (2π)^{12} δ^{(4)}(k_1 + k_2 + k_3 + k_4)gϕ̌_5χ̌^∗_6ξ̌_7λ̌^∗_8ϕ̌^∗_1χ̌_2ξ̌^∗_3λ̌_4|0⟩

= ig ∫ d^4k_1 d^4k_2 d^4k_3 d^4k_4 (2π)^{12} δ^{(4)}(k_1 + k_2 + k_3 + k_4) ϕ̌_5χ̌^∗_6ξ̌_7λ̌^∗_8ϕ̌^∗_1χ̌_2ξ̌^∗_3λ̌_4 = ig(2π)^4δ^{(4)}(k_5 + k_6 + k_7 + k_8)Δ̌^ϕ(k_5)Δ̌^χ(k_6)Δ̌^ξ(k_7)Δ̌^λ(k_8), (A.36) with external particles ϕ_5, ξ_7, χ_6, λ_8.

Three Sfermions The relevant part of the Lagrangian density is given by L = gϕ^∗_zχ_zξ^∗_z , L = ∫ d^4k_1 d^4k_2 d^4k_3 (2π)^8 δ^{(4)}(k_1 + k_2 + k_3)gϕ̌^∗_1χ̌_2ξ̌^∗_3 , (A.37) with sfermions ϕ, χ, ξ. The time-ordered product gives ⟨0|iT ∫ d^4k_1 d^4k_2 d^4k_3

(2π)^8 δ^{(4)}(k_1 + k_2 + k_3)gϕ̌_5χ̌^∗_6ξ̌_7ϕ^∗_1χ̌_2ξ̌^∗_3 |0⟩

= ig ∫ d^4k_1 d^4k_2 d^4k_3 (2π)^8 δ^{(4)}(k_1 + k_2 + k_3 + k_4) ϕ̌_5χ̌^∗_6ξ̌_7λ̌^∗_8ϕ̌^∗_1χ̌_2ξ̌^∗_3λ̌_4 = ig(2π)^4δ^{(4)}(k_5 + k_6 + k_7)Δ̌^ϕ(k_5)Δ̌^χ(k_6)Δ̌^ξ(k_7), (A.38) with external particles ϕ_5, χ_6, ξ_7.

Two Sfermions-Gauge Boson The relevant part of the Lagrangian density is given by L = g(∂_μϕ_z)χ_zA^μ_z , L = ∫ d^4k_1 d^4k_2 d^4k_3

(2π)^8 δ^{(4)}(k_1 + k_2 + k_3)g(−ik_{μ1})ϕ̌_1χ̌_2Ǎ^μ_3 , (A.39) with sfermions ϕ, χ and gauge boson A^μ. The time-ordered product gives ⟨0|T ∫ d^4k_1 d^4k_2 d^4k_3 (2π)^8 δ^{(4)}(k_1 + k_2 + k_3)igϕ̌^∗_4χ̌^∗_5Ǎ^{∗ν}_6 (−ik_{μ1})ϕ̌_1χ̌_2Ǎ^μ_3 |0⟩

= g ∫ d^4k_1 d^4k_2 d^4k_3

(2π)^8 δ^{(4)}(k_1 + k_2 + k_3)k_{μ1} ϕ̌4^∗χ̌^∗_5Ǎ^{∗ν}_6 ϕ̌_1χ̌_2Ǎ^μ_3 = gk_{μ4}(2π)^4δ^{(4)}(k_4 + k_5 + k_6)Δ̌^ϕ(k_4)Δ̌^χ(k_5)Δ̌^{Aμν} (k_6), (A.40) with external particles ϕ_4, χ_5, A^ν_6 .

Two Gauge Bosons-Boson The relevant part of the Lagrangian density is given by L = gϕ_zA_{μz} G^μ_z , L = ∫ d^4k_1 d^4k_2 d^4k_3 (2π)^8 δ^{(4)}(k_1 + k_2 + k_3)gϕ̌_1Ǎ_{μ2}Ǧ^μ_3 , (A.41)

with gauge bosons A_μ, G^μ and boson ϕ. The time-ordered product gives ⟨0|iT ∫ d^4k_1 d^4k_2 d^4k_3 (2π)^8 δ^{(4)}(k_1 + k_2 + k_3)gϕ̌_4Ǎ_{ρ5}Ǧ^{∗ν}_6 ϕ̌_1Ǎ_{μ2}Ǧ^μ_3 |0⟩

= ∫ d^4k_1 d^4k_2 d^4k_3

(2π)^8 δ^{(4)}(k_1 + k_2 + k_3)ig ϕ̌_4Ǎ_{ρ5}Ǧ^{∗ν}_6 ϕ̌_1Ǎ_{μ2}Ǧ^μ_3 = ig(2π)^4δ^{(4)}(k_4 + k_5 + k_6)Δ̌^ϕ(k_4)Δ̌^A_{ρμ}(k_5)Δ̌^{Gμν} (k_6), (A.42) with external particles ϕ_4, A_{ρ5}, G^ν_6 . We note that an additional factor 2 appears in case the gauge bosons are real and identical.

Mass Term The mass term in the Lagrangian density is given by

L = −mψχ − mψ̄χ̄, L = −m ∫ d^4p_1 d^4p_2

(2π)^4 δ^{(4)}(p_1 + p_2) (ˇ ψ_1χ̌_2 + h.c. ) (A.43) with Weyl spinors χ, ψ. The time-ordered product then gives ⟨0|iT ˇ̄ψ_3 ˇ̄χ_4L|0⟩ = −im ∫ d^4k_1 d^4k_2

(2π)^4 δ^{(4)}(k_1 + k_2) ˇ̄χ_{4α̇} ˇ̄ψ^{α̇}_4 ψ̌^β_1 χ̌_{2β} = im(2π)^4δ^{(4)}(p_3 + p_4)Δ̌^χ(p_3)Δ̌^ψ(p_4). (A.44) We note that in the case χ = ψ we get an additional factor of 2. A.3.2 Propagators Free Weyl-Spinors The generating functional for the propagator of a free Weyl-spinor is Z[η, η̄] = N ∫ DψDψ̄e^i ∫ d^4x (_{iψσμ∂μψ̄+ηψ+η̄ψ̄}) . (A.45)

We need to rewrite it in order to extract some information. So we take a look at the equations of motion for a free right-chiral Weyl-spinor.

iσ^μ_{αα̇}∂_μψ̄^{α̇} = 0 (A.46)

Its Green’s function Δ^{rα̇β}_{xy} is defined by

iσ^μ_{αα̇}∂_μΔ^{rα̇β}_{xy} = iδ^{(4)}(x − y)δ^β_α. (A.47)

In momentum space this gives σ^μ_{αα̇}p_μΔ̌^{rα̇β}_p = iδ^β_α p_νσ̄^{νβ̇α}σ^μ_{αα̇}p_μΔ̌^{rα̇β}_p = ip_νσ̄^{νβ̇β}. (A.48)

With σ̄^ν σ^μ = g^{μν} + 2σ̄^{νμ}, σ^μp_μσ^ν p_ν = p^2 and the antisymmetry of σ̄^{νμ} we get

Δ̌^{rβ̇β}_p = ip^νσ̄^{νβ̇β} p^2

, (A.49)

which we translate back to position space

Δ^{rα̇α}_{xy} = ∫ d^4p (2π)^4 ie^{−ip(x−y)} p_νσ̄^{να̇α} p^2

. (A.50)

One has to be careful about the position of the spinor indices of Δ because of

L = iψ^ασ^μ_{αα̇}∂_μψ̄^{α̇} = iψ̄_{α̇}σ̄^{μα̇α}∂_μψ_α = −i∂_μψ^ασ^μ_{αα̇}ψ̄^{α̇} = −i∂_μψ̄_{α̇}σ̄^{μα̇α}ψ_α, (A.51)

leading to the equations for the Green’s functions iσ^μ_{αα̇}∂_μΔ^{rα̇β} = i∂_μΔ^r_{αα̇}σ̄^{μα̇β} = iδ^{(4)}(x − y)δ^β_α, iσ̄^{μβ̇β}∂_μΔ^l_{βα̇} = i∂_μΔ^{lβ̇β}σ^μ_{βα̇} = iδ^{(4)}(x − y)δ^{β̇}_{α̇}, (A.52)

which in momentum space are solved by Δ̌^l_{αα̇} = ip^μσ^{μαα̇} p^2 , Δ̌^{lα̇α} = i p^μσ̄^{α̇α}_μ p^2

, Δ̌^r_{αα̇} = i p_μσ^μ_{αα̇} p^2 , Δ̌^{rα̇α} = i p^μσ̄^{α̇α}_μ p^2

. (A.53)

Now we turn to the calculation of the 2-point function via the generating functional Z[η, η̄] = N ∫ DψDψ̄e^{iL}, (A.54) where we defined L to contain the source terms. We only manipulate the exponent by using Δ^{lα̇α} = Δ^{rα̇α} and shifting the integrands ψ^α_x = ψ^{′α}_x +i ∫ d^4y η̄_{yα̇}Δ^{lα̇α}_{xy} , ψ̄^{α̇}_x = ψ̄^{′α̇}_x +i ∫ d^4y Δ^{rα̇α}_{xy} η_{xα} which does not affect the measure.

L = ∫ d^4x ( iψ^α_x σ^μ_{αα̇}∂_μψ̄^{α̇}_x + ψ^α_x η_{xα} + η̄_{α̇}ψ̄^{α̇} )

= ∫ d^4x ( iψ^{′α}_x σ^μ_{αα̇}∂_μψ̄^{′α̇}_x + i^2 ∫ d^4y η̄_{yα̇}Δ^{lα̇α}_{xy} σ^μ_{αβ̇} ∂_μψ̄^{′β̇}_x +i^2 ∫ d^4y ψ^{′α}_x σ^μ_{αα̇}∂_μΔ^{rα̇β}_{xy} η_{xβ} +i^3 ∫ d^4y ∫ d^4z η̄_{yα̇}Δ^{lα̇α}_{xy} σ^μ_{αβ̇}∂_μΔ^{rβ̇β}_{xz} η_{zβ} +ψ^{′α}_x η_{xα} + i ∫ d^4y η̄_{yα̇}Δ^{lα̇α}_{xy} η_{xα} +η̄_{xα̇}ψ̄^{′α̇}_x + i ∫ d^4y η̄_{α̇x}Δ^{α̇α}_{xy} η_{yα} )

= ∫ d^4x ( iψ^α_x σ^μ_{αα̇}∂_μψ̄^{α̇}_x + i ∫ d^4y η̄_{α̇y}Δ^{lα̇α}_{xy} η_{αx} −i ∫ d^4y η̄_{α̇y}Δ^{lα̇α}_{xy} η_{αx} + i ∫ d^4y η̄_{yα̇}Δ^{rα̇α}_{xy} η_{xα} )

= ∫ d^4x ( iψ^{′α}_x σ^μ_{αα̇}∂_μψ̄^{′α̇}_x + i ∫ d^4z η̄_{yα̇}Δ^{rα̇α}_{xy} η_{xα} ) . (A.55)

Now we can compute the 2-point function^1:

⟨0|T ψ̄^{β̇}_1 ψ^β_2 |0⟩ = 1 Z[0] 1 i δ δη̄_{β̇1} 1 i δ δη_{β2} ∫ DψDψ̄e^i ∫ d^4x(iψ^ασ^μ_{αα̇}∂_μψ̄^{α̇})e− ∫ d^4x ∫ d^4y η̄_{α̇x}Δ^{rα̇α}_{xy} η_{αy} | |_{η=η̄=0} = δ δη̄_{β̇1} ∫ d^4y η̄_{α̇x}Δ^{rα̇β}_{x2} e^− ∫ d^4x ∫ d^y η̄_{α̇x}Δ^{rα̇α}_{xy} η_{αy} | | η=η̄=0 = Δ^{rβ̇β}_{12} e^− ∫ d^4x ∫ d^4y η̄_{α̇x}Δ^{rα̇α}_{xy} η_{αy} | |_{η=η̄=0} = Δ^{rβ̇β}_{12} . (A.56)

Everything seems fine. Now back to the pole in the expression for the propagator (A.53). We can modify its structure by adding up the contributions of the clashing mass terms of the fermions. We only take an even number of mass insertions in order not to interchange left to

1It is important to remember that ψ̄^{β̇} is a right chiral spinor and ψ^β an anti right-chiral spinor. So the superficial contradiction to the usual order vanishes, the ordering of the operators is OK.

74 APPENDIX A. CALCULATIONS

(a) incoming left-chiral/ outgoing right-chiral

(b) incoming left-chiral/ outgoing left-chiral

(c) incoming right-chiral/ outgoing left-chiral

(d) incoming right-chiral/ outgoing right-chiral

Figure A.1: Contributions of the mass terms to the propagator right-chiral fermions (figure(A.3.2)). We suppress the spinor indices and obtain:

Δ̌^l_{tot,p} = Δ̌^l_p + ∫ d^4k_1d^4k_2(im)^2δ^{(4)}(p + k_1)δ^{(4)}(k_1 + k_2)Δ̌^l_pΔ̌^r_1Δ̌^l_2 + ∫ 4∑ i=1 dk_i(im)^4δ^{(4)}(p + k_1)δ^{(4)}(k_1 + k_2)δ^{(4)}(k_2 + k_3)δ^{(4)}(k_3 + k_4)Δ̌^l_pΔ̌^r_1Δ̌^l_2Δ̌^r_3Δ̌^l_4 + . . . = Δ̌^l_p − m^2Δ̌^l_p Δ̌^r_pΔ̌^l_p

=−^1_{p2}

+m^4Δ̌^l_pΔ̌^r_pΔ̌^l_pΔ̌^r_pΔ̌^l_p + . . .

= i σ̄ · p p^2 ∞∑ n=0 ( m^2 p^2 )_n

= i σ̄ · p p^2 1 1 −^{m2}_{p2} = i σ̄ · p p^2 − m^2

. (A.57)

Now the pole lies on the real axis only, however we note that the geometric series converges only for p > m. The correct way of handling the poles is to add +iϵ in the denominator giving^2

Δ̌^l_{tot} = i σ̄ · p p^2 − m^2 + iϵ

. (A.58)

An analogous calculation for Δ̌^r_{tot} leads to

Δ̌^r_{tot} = i σ̄ · p p^2 − m^+iϵ

. (A.59)

We can also try to sum the contributions of an odd number of mass terms, describing an incoming left-chiral and outgoing right-chiral fermion.

Δ̌^{lr}_{tot,p} = ∫ d^4k_1(im)δ^{(4)}(p + k_1)Δ̌^l_pΔ̌^r_1 + ∫ d^4k_1 d^4k_2 d^4k_3(im)^3δ^{(4)}(p + k_1)δ^{(4)}(k_1 + k_2)δ^{(4)}(k_2 + k_3)Δ̌^l_pΔ̌^r_1Δ̌^l_2Δ̌^r_3 + ∫ d^4k_1 d^4k_2 d^4k_3 d^4k_4 d^4k_5(im)^5δ^{(4)}(p + k_1)δ^{(4)}(k_1 + k_2)δ^{(4)}(k_2 + k_3)

× δ^{(4)}(k_3 + k_4)δ^{(4)}(k_4 + k_5)Δ̌^l_pΔ̌^r_1Δ̌^l_2Δ̌^r_3Δ̌^l_4Δ̌^r_5 + . . . = −im σ̄ · p p^2 σ · p p^2 − im^3 σ̄ · p p^2 σ · p p^2 σ̄ · p p^2 σ · p p^2 − im^5 σ̄ · p p^2 σ · p p^2 σ̄ · p p^2 σ · p p^2 σ̄ · p p^2 σ · p p^2 − . . . = −im p^2 ( 1 + m^2 p^2 + m^4 p^4 + . . . )

= −im p^2 1 1 −^{m2}_{p2} = −im p^2 − m^2 + iϵ

. (A.60)

2The iϵ in the denominator comes from adding +iϵ × (term quadratic in the field) to L to make the path integral converge. For the sake of brevity however we will omit this when writing down L.

In a similiar matter we get for Δ̌^{rl}_{tot,p}: Δ̌^{rl}_{tot,p} = −im p^2 − m^2 + iϵ

. (A.61)

Free Bosons

The generating functional for the propagator of a free boson ϕ with mass m is Z[J, J^∗] = N ∫ DϕDϕ^∗e^i ∫ d^4x(−ϕ^∗(�+m^2)ϕ−Jϕ−J^∗ϕ^∗). (A.62)

In analogy to the propagator for the free Weyl spinor we shift the integration variables in the exponent by

ϕ_x = ϕ^′_x − i ∫ d^4zΔ_{xz}J^∗_z ϕ^∗_x = ϕ^{∗′}_x − i ∫ d^4zΔ_{xz}J_z, (A.63)

with Δ_{xz} solving

(� + m^2)Δ_{xz} = −iδ^{(4)}(x − z)

⇒ Δ̌ = i k^2 − m^2 + iϵ

. (A.64)

This gives Z[J, J^∗] = N ∫ DϕDϕ^∗e^i ∫ d^4x(−ϕ^{′∗}_x (�+m^2)ϕ_x+i ∫ d^4zJ_xΔ_{xz}J^∗_z ), (A.65)

so that we can calculate the 2-point function

⟨0|T ϕ_1ϕ^∗_2|0⟩ = 1 Z[0] i δ δJ_1 i δ δJ^∗_2 N ∫ DϕDϕ^∗e^i ∫ d^4x(−ϕ^{′∗}_x (�+m^2)ϕ^′_x+i ∫ d^4zJ_xΔ_{xz} J^∗_z ) | | J=J^∗=0

= Δ_{12}. (A.66)

Free Massless Gauge Bosons

When trying to evaluate the 2-point function for massless gauge bosons we discover that we cannot calculate the propagator by simply inverting the equation of motion in Fourier space^3. In the path integral formalism the origin of this problem is visiblemore clearly. Because of gauge invariance one has to be careful not to perform the functional integration over equivalent field configurations. We take care of this by inserting a factor 1 = Υ_G[A^a_μ]Υ_G[A^a_μ]^{−1} with Υ to be defined below into the generating functional and hiding the infinity which originates from the

3For example in the case of the electro-magnetic field the equation of motion is (−k^2gμν + kμkν )Δ̌^{νρ}_k = iδ^ρ_μ where the operator on the left hand side is singular.

equivalent field configurations inside the normalization N^{′′}

Z[J^a_μ ] = N ∫ DA^a_μΥ_G[A^a_μ] ∫ DU^a δ[G[A^{aU}_μ ]] =Υ_G[A^a_μ]^{−1} e^{iS[AaUμ ]+i} ∫ d^4z J^{aν}_z A^{aU}_{νz} ,

⇒ Υ_G[A^a_μ] = ∫ DG δ[G] det | | δU^a δG[A^{aU}_μ ] | | = det | | δU^a δG[A^{aU}_μ ] | | G=0 , ⇒ Υ_G[A^a_μ]^{−1} = det | |δG[A^{aU}μ ] δU^a | | G=0 = N ∫ DU =_∞ ∫ DA^a_μ det | |δG[A^{aU}μ ] δU^a | | G=0 δ[G[A^a_μ]]e^{iS[Aaμ]+} ∫ d^4z J^{aν}_z A^a_{νz}

= N^′ ∫ DA^a_μ det | |δG[A^{aU}μ ] δU^a | | G=0 δ[G[A^a_μ]]e^{iS[Aaμ]+i} ∫ d^4z J^{aν}_z A^a_{νz} , (A.67)

with A^{aU}_μ = A^a_μ − ∂_μU^a + f^{abc}U^bA^c_μ and the gauge fixing condition G[A^a_μ] = ∂^μA^a_μ = 0. We

note that from line 1 to line 4 we only shifted and rescaled the integration variable A^a_μ and

then defined N^′ = N ∫ DU, hiding the infinity. As the gauge is arbitrary we may proceed

introducing G^′ = G + c and integrating over all functions c with ’Gaussian’ weight^4, changing

only the normalization of Z. This gives

Z[J^a_μ ] = N^{′′} ∫ DA^a_μ ∫ Dc e^{− i2ξ} ∫ d^4x c_xc_x δ[G′[Aa μ] − c] det | | | δG^′ δU^a | | |_{G=0}e^{iS[Aaμ]+i} ∫ d^4z J^{aν}_z A^a_{νz} = N^{′′} ∫ DA^a_μ det | | δG^′ δU^a | | G=0 e^{iS[Aaμ]+i} ∫ d^4 zJ^{aν}_z A^a_{νz} −^i_{2ξ} ∫ d^4x G^′[A^a_{μx}]G^′[A^a_{μx}]

= N^{′′} ∫ DA^a_μ ∫ Dη̄Dη e^{iS[Aaμ]+i} ∫ d^4z J^{aν}_z A^a_{νz} +i ∫ d^4xd^4y η̄^a_x^{δG} ′[AaU μx ] δUay | |_{G=0η}b_{y −} i_{2ξ}^∫_d4_{x G}′_{[A}a_{μx]G}′_{[A}a_{μx]} , (A.68)

with

det | | δG^′[A^{aU}μ ] δU^a | | G=0 = ∫ Dη̄Dη e^i ∫ d^4xd^4y η̄^a_x^{δG} ′[AaU μx ] δUay | | G=0 η^b_y with anticommuting η.

We have to find an expression for^{δG′x[AaUμ ]}_{δU ay} | |_{G=0}

G[A^{aU}_μ ] = ∂^μ ( A^a_μ − ∂_μU^a + f^{abc}U^bA^c_μ )

= G[A^a_μ] − ( �δ^{ab} − f^{abc} ( A^c_μ∂^μ + (∂^μA^c_μ) )) U^b ⇒ δG^′_x[A^{aU}_μ ] δU^a_y | |_{G=0} = ( f^{abc} ( A^c_μ∂^μ + (∂^μA^c_μ) )) δ(x − y), (A.69)

4Here ξ is an arbitrary real parameter

where we used^{δG′x[AaUμ ]}_{δU ay} | |_{G=0} =^{δGx[AaUμ ]}_{δU} a_y | |_{G=0}. Plugging this into (A.68) gives

Z[J^a_μ ] = ∫ DA^a_μDη^∗Dη e^i ∫ d^4x J^{aμ}_x A^a_{μx}+iS[A^a_μ]+ ∫ d^4x (_{− i} 2ξ ∂^ν A^a_{xμ}∂^ρA^a_{xρ}+if^{abc}η̄^a_x A^c_{μx}∂^μη^b_x+if^{abc}η̄^a_x (∂^μA^c_{μx})η^b_x +iη̄^a_x �η^a_x ) . (A.70)

The anti-commuting fields η, η̄ are the so-called Faddeev-Popov ghosts [FP67]. Now we are able to calculate the 2-point functions.

U(1) Gauge Boson The kinetic term for the U(1) gauge boson is given by

L = − 1 4 A^{μν} A_{μν} − 1 2ξ_Y (∂^μA^0_μ)^2 = 1 2 A^0_μ ( �g^{μν} − (1 − 1 ξ_Y )∂^μ∂^ν ) A^0_ν , (A.71)

leading to the equation of motion ( �g^{μν} − (1 − 1 ξ_Y )∂^μ∂^ν ) A^0_ν = 0.

We transform the equation to Fourier space and get ( −k^2g^{μν} + (1 − 1 ξ_Y )k^μk^ν ) Ǎ^0_ν = 0,

and thus ( −k^2g^{μν} + (1 − 1 ξ_Y )k^μk^ν ) Δ̌_{νρ} = iδ^μ_ρ .

We invert the equation to find

Δ̌_{νρ} = −i k^2 + iϵ ( g_{νρ} − (1 − ξ_Y ) k_ν k_ρ k^2 ) . (A.72)

As usual we complete the square in the exponent of the generating functional W [J] by shifting A^0_μ = A^{0′}_μ + i ∫ d^4y Δ_{xyμν} J^ν_y 1 2 A^0_{μx} ( �g^{μν} − (1 − 1 ξ_Y )∂^μ∂^ν ) A^0_{νx} + J^μ_x A_{μx} = 1 2 A^{0′}_{μx} ( �g^{μν} − (1 − 1 ξ_Y )∂^μ∂^ν ) A^{0′}_{νx} + i 2 ∫ d^4y J^μ_x Δ_{μνxy}J^ν_y . (A.73)

So we get for the 2 point function

⟨0|T A^0_{ρ1}A^0_{σ2}|0⟩=

(−i)^2Nδ^2 Z[0]δJ_{ρ1}δJ_{σ2} ∫ DA^0_μe^i ∫ d^4x

(_1 2 A^{0′}_{μx} ( �g^{μν} −(1−^1_{ξY} )∂^μ∂^ν ) A^{0′}_{νx}+^i_2 ∫ d^4y J^μ_x Δ_{μνxy}J^ν_y )| | |_{J=0} = Δ_{ρσ12}, (A.74)

which is what we expected.

SU(2) Gauge Bosons The SU(2)_L gauge bosons can be treated the same way as the U(1) gauge boson giving

L = − 1 4 W^{+μν} W_{−μν} − 1 2ξ_L (∂^μW^a_μ )^2 + m^2W^+_μ W^{μ−},

⇒ L_{kin} = − 1 2 tr [ [∂_μW^{a+}_μ τ^a − ∂_ν W^{a−}_μ τ^a][∂^μW^{cν+}τ^c − ∂^ν W^{cμ−}τ^c] ] + 1 2ξ_L W^{a+}_μ ∂^μ∂^ν W^{a−}_ν + m^2W^+_μ W^{μ−} = 1 2 W^{a+}_μ ( (� + m^2)g^{μν} − (1 − 1 ξ_G )∂^μ∂^ν ) W^{a−}_ν . (A.75)

This leads to the following equation of motion and the propagator ( (� + m^2)g^{μν} − (1 − 1 ξ_L )∂^μ∂^ν ) Δ̌_{νρ} = iδ^μ_ρ ,

⇒ Δ̌_{νρ} = −i k^2 − m^2 + iϵ ( g_{νρ} − (1 − ξ_L) k_ν k_ρ k^2 ) . (A.76)

SU(3)_C Gauge Bosons Similarily, for the SU(3)_C gauge bosons we have

L = − 1 4 G^{μν} G_{μν} − 1 2ξ_C (∂^μG^a_μ)^2,

⇒ L_{kin} = − 1 2 tr [ [∂_μG^a_μt^a − ∂_ν G^a_μt^a][∂^μG^{cν} t^c − ∂^ν G^{cμ}t^c] ] + 1 2ξ_C G^a_μ∂^μ∂^ν G^a_ν = 1 2 G^a_μ ( �g^{μν} − (1 − 1 ξ_C )∂^μ∂^ν ) G^a_ν . (A.77)

This leads to the following equation of motion and the propagator ( �g^{μν} − (1 − 1 ξ_C )∂^μ∂^ν ) Δ̌_{νρ} = iδ^μ_ρ ,

⇒ Δ̌_{νρ} = −i k^2 + iϵ ( g_{νρ} − (1 − ξ_C ) k_ν k_ρ k^2 ) . (A.78)

A.4 MSSM Lagrangian

A.4.1 Kinetic Terms We have kinetic terms for the matter and gauge fields:

L_{kin} = L_{kin,matter} + L_{kin,gauge}

= iD_μLσ^μL̄ + i(D_μL̃)^†(D^μL) + i √ 2[L̃^†( −g_Y 2 B̃^0 + g_LW̃^aτ^a)L − L̃(g^Y 2 ¯B̃^0 + g_L ¯W̃^aτ a)L̄] + −g_Y 2 L̃^†D_Y L̃ + g_LL̃^†D^a_Lτ^aL̃ + F^†_{eL} F_{eL} + F^†_{νe} F_{νe}

+iD_μē_Rσ^μe_R + (D_μẽ_R)^∗(D^μẽ_R) + i √ 2[ẽ_R −g_Y 2 B̃^0ē_R − ẽ^∗_R −g^Y 2 ¯B̃^0e_R]

+g_Y ẽ^∗_RD_Y ẽ_R + F^†_{eR} F_{eR} + iD_μQ_Lσ^μQ̄_L + (D_μQ̃_L)^†(D^μQ̃_L) +i √ 2[Q̃^†_L( g_Y 6 B̃^0 + g_LW̃^aτ^a + g_CG̃^at^a)Q_L − Q̃(g^Y 6 ¯B̃^0 + g_L ¯W̃^aτ a + g_C ¯G̃_ata)Q̄_L] + g_Y 6 Q̃^†_LD_Y Q̃_L + g_LQ̃^†_LD^a_Lτ^aQ̃_L + g_CQ̃^†_LD^a_C t^aQ̃_L + F^†_{uL} F_{uL} + F^†_{dL} F_{dL}

+iD_μu_Rσ^μū_R + (D_μũ_R)^∗(D^μũ_R) +i √ 2[ũ_R( −2g_Y 3 B̃^0 + g_CG̃^at^a)ū_R − ũ^∗_R(−2g^Y 3 ¯B̃^0 + g_CG̃ata)u_R] + −2g_Y 3 ũ^∗_RD_Y ũ_R + g_Cũ^∗_RD^a_C t^aũ_R + F^†_{uR} F_{uR} + iD_μd_Rσ^μd̄_R + (D_μd̃_R)^∗(D^μd̃_R) +i √ 2[d̃_R( g_Y 3 B̃^0 + g_CG̃^at^a)d̄_R − d̃^∗_R(g^Y 3 ¯B̃^0 + g_CG̃ata)d_R] + g_Y 3 d̃^∗_RD_Y d̃_R + g_Cd̃^∗_RD^a_c t^ad̃_R + F^†_{dR} F_{dR}

+iD_μH̃_uσ^μ ¯H̃_u + (D_μH_u)^†(D^μH_u) +i √ 2[H^†_u( g_Y 2 B̃^0 + g_LW̃^aτ^a)H̃_u − H_u(g^Y 2 ¯B̃^0 + g_L ¯W̃^aτ a) ¯H̃_u] + g_Y 2 H^†_uD_Y H_u + g_LH^†_uD^a_Lτ^aH_u + F^†_{H+u} F_H+_u + F^†_{H0u} F_H0_u

+iD_μH̃_dσ^μ ¯H̃_d + (D_μH_d)^†(D^μH_d) +i √ 2[H^†_d( −g_Y 2 B̃^0 + g_LW̃^aτ^a)H̃_d − H_d(−g^Y 2 ¯B̃^0 + g ¯W̃^aτ a) ¯H̃_d] + −g_Y 2 H^†_dD_Y H_d + g_LH^†_dD^a_Lτ^aH_d + F^†_{H−d} F_H−_d + F^†_{H0d} F_H0_d − 1 4 A^0_{μν} A^{0μν} + iÃ^0σ^μ∂_μ ¯Ã^0 + 1 2 D_Y D_Y − 1 4 B^a_{μν} B^{aμν} + iB̃^aσ^μD̃^{ac}_μ ¯B̃^c + 1 2 D^a_LD^a_L − 1 4 G^a_{μν} G^{aμν} + iG̃^aσ^μD̃^{ac}_μ ¯G̃^c + 1 2 D^a_C D^a_C . (A.79)

The equations of motion for the auxiliary fields D_i give D_Y = −g_Y (−1 2 L̃^†L̃ + ẽ^∗_Rẽ_R + 1 6 Q̃^†_LQ̃_L + 1 3 (−2ũ^∗_Rũ_R + d̃^∗_Rd̃_R) + 1 2 (H^†_uH_u − H^†_dH_d) )

D^a_L = −g_L ( L̃^†τ^aL̃ + Q̃^†_Lτ^aQ̃_L + H^†_uτ^aH_u + H^†_dτ^aH_d )

D^a_C = −g_C ( Q̃^†_Lt^aQ̃_L + ũ^∗_Rt^aũ_R + d̃^∗_Rt^ad̃_R ) . (A.80)

We note that the expressions in L_{kin,matter} containing the D_i are equal to −D_iD_i so that we can combine this with the term +^1_2 D_iD_i coming from L_{kin,gauge}, hence a factor of −^1_2 will remain. Making use of (B.16) and remembering τ^a =^{σa}_2 , t^a =^{λa}_2 we get

(D_Y )^2 = g^2_Y 4 ( L̃^†L̃ )_2 + g^2_Y (ẽ^∗_Rẽ_R)^2 + g^2_Y 36 ( Q̃^†_LQ̃_L )_2

+ 4g^2_Y 9 (ũ^∗_Rũ_R)^2 + g^2_Y 9 ( d̃^∗_Rd̃_R )_2 + g^2_Y 4 ( H^†_uH_u )_2

+ g^2_Y 4 ( H^†_dH_d )_2

−g^2_Y L̃^†L̃ẽ^∗_Rẽ_R − g^2_Y 6 L̃^†L̃Q̃^†_LQ̃_L + 2g^{2Y} 3 L̃^†L̃ũ^∗_Rũ_R − g^2_Y 3 L̃^†L̃d̃^∗_Rd̃_R − g^{2Y} 2 L̃^†L̃H^†_uH_u + g^{2Y} 2 L̃^†L̃H^†_dH_d + g^2_Y 3 ẽ^∗_Rẽ_RQ̃^†_LQ̃_L −

4g^2_Y 3 ẽ^∗_Rẽ_Rũ^∗_Rũ_R −

2g^2_Y 3 ẽ^∗_Rẽ_Rd̃^∗_Rd̃_R

+g^2_Y ẽ^∗_Rẽ_RH^†_uH_u − g^2_Y ẽ^∗_Rẽ_RH^†_dH_d − 2g^2_Y 9 Q̃^†_LQ̃_Lũ^∗_Rũ_R + g^{2Y} 9 Q̃^†_LQ̃_Ld̃^∗_Rd̃_R + g^{2Y} 6 Q̃^†_LQ̃_LH^†_uH_u − g^2_Y 6 Q̃^†_LQ̃_LH^†_dH_d − 4g^2_Y 9 ũ^∗_Rũ_Rd̃^∗_Rd̃_R −

2g^2_Y 3 ũ^∗_Rũ_RH^†_uH_u +

2g^2_Y 3 ũ^∗_Rũ_RH^†_dH_d + g^2_Y 3 d̃^∗_Rd̃_RH^†_uH_u − g^{2Y} 3 d̃^∗_Rd̃_RH^†_dH_d − g^2_Y 2 H^†_uH_uH^†_dH_d 4(D_L)^2 = g^2_L ( L̃^†L̃ )_2 + g^2_L ( Q̃^†_LQ̃_L )_2

+ g^2_L ( H^†_uH_u )_2

+ g^2_L ( H^†_dH_d )_2

+4g^2_LL̃^†Q̃_LQ̃^†_LL̃ − 2g^2_LL̃^†L̃Q̃^†_LQ̃_L +4g^2_LL̃^†H_uH^†_uL̃ − 2g^2_LH^†_uH_uL̃^†L̃ +4g^2_LL̃^†H_dH^†_dL̃ − 2g^2_LH^†_dH_dL̃^†L̃ +4g^2_LQ̃^†_LH_uH^†_uQ̃_L − 2g^2_LQ̃^†_LQ̃_LH^†_uH_u +4g^2_LQ̃^†_LH_dH^†_dQ̃_L − 2g^2_LQ̃^†_LQ̃_LH^†_dH_d +4g^2_LH^†_uH_dH^†_dH_u − 2g^2_LH^†_uH_uH^†_dH_d

4(D_C )^2 =

4g^2_C 3 ( Q̃^†_LQ̃_L )_2 + 4g^2_C 3 (ũ^∗_Rũ_R)^2 +

4g^2_C 3 ( d̃^∗_Rd̃_R )_2

+4g^2_CQ̃^†_Lũ_Rũ^∗_RQ̃_L −

4g^2_C 3 Q̃^†_LQ̃_Lũ^∗_Rũ_R

+4g^2_CQ̃^†_Ld̃_Rd̃^∗_RQ̃_L −

4g^2_C 3 Q̃^†_LQ̃_Ld̃^∗_Rd̃_R

+4g^2_Cũ^∗_Rd̃_Rd̃^∗_Rũ_R −

4g^2_C 3 ũ^∗_Rũ_Rd̃^∗_Rd̃_R. (A.81)

A.4.2 Superpotential The superpotential for the MSSM is given by W = h^e_{ij}ẽ^∗_{Ri}L̃^r_j H^s_dϵ^{rs} + h^u_{ij}ũ^∗_{Ri}Q̃^r_j H^s_uϵ^{rs} + h^d_{ij}d̃^∗_{Ri}Q̃^r_j H^s_dϵ^{rs} + μH^r_uH^s_dϵ^{rs}. (A.82) Using

L_{int} = − 1 2 W^{ij}(ϕ, ϕ^†)ψ_iψ_j + W^i(ϕ, ϕ^†)F_i + h.c.,

F^†_k = − δW δϕ_k , F^†_{L̃rj} = −h^e_{ij}ẽ^∗_{Ri}H^s_d ϵ^{rs}, F^†_Hs_d = −[h^e_{ij}ẽ^∗_{Ri}L̃^r_j ϵ^{rs} + h^d_{ij}d̃^∗_{Ri}Q̃^r_j ϵ^{rs} + μH^r_uϵ^{rs}], F^†_{Q̃rj} = −[h^u_{ij}ũ^∗_{Ri}H^s_uϵ^{rs} + h^d_{ij}d̃^∗_{Ri}H^s_d ϵ^{rs}], F^†_Hs_u = −[h^u_{ij}ũ^∗_{Ri}Q̃^r_j ϵ^{rs} + μH^s_d ϵ^{rs}], F^†_{d̃∗Ri} = −h^d_{ij}Q̃^r_j H^s_d ϵ^{rs}, F^†_ẽ∗_{Ri} = −h^e_{ij}L̃^r_j H^s_d ϵ^{rs}, F^†_ũ∗_{Ri} = −h^u_{ij}Q̃^r_j H^s_uϵ^{rs}, (A.83)

and ϵ^{rs} = { +1 for r = 1, s = 2 −1 for r = 2, s = 1 this gives

L_{int} = − 1 2 [h^e_{ij} (ē_{Ri}L^r_j H^s_d ϵ^{rs} + ē_{Ri}L̃^r_jH̃^s_dϵ^{rs} + ẽ^∗_{Ri}L^r_jH̃^s_d ϵ^{rs}) +h^u_{ij}(ū_{Ri}Q^r_j H^s_uϵ^{rs} + ū_{Ri}Q̃^r_jH̃^s_uϵ^{rs} + ũ^∗_{Ri}Q^r_jH̃^s_uϵ^{rs}) +h^d_{ij}(d̄_{Ri}Q^r_j H^s_dϵ^{rs} + d̄_{Ri}Q̃^r_jH̃^s_d ϵ^{rs} + d̃^∗_{Ri}Q^r_jH̃^s_d ϵ^{rs}) +μH̃^r_uH̃^s_d ϵ^{rs}] −[h^e_{ij}L̃^r_j H^s_dϵ^{rs}h^{e∗}_{il} L̃^t_l H^q_d ϵ^{tq} + h^e_{ij}ẽ^∗_{Ri}H^s_d ϵ^{rs}h^{e∗}_{jl} ẽ_{Rl}H^{t∗}_d ϵ^{rt} +h^e_{ij}h^{e∗}_{kl} ẽ^∗_{Ri}L̃^r_j ϵ^{rs}ẽ_{Rk}L̃^{t∗}_l ϵ^{ts} + h^u_{ij}Q̃^r_j H^s_uϵ^{rs}h^{u∗}_{ik} Q̃^{t∗}_k H^{q∗}_u ϵ^{tq} +h^u_{ij}ũ^∗_{Ri}H^s_uϵ^{rs}h^{u∗}_{kj} ũ_{Rk}H^{t∗}_u ϵ^{rt} + h^u_{ij}ũ^∗_{Ri}Q̃^r_j ϵ^{rs}h^{u∗}_{kl} ũ_{Rk}Q̃^{t∗}_l ϵ^{ts} +h^d_{ij}Q̃^r_j H^s_d ϵ^{rs}h^{d∗}_{ik} Q̃^{t∗}_k H^{q∗}_d ϵ^{tq} + h^d_{ij}d̃^∗_{Ri}H^s_d ϵ^{rs}h^{d∗}_{kj}d̃_{Rk}H^{t∗}_d ϵ^{rt} +h^d_{ij}d̃^∗_{Ri}Q̃^r_j ϵ^{rs}h^{d∗}_{kl} d̃_{Rk}Q̃^{t∗}_l ϵ^{ts} + μ^2H^s_uϵ^{rs}H^{t∗}_u ϵ^{rt} +μ^2H^s_d ϵ^{rs}H^{t∗}_d ϵ^{rt} + h^e_{ij}ẽ^∗_{Ri}L̃^r_j ϵ^{rs}h^{d∗}_{kl} d̃_{Rk}Q̃^{t∗}_j ϵ^{ts} +h^e_{ij}ẽ^∗_{Ri}L̃^r_j ϵ^{rs}μH^{t∗}_u ϵ^{ts} + h^d_{ij}d̃^∗_{Ri}Q̃^r_j ϵ^{rs}μH^{t∗}_u ϵ^{ts} +h^u_{ij}ũ^∗_{Ri}H^s_uϵ^{rs}h^{d∗}_{kl} d̃_{Rk}H^{t∗}_d ϵ^{rt} + h^u_{ij}ũ^∗_{Ri}Q̃^r_j ϵ^{rs}μH^{t∗}_d ϵ^{ts}] + h.c. = − 1 2 [h^e_{ij}ē_{Ri}ν_j H^{(−)}_d − h^e_{ij}ē_{Ri}e_{Lj}v_d − h^e_{ij}ē_{Ri}e_{Lj} h^{(0)}_d +h^e_{ij}ẽ_{Ri}ν̃_jH^{(−)}_d − h^e_{ij}ē_{Ri}e_{Lj}H̃^{(0)}_d + h^e_{ij}ẽ^∗_{Ri}ν_jH̃^{(−)}_d −h^e_{ij}ẽ^∗_{Ri}e_{Lj}H̃^{(0)}_d + h^u_{ij}ū_{Ri}u_{Lj} v_u + h^u_{ij}ū_{Ri}u_{Lj}h^{(0)}_u −h^u_{ij}ū_{Ri}d_{Lj} H^{(+)}_u + h^u_{ij}ū_Rũ_{Lj}H̃^{(0)}_u − h^u_{ij}ū_{Ri}d̃_{Lj}H̃^{(+)}_u +h^u_{ij}ũ^∗_{Ri}u_{Lj}H̃^{(0)}_u − h^u_{ij}ũ^∗_{Ri}d_{Lj}H̃^{(+)}_u + h^d_{ij}d̄_{Ri}u_{Lj}H^{(−)}_d −h^d_{ij}d̄_{Ri}d_{Lj}v_d − h^d_{ij}d̄_{Ri}d_{Lj} h^{(0)}_d + h^d_{ij}d̄_{Ri}ũ_{Lj}H̃^{(−)}_d −h^d_{ij}d̄_{Ri}d̃_{Lj}H̃^{(0)}_d + h^d_{ij}d̃^∗_{Ri}u_{Lj}H̃^{(+)}_d − h^d_{ij}d̃^∗_{Ri}d_{Lj}H̃^{(0)}_d +μH̃^{(+)}_u H̃^{(−)}_d − μH̃^{(0)}_u H̃^{(0)}_d ]

−[h^e_{ij} h^{e∗}_{il} ν̃_jν̃^∗_l H^{(−)∗}_d H^{(−)}_d − h^e_{ij} h^{e∗}_{il} ν̃_j H^{(−)}_d ẽ^∗_{Ll}v^∗_d − h^e_{ij} h^{e∗}_{il} ν̃_j H^{(−)}_d ẽ^∗_{Ll}h^{(0)∗}_d −h^e_{ij}h^{e∗}_{il} ẽ_{Lj} v_dν̃^∗_l H^{(−)∗}_d + h^e_{ij} h^{e∗}_{il} ẽ_{Lj} v_dẽ^∗_{Ll}v^∗_d + h^e_{ij} h^{e∗}_{il} ẽ_{Lj} v_dẽ^∗_{Ll}h^{(0)}_d −h^e_{ij}h^{e∗}_{il} ẽ_{Lj} h^{(0)}_d ν̃^∗_e H^{(−)∗}_d + h^e_{ij} h^{e∗}_{il} ẽ_{Lj} h^{(0)}_d ẽ^∗_{Ll}v^∗_d + h^e_{ij} h^{e∗}_{il} ẽ_{Lj}h^{(0)}_d ẽ^∗_{Ll}h^{(0)∗}_d +h^e_{ij}h^{e∗}_{jl} ẽ^∗_{Ri}ẽ_{Rl}v^∗_dv_d + h^e_{ij} h^{e∗}_{jl} ẽ^∗_{Ri}ẽ_{Rl}v_dh^{(0)∗}_d + h^e_{ij} h^{e∗}_{jl} ẽ^∗_{Ri}ẽ_{Rl}v^∗_dh^{(0)}_d +h^e_{ij}h^{e∗}_{jl} ẽ^∗_{Ri}ẽ_{Rl}h^{(0)∗}_d h^{(0)}_d + h^e_{ij} h^{e∗}_{jl} ẽ^∗_{Ri}ẽ_{Rl}H^{(−)∗}_d H^{(−)}_d + h^e_{ij} h^{e∗}_{kl} ẽ^∗_{Ri}ẽ_{Rk}ν̃_jν̃^∗_l +h^e_{ij}h^{e∗}_{kl} ẽ^∗_{Ri}ẽ_{Rk}ẽ_{Lj}ẽ^∗_{Ll} +h^u_{ij}h^{u∗}_{ik} ν̃_jv_uν̃^∗_k v^∗_u + h^u_{ij} h^{u∗}_{ik} ν̃_j v_uν̃^∗_k h^{(0)∗}_u − h^u_{ij} h^{u∗}_{ik} ν̃_jv_uẽ^∗_{Lk}H^{(+)}_u +h^u_{ij}h^{u∗}_{ik} ν̃_jh^{(0)}_u ν̃^∗_k v^∗_u + h^u_{ij} h^{u∗}_{ik} ν̃_j h^{(0)}_u ν̃^∗_k h^{(0)∗}_u − h^u_{ij} h^{u∗}_{ik} ν̃_jh^{(0)}_u ẽ^∗_{Lk}H^{(+)∗}_u −h^u_{ij}h^{u∗}_{ik} ẽ_{Lj} H^{(+)}_u ν̃^∗_k v^∗_u − h^u_{ij} h^{u∗}_{ik} ẽ_{Lj} H^{(+)}_u ν̃^∗_k h^{(0)∗}_u + h^u_{ij} h^{u∗}_{ik} ẽ_{Lj} H^{(+)}_u ẽ^∗_{Lk}H^{(+)∗}_u +h^u_{ij}h^{u∗}_{kj} ũ^∗_{Ri}ũ_{Rk}v^∗_uv_u + h^u_{ij} h^{u∗}_{kj} ũ^∗_{Ri}ũ_{Rk}v_uh^{(0)∗}_u + h^u_{ij} h^{u∗}_{kj} ũ^∗_{Ri}ũ_{Rk}v^∗_uh^{(0)}_u +h^u_{ij}h^{u∗}_{kj} ũ^∗_{Ri}ũ_{Rk}H^{(+)∗}_u H^{(+)}_u + h^u_{ij} h^{u∗}_{kl} ũ^∗_{Ri}ũ_{Rk}ũ_{Lj}ũ^∗_{Ll} + h^u_{ij} h^{u∗}_{kl} ũ^∗_{Ri}ũ_{Rk}d̃_{Lj}d̃^∗_{Ll} +h^d_{ij}h^{d∗}_{ik} ũ_{Lj}H^{(−)}_d ũ^∗_{Lk}H^{(−)∗}_d − h^d_{ij} h^{d∗}_{ik} ũ_{Lj} H^{(−)}_d d̃^∗_{Lk}v^∗_d − h^d_{ij} h^{d∗}_{ik} ũ_{Lj} H^{(−)}_d d̃^∗_{Lk}h^{(0)∗}_d −h^d_{ij}h^{d∗}_{ik} d̃_{Lj}v_dũ^∗_{Lk}H^{(−)∗}_d + h^d_{ij} h^{d∗}_{ik} d̃_{Lj} v_dd̃^∗_{Lk}v^∗_d + h^d_{ij} h^{d∗}_{ik} d̃_{Lj} v_dd̃^∗_{Lk}h^{(0)∗}_d −h^d_{ij}h^{d∗}_{ik} d̃_{Lj}h^{(0)}_d ũ^∗_{Lk}H^{(−)∗}_d + h^d_{ij} h^{d∗}_{ik} d̃_{Lj} h^{(0)}_d d̃^∗_{Lk}v^∗_d + h^d_{ij} h^{d∗}_{ik} d̃_{Lj} h^{(0)}_d d̃^∗_{Lk}h^{(0)∗}_d +h^d_{ij}h^{d∗}_{kj}d̃^∗_{Ri}d̃_{Rk}v^∗_dv_d + h^d_{ij}h^{d∗}_{kj}d̃^∗_{Ri}d̃_{Rk}v_dh^{(0)∗}_d + h^d_{ij} h^{d∗}_{kj}d̃^∗_{Ri}d̃_{Rk}v^∗_dh^{(0)}_d +h^d_{ij}h^{d∗}_{kj}d̃^∗_{Ri}d̃_{Rk}h^{(0)∗}_d h^{(0)}_d + h^d_{ij} h^{d∗}_{kj}d̃^∗_{Ri}d̃_{Rk}H^{(−)∗}_d H^{(−)}_d + h^d_{ij} h^{d∗}_{kl} d̃^∗_{Ri}d̃_{Rk}ũ_{Lj}ũ^∗_{Lk} +h^d_{ij}h^{d∗}_{kl} d̃^∗_{Ri}d̃_{Rk}d̃_{Lj}d̃^∗_{Ll} +μ^2v^∗_uv_u + μ^2v^∗_uh^{(0)}_u + μ^2v_uh^{(0)∗}_u + μ^2h^{(0)}_u h^{(0)∗}_u + μ^2H^{(+)∗}_u H^{(+)}_u +μ^2v^∗_dv_d + μ^2v^∗_dh^{(0)}_d + μ^2v_dh^{(0)∗}_d + μ^2h^{(0)}_d h^{(0)∗}_d + μ^2H^{(−)∗}_d H^{(−)}_d +h^e_{ij}h^{d∗}_{kl} ẽ^∗_{Ri}d̃_{Rk}ν̃_jũ_{Ll} + h^e_{ij} h^{d∗}_{kl} ẽ^∗_{Ri}d̃_{Rk}ẽ_{Lj}d̃_{Ll} +h^e_{ij}μẽ^∗_{Ri}ν̃_j H^{(+)∗}_u + h^e_{ij} μv_uẽ^∗_{Ri}ẽ_{Lj} + h^e_{ij} μẽ^∗_{Ri}ẽ_{Lj} h^{(0)∗}_u +h^d_{ij}μd̃^∗_{Ri}ũ_{Lj} H^{(+)∗}_u + h^e_{ij} μv_ud̃^∗_{Ri}d̃_{Lj} + h^e_{ij} μd̃^∗_{Ri}d̃_{Lj}h^{(0)∗}_u +h^u_{ij}h^{d∗}_{kl} v_dũ^∗_{Ri}d̃_{Rk}H^{(+)}_u + h^u_{ij} h^{d∗}_{kl} ũ^∗_{Ri}d̃_{Rk}H^{(+)}_u h^{(0)∗}_d + h^u_{ij} h^{d∗}_{kl} v_uũ^∗_{Ri}d̃_{Rk}H^{(−)∗}_d +h^u_{ij}h^{d∗}_{kl} ũ^∗_{Ri}d̃_{Rk}h^{(0)}_u H^{(−)∗}_d +h^u_{ij}μv_dũ^∗_{Ri}ũ_{Lj} + h^u_{ij} μũ^∗_{Ri}ũ_{Lj}h^{(0)∗}_d + h^u_{ij} μũ^∗_{Ri}ũ_{Lj}H^{(−)∗}_d ] +h.c., (A.84)

where we made use of ∑ s ϵ^{rs}ϵ^{ts} = δ^{rt} and gave vevs to the Higgs bosons H_u = (H^{(+)}_u , v_u + h^{(0)}_u ), H_d = (v_d + h^{(0)}_d , H^{(−)}_d ). The term in the second square brackets is equal to − ∑ i W^†_i W_i.

The term coming from the Hermitian conjugation is canceled by the one coming from L_{kin}.

A.4.3 Higgs Mechanism

The covariant derivative acting on the Higgs doublets is given by

D_μ = ∂_μ + 3∑ a=1 ig_L 2 σ^aW^a_μ + ig_Y Y B^0_μ

D_μH_u = ( ∂_μ +^{igL}_2 W^3_μ +^{igY}_2 B^0_μ ) H^{(+)}_u +^{igY}_2 ( W^1_μ − iW^2_μ ) ( v_u + h^{(0)}_u ) ig_L 2 ( W^1_μ + iW^2_μ ) H^{(+)}_u + ( ∂_μ −^{igL}_2 W^3_μ +^{igY}_2 B^0_μ ) ( v_u + h^{(0)}_u ) ,

(D_μH_u)^† = ( ∂_μ −^{igL}_2 W^3_μ −^{igY}_2 B^0_μ ) H^{(+)∗}_u −^{igY}_2 ( W^1_μ + iW^2_μ ) ( v^∗_u + h^{(0)∗}_u ) −^{igL}_2 ( W^1_μ − iW^2_μ ) H^{(+)∗}_u + ( ∂_μ +^{igL}_2 W^3_μ −^{igY}_2 B^0_μ ) ( v^∗_u + h^{(0)∗}_u ) T ,

D_μH_d = ( ∂_μ +^{igL}_2 W^3_μ −^{igY}_2 B^0_μ ) ( v_d + h^{(0)}_d ) +^{igL}_2 ( W^1_μ − iW^2_μ ) H^{(−)}_d ig_L 2 ( W^1_μ + iW^2_μ ) ( v_d + h^{(0)}_d ) + ( ∂_μ −^{igL}_2 W^3_μ −^{igY}_2 B^0_μ ) H^{(−)}_d ,

(D_μH_d)^† = ( ∂_μ −^{igL}_2 W^3_μ +^{igY}_2 B^0_μ ) ( v^∗_d + h^{(0)∗}_d ) −^{igL}_2 ( W^1_μ + iW^2_μ ) H^{(−)∗}_d −^{igL}_2 ( W^1_μ − iW^2_μ ) ( v^∗_d + h^{(0)∗}_d ) + ( ∂_μ +^{igL}_2 W^3_μ +^{igY}_2 B^0_μ ) H^{(−)∗}_d T . (A.85)

If we define

W^±_μ = 1 √ 2 ( W^1_μ ∓ iW^2_μ ) , (A.86)

the mass matrix for W^± is already diagonal with entry

m^2_W = g^2_L 2 ( |v_u|^2 + |v_d|^2 ) . (A.87)

The mass matrix for ( B^0_μ, W^3_μ ) is given by

(W^3, B^0) (_{g2L} 4 ( |v_u|^2 + |v_d|^2 )_{gLgY} 4 ( |v_u|^2 + |v_d|^2 ) g_Lg_Y 4 ( |v_u|^2 + |v_d|^2

)_g2_Y 4 ( |v_u|^2 + |v_d|^2 ) ) ( W^3 B^0 ) . (A.88)

Its eigenvalues λ_1, λ_2 and eigenvectors are calculated to

A_μ =^1√_{g2L+g2Y} ( g_LB^0_μ + g_Y W^3_μ ) , m_A = 2λ_1 = 0,

Z^0_μ =^1√_{g2L+g2Y} ( g_LW^3_μ − g_Y B^0_μ ) , m^2_Z = 2λ_2 = g^2_L + g^2_Y 2 ( |v_u|^2 + |v_d|^2 ) , (A.89)

where we can define the weak mixing angle to be

tan θ_W = g_Y g_L , sin θ_W = g_Y √ g^2_Y + g^2_L ,

cos θ_W = g_L √ g^2_Y + g^2_L

, (A.90) leading to the mass eigenstate fields

Z^0_μ = cos θ_W W^3_μ − sin θ_W B_μ, A_μ = cos θ_W B_μ + sin θ_W W^3_μ , (A.91)

The gauge eigenstates in terms of the mass eigenstates are given by

B_μ = cos θ_W A_μ − sin θ_W Z^0_μ, W^3_μ = sin θ_W A_μ + cos θ_W Z^0_μ. (A.92)

Defining τ^± =^1_2 ( σ^1 ± iσ^2 ) and s_W = sin θ_W , c_W = cos θ_W the covariant derivative of the broken theory is then given by

D_μ = ∂_μ + ig_L √ 2 ( W^+_μ τ^+ + W^−_μ τ^− ) + iA_μ ( g_Ls_W τ^3 + g_Y c_W Y ) +iZ_μ ( g_Y s_W Y − g_Lc_W τ^3 )

= ∂_μ +^i_2 A_μ (g_Ls_W + 2g_Y c_W Y )^{igL√}_2 W^+_μ −^i_2 Z_μ (2g_Y s_W Y − g_Lc_W )

∂_μ +^i_2 A_μ (−g_Ls_W + 2g_Y c_W Y ) ig_L√ 2 W^−_μ −^i_2 Z_μ (2g_Y s_W Y + g_Lc_W )

. (A.93)

86 APPENDIX A. CALCULATIONS

Appendix B

Notation and Conventions

First of all, we write the variable on which a field depends as a subscript to the lower right, e.g. ϕ_1 means ϕ(x_1) or ϕ_z means ϕ(z). When drawing Feynman diagrams the arrow of time points towards the right side.

B.1 Indices

• Indices from the beginning of the Latin alphabet {a, b, c, d, e, f} enumerate the generators of the gauge group, e.g. σ^a

• Indices from the middle of the Latin alphabet {i, j, k, l} denote the generation, e.g. e_i = (e, μ, τ). • Indices from the last third of the Latin alphabet {r, s, t} denote the weak SU(2)_L component, e.g. L^r = (ν, e).

• Undotted indices from the beginning of the Greek alphabet {α, β, γ, δ} are left-chiral Weyl spinor indices, e.g.θ^α.

• Dotted indices from the beginning of the Greek alphabet {α̇, β̇, γ̇, δ̇} are indices of rightchiral Weyl spinors, e.g.θ̄^{α̇}.

• Indices from the end of the Greek alphabet {μ, ν, ρ, σ} are Lorentz indices, e.g. p_μ.

B.2 Fourier-Transform

The Fourier transform is defined by

f_1 = ∫ d^4k_1 (2π)^4 e^{−ik1x1}f̌_1, f̌_1 = ∫ d^4x_1e^{ix1k1} f_1. (B.1)

B.3 Gauge Covariant Derivative

We define the gauge covariant derivative to be

D_μ = ∂_μ + igt^aG^a_μ, (B.2) where t^a are the generators of the gauge group (obeying [t^a, t^b] = if^{abc}t^c), G^a_μ the gauge fields and g the coupling constant. This leads to the field strength tensor G_{μν} = i g [D_μ, D_ν ] = i g [∂_μ − igt^aG^a_μ, d_ν − igt^bG^b_ν ] = 1 g [∂_μ, gt^bG^b_ν ] + 1 g [gt^aG^a_μ, ∂_ν ] − i g [gt^aG^a_μ, gt^bG^b_ν ] = ∂_μG_ν − ∂_ν G_μ − ig[G_μ, G_ν ], (B.3) with G_μ = t^aG^a_μ.

B.4 Definition of Green’s Function

We define the Green’s function Δ_{12} = Δ(x_1 − x_2) for an operator A to solve AΔ_{12} = iδ^{(n)}(x_1 − x_2), (B.4) with n = number of dimensions.

B.5 Tools for Weyl Spinors

We define σ^μ = (1, σ^i), σ̄^μ = (1, −σ^i) (B.5) with σ^i, i = 1 . . . 3 the Pauli matrices

σ^1 = ( 0 1 1 0 ) , σ^2 = ( 0 −i i 0 ) , σ^3 = ( 1 0 0 −1 ) . (B.6)

A useful definition is σ^{μν} = 1 4 {σ^μσ̄^ν − σ^νσ̄^μ}. (B.7) We present some traces of products of σ-matrices tr (σ^μσ̄^ν σ^ρσ̄^η) = 2 (g^{μν} g^{ρη} − g^{μρ}g^{νη} + g^{μη} g^{νρ} − iϵ^{μνρη} ) , tr (σ^μσ̄^ν ) = 2g^{μν} . (B.8) We multiply two left-chiral Weyl spinors χ, ψ by χψ = χ^αψ_α = −ψ_αχ^α = −ϵ_{αβ}ψ^β χ^α = ψ^β ϵ_{βα}χ^α = ψ^βχ_β = ψχ, (B.9) and two right-chiral Weyl spinors χ̄, ψ̄ by θ̄ψ̄ = θ̄_{α̇}ψ̄^{α̇} = ϵ_{α̇β̇}θ̄^{β̇}ψ̄^{α̇} = −ϵ_{α̇β̇}ψ̄^{α̇}θ̄^{β̇} = ϵ_{β̇α̇}ψ̄^{α̇}θ̄^{β̇} = ψ̄_{β̇}θ̄^{β̇} = ψ̄θ̄, (B.10)

B.6. GENERATORS OF SU(N) 89

with ϵ_{αβ} = ( 0 1 −1 0 ) , ϵ^{αβ} = ( 0 −1 1 0 )

ϵ_{α̇β̇} = ( 0 1 −1 0 ) , ϵ^{α̇β̇} = ( 0 −1 1 0 ) . (B.11)

We note that in spite of the convention for the multiplication of two Weyl spinors we raise and lower the spinor indices by multiplying with ϵ always from the left θ^α = ϵ^{αβ} θ_β, θ_α = ϵ_{αβ}θ^β, θ̄^{α̇} = ϵα̇^˙βθ̄_β, θ̄_{α̇} = ϵ_{α̇β̇}θ̄^{β̇}. (B.12)

The following useful identities hold − 1 2 ϵ^{αβ}θθ = θ^αθ^β, 1 2 ϵ^{α̇β̇}θ̄θ̄ = θ̄^{α̇}θ̄^{β̇}. (B.13)

B.6 Generators of SU(N)

Throughout this text we use

t^a = λ^a 2 , τ^a = σ^a 2 , (B.14)

with λ^a the usual Gell-Mann matrices and σ^a the Pauli matrices

λ^1 =

0 1 0 1 0 0 0 0 0

, λ^2 = 0 −i 0 i 0 0 0 0 0

, λ^3 =

1 0 0 0 −1 0 0 0 0 ,

λ^4 =

0 0 1 0 0 0 1 0 0

, λ^5 = 0 0 −i 0 0 0 i 0 0 ,

λ^6 =

0 0 0 0 0 1 0 1 0

, λ^7 =

0 0 0 0 0 −i 0 i 0

, λ^8 = 1√ 3 1 0 0 0 1 0 0 0 −2

. (B.15)

The generators^{λa}_2 of the group SU(N) satisfy the identity ([CL84], eq.(4.134))

N^2−1∑

a=1 (λ^a)_{αβ} (λ^a)_{γδ} = 2 ( δ_{αδ}δ_{βγ} − 1 N δ_{αβ} δ_{γδ} ) . (B.16)

When multiplying the kinetic terms for the sfermions we need ([HK85], eq.(C.95))

4(t^at^b)_{ij} = 1 6 δ^{ab}δ_{ij} + 1 2 (d^{abc} + if^{abc})T^c_{ij} . (B.17)

The additional factor 4 is due to eq.(B.14).

B.7 Useful Formulae

When multiplying two totally antisymmetric ϵ-tensors it is useful to note that ([SU76], eq.(5.45)) ϵ_{ijkl}ϵ^{ijkl} = −4!, ϵ_{ikjl}ϵ^{ijkm} = −3!δ^m_l , ϵ_{ijkl}ϵ^{ijmn} = −2!δ^{mn}_{kl} , ϵ_{ijkl}ϵ^{imnp} = −1!δ^{mnp}_{jkl} , ϵ_{ijkl}ϵ^{mnpq} = −0!δ^{mnpq}_{ijkl} , (B.18) with

δ^{mnpq...} ijkl... = det | | | | | δ^m_i δ^m_j δ^m_k . . . δ^n_i δ^n_j δ^n_k . . . δ^p_i δ^p_j δ^p_k . . . . . .

| | | | | . (B.19)

This gives e.g. ϵ^{ρσ}_{μν} ϵ^{μνκη} = 2g^{ηρ}g^{κσ} − 2g^{ρκ}g^{ση} , ϵ^{νρσ}_μ ϵ^{μκηχ} = g^{νχ}g^{ηρ}g^{κσ} + g^{χρ}g^{ση} g^{κν} + g^{σχ}g^{νη} g^{ρκ} −g^{κν} g^{ηρ}g^{χσ} − g^{κρ}g^{ησ} g^{νχ} − g^{κσ}g^{ην} g^{χρ}. (B.20)

Bibliography

[BL94] D. Bailin and A. Love. Supersymmetric gauge field theory and string theory. 1994. Bristol, UK: IOP 322 p. (Graduate student series in physics).

[BW92] Jonathan Bagger and Julius Wess. Supersymmetry and Supergravity. 1992. JHU- TIPAC-9009.

[CL84] T. P. Cheng and L. F. Li. Gauge Theory of Elementary Particle Physics. 1984. Oxford, UK: Clarendon 536 P. (Oxford Science Publications).

[FP67] L. D. Faddeev and V. N. Popov. Feynman Diagrams for the Yang-Mills Field. Phys. Lett., B25:29–30, 1967.

[GG82] L. Girardello and M. T. Grisaru. Soft Breaking of Supersymmetry. Nucl. Phys., B194:65, 1982.

[GHKD90] John F. Gunion, Howard E. Haber, Gordon L. Kane, and Sally Dawson. The Higgs Hunter’s Guide. Perseus Books, 1990. (Frontiers in Physics), SCIPP-89/13.

[Gri87] D. J. Griffiths. Introduction to Elementary Particles. 1987. New York, USA: Wiley 392p.

[HK85] Howard E. Haber and G. L. Kane. The Search for Supersymmetry: Probing Physics Beyond the Standard Model. Phys. Rept., 117:75, 1985.

[IZ80] C. Itzykson and J. B. Zuber. Quantum Field Theory. 1980. New York, USA: Mcgraw-Hill 705 P.(International Series In Pure and Applied Physics).

[KS97] H. Kalka and G. Soff. Supersymmetrie. 1997. (in German) Stuttgart, Germany: Teubner 444 p.

[Mar97] Stephen P. Martin. A Supersymmetry Primer. 1997.

[Nil84] Hans Peter Nilles. Supersymmetry, Supergravity and Particle Physics. Phys. Rept., 110:1, 1984.

[PS95] M. E. Peskin and D. V. Schroeder. An Introduction to Quantum Field Theory. 1995. Reading, USA: Addison-Wesley 842 p.

[Ram89] P. Ramond. Field Theory: a Modern Primer. 1989. Redwood City, USA: Addison- Wesley 329 P. (Frontiers in Physics, 74).

[Ram99] Pierre Ramond. Journeys Beyond the Standard Model. Perseus Books, 1999. Reading, Mass.

92 BIBLIOGRAPHY

[Ryd92] L. H. Ryder. Quantum Field Theory. 1992. Cambridge, UK: Univ. Pr. 443p. [SU76] R. U. Sexl and H. K. Urbantke. Relativity Groups, Particles. Special Theory of Relativity as the Basis of Field and Elementary Particle Physics. 1976. (in German) Wien, 301p.

[WZ74] J. Wess and B. Zumino. Supergauge Transformations in Four Dimensions. Nucl. Phys., B70:39–50, 1974.